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PREFACE 


This book is an outgrowth of a series of courses in advanced 
calculus and related subjects, given by the authors at The 
Case School of Applied Science, and designed primarily to meet 
the growing needs of students interested in the applications of 
mathematics to physics and engineering. To this end, special 
care has been taken to emphasize physical meanings of notations 
and relationships occurring in the subject. Applications to many 
branches of physics and engineering are given. These applica- 
tions have been included as integral parts of the explanations of 
the several mathematical topics, and exercises involving them 
will be found in every chapter. 

In keeping with the growing demand for rigor, every effort 
has been made to foster in the student the habit of carefully 
examining the operations he is performing. Stress has been 
placed on the precise mathematical interpretations of the con- 
cepts studied and on the conditions that must be met for a given 
theorem or formula to be valid, and no pains have been spared 
to make every proof complete. Thus, the present treatment is 
suited to students of pure mathematics. 

In a subject as extended as the one in this book, it is hardly 
possible to acknowledge in every case indebtedness to specific 
books and papers. However, in the various references that 
appear throughout the book and in the bibliography every 
effort has been made to indicate the principal sources. 

To Dr. Robert F. Rinehart of the Department of Mathematics 
at The Case School of Applied Science the authors are greatly 
indebted for having written the section on Algebra in Chap. VI. 

The authors wish to express their sincere appreciation to Dean 
T. M. Focke of The Case School of Applied Science for his con- 
tinued encouragement in the preparation of this manuscript. 
They take pleasure in acknowledging their indebtedness to 
President William E. Wickenden and Dr. Eckstein Case of The 
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Case School of Applied Science, who have made it possible to 
complete the manuscript at this time. 

The senior author wishes to acknowledge his debt to his wif(‘ 
Jennet for her long and persevering efforts in the preparation of 
the manuscript. 

R. S. Burington, 

C. C. Tokkange. 

Cleveland, Ohio, 

January, 1939 . 
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HIGHER MATHEMATICS 


CHAPTER I 

DIFFERENTIAL CALCULUS 
PART A. ELEMENTARY REVIEW 

1. Introduction. In this chapter we shall first briefly review 
certain important topics in elementary differential calculus, and 
then we shall giv(i an introduction to the theory of partial differ- 
entiation. Extensive applications of the various topics con- 
sidered to physics, engijineering, and geometry will be found 
ill the exercises throughout the chai)ter. 

2. Functions. The concept, of a function is of fundamental 
importanc(‘. We shall first consider a real function of a real 
variable x. 

A real variable is a symbol having real numbcn-s for values. 

A real variable may be a single letter, say .r, or a formula in 
terms of a real variable a:, or any notation to which are attached 
real valutas, such as |j 1 and Pn, where \x\ denotes the numerical 
value of the real nurnbc^r x and where Pn denotes the nth 
prime number. Thc^ term real variable is also applied 
to anything having real values, such as physical (juantities 
(temperature, prc^ssure, density, acceleration, potential, etc.). 
It is evident that any quantity having real values can always 
be represented by a real variable. In this chapter, whenever 
we speak of a variable we shall always mean a real variable. 

A real independent variable is a symbol for an arbitrary real 
number. 

Before we define a function we make a precautionary remark. 
The student has perhaps learned to think of a variable as being 
a function of x if the variable has a definite value for each value 
of X. But this concept of a function is inadequate, for according 
to it, logio x^ tan x, \^x(Z — x), and ( — 2)'^ are not functions 
of the independent variable x since they do not have a definite 

1 
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real value for each value of x. Thus, logio x has a definite real 
value only when a: > 0; tan x has a definite real value only when 
X is not an odd multiple of 7r/2 radians; \/ x (3 — x) has a definite 
real value only when a: is a number in the interval 0 g a: ^ 3; 
and ( — 2)® has a definite real value only when x is such a rational 
number that, when written in the form x = p/q witli p and q 
relatively prime integers, q is odd. These examples show that a 
variable may have a definite value for certain values of x, i.e., 
for some particular set of values of x, though not for each value 
of X. The difficulty with the preceding definition of a function 
may be remedied by requiring the variable in question to have a 
definite value for only some set D of values of a*, where D may be 
an interval or a number of intervals or a part of the rational 
numbers or any other set of real numbers. 

Definition 2.1. If a variable has exactly one real value for each 
value of the variable x in some set D of real numbers j then this variable 
is called a real single-valued function of x defined over D (where by 
defined over we mean ^*with value determined for each value 
of X in D”), 

Definition 2.2. The domain of definition of a function of x 
is the set of all values of x at which the function is defined. 

For example, the domain of definition of logio x is the set of all 
positive numbers; the domain of definition of tan x is the set of 
all real numbers other than the odd multiples of 7r/2; the domain 
of definition of \/ x(3 — x) is the set of numbers in the interval 
0 g X ^ 3; and the domain of definition of {-‘2)^ is the set of 
all rational numbers p/q (in lowest terms) with q odd. 

It should be noted that x is not necessarily an independent 
variable in Definition 2.1, but may itself be a function of another 
variable. On the other hand, in Definition 2.2,' x must be free 
to take on all real values. 

We shall give three examples to illustrate the meaning of Definition 2.1. 
First, let us consider the hot filament of an X-ray tube. Suppose the posi- 
tion of a point F of the filament (assumed to be of negligible thi<?kness) is 
determined by its distance x from one end of the filament. If the filament 
is 2 cm. long, then the temperature T of the filament is a function of x in 
that T has a definite value for each value of x from 0 to 2. We denote the 
value of T at the point x — ahy T(a)f and we read* thia symbol *Hhe value 

* If the student is asked to quote the symbol T{a) orally, he should say \ 
*Hhe value of T a.t x ^ and not some abbreviated translation of his own j 
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of T at a; = o.” If the temperature of the filament (in degrees centigrade) 
at each end is 100, at the middle is 900, and if the temperature drops off 
linearly from the middle to each end, then r(0) = T{2) = 100, Til) — 900, 
Tii) « 500, TiO.l) « 180, and !r(1.2) — 740. This last equation, for 
example, should be read ‘Hhe value of T at a: = 1.2 is 740.” If we wish to 
consider the value of T at an arbitrary or variable point of the filament, 
then we use the symbol T{x) which we read ‘Hhe value of T at an arbitrary* 
value of x.” It is evident that T may be represented by the formula 
800x -f 100 for values of x between 0 and 1. Thus the statement 

Tix) = 800a; d- 100 when 0 ^ a; ^ 1 

means “the value of T at an arbitrary value of x is 800a; -f 100 when x is 
between 0 and 1.” To represent the value of T from 0 to 2, we write 

rp( \ ^ \800a; -f 100 when 0 ^ x ^ 1, . . 

^ / 1700 - 800x when 1 ^ x ^ 2, ^ ^ 

meaning that the value of T at an arbitrary value of x is 800x 4* 100 when x 
is between 0 and 1, and is 1700 — 800x when x is between 1 and 2. The fact 
that two formulas are used to represent T does not mean that the tem- 
perature of the filament is simultaneously two functions of x. The tem- 
perature along the filament is one definite function of x, and it is possible 
to represent it by a single, though rather complicated, formula. In relation 
(1), the symbol Tix) does not denote the formula 800x 4* 100 or the formula 
1700 — 800x or even both of the formulas at once; Tix) has only the meaning 
already ascribed to it. We shall often meet with functions which are most 
conveniently described with the aid of two or more simple formulas instead 
of one complicated formula. 

As our second example of a function, let us consider a formula in x, such 
as \/sin ttx. It is convenient to denote a given formula by a single letter, 
say/, Qy Fj or <^, in exactly the same way that we denoted the temperature in 
the preceding example by T; in fact, we use / or some other letter as the name 
of a given formula. If / denotes a given formula in x, then the formula / is 
a real single- valued function of x when / has exactly one real value for each 
value of X in some set D of real numbers. Thus \/ sin tx is a real single- 
valued function of x, whereas -\/x — 2 4- \/l x is not (since it has a 
definite real value for no value of x), and sin”^ x is not (since it has many 
values for each value of x between —1 and 1). 

If / denotes a single-valued function of x, then we denote the value of the 
function/ for the value x = o by /(a), and we read this symbol “the value of 


invention, such as a.” The practice of attaching cryptic readings to 
notation, particularly to save time or effort, is one of the most prolific sources 
of difficulty in the whole of mathematics, for such a practice effectively 
prevents the student from learning to think in terms of the meaning of the 
notation used. The student should be especially careful to avoid this 
mistake when reading by himself. 

* It is implied, of course, that this value is one at which T is defined. 
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/ when X — o,’^ or if we think of the values of x as represented by points on 
the x-axis, we read it ‘Hhe value of / at a; = Thus, if / denotes \/ sin ttx^ 
then f{\) — 1 and/(J) = \/\/2. The symbol /(a:) is read ‘‘the value of / 
for an arbitrary value of xJ' Thus we use f as the name of a function, while 
ive use fix) to denote an arbitrary value of the function. This distinction is 
important, and failure to observe it may cause much confusion later on 
(see Ex, XIX, lb and Ic). 

For our last example, let us consider the equation 

a: + = 3". (2) 

Although this equation cannot b(^ “solved’’ for y in terms of x in any simple 
way, yet it is readily seen from the graph (Fig. 1) of this equation that, for 
each value Xo of x, there exists exactly one value y,, of y such that the pair 
of numbers (xo, i/o) is a solution of (2). [Eacdi line x = Xo meets the* graph 
of (2) in exactly one point.) Hence, (2) determines a definite value of y 

for each value of x, that is, {'2) deter- 
mines y as a single-valued implicit 
function of x defined for all values of 
X. W(i denote the value of y corre- 
^ sponding to the value x ~ a liy yia), 
^ and we read this symbol “the value of 
i/whenx — a.” Thus ^(1) = 0, yib) = 
2, and </( — §) = —1. If wc think of 
y, not only as a variable having values, 
but also as a symbol dimoting a func- 
tion of X [viz., the function that would be obtained if (2) could somehow be 
solved for y in terms of x], then the notation yia) has exactly the same 
significance as the notation /(o) in the preceding example. 

If a variable has two or more values for each value of x in some 
set D of real numbers, then this variable is called a multiple-valued 
function of x. Thus, cos~^ x, tan“^ x, and the other inverse trigo- 
nometric functions are multiple-valued functions of x. Again, 
the equation x^ + = 1 determines ?/ as a multiple-valued 

function of x. (If xo is any number such that ~1 < Xo < 1, 
the line x = xo meets the graph of the equation = 1 in 

two points.) A given multiple- valued function may be repre- 
sented by two or more single-valued functions, so that the 
properties of the multiple-valued function may be determined 
by analyzing the properties of the respective single-valued 
functions. Hence we shall be particularly concerned in this 
chapter with single-valued functions. 

Iff denotes a single-valued function of x, and if Xo is a value of x 
at which / is defined, then the pair of numbers [xo, /(xo)] may be 
regarded as the rectangular coordinates of a point in a plane. 
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If xo is regarded as ranging through all values of x at which / 
is defined, then the set of all points [xo, /(xo)] is called the graph 
of /. Thus the number f(xo) is represented by the ordinate up 
to the graph of f erected at the point x = Xq on the o^-axis. We 
may state this idea in another way: the significance of each point 
P on the graph of / is that the two coordinates of P always repre- 
sent a value :ro of x and the corresponding value /(:co) of /. 

If / is a single-valued function of x, and if Ax (read delta 
denotes the change in the value of x in going from a value Xo to 
another value Xi, so that Ax = Xi — Xo, then/(xo + Ax) — /(xo) 
represeMs the change in the value of f in going from x = Xo to 

X = Xo + Ax. FurthcTinore, represents the 

ratio of the change inf to the change in x, or the mean change inf per 
unit change in x, or the mean rate 
of change of f with respect to x, in 
going from x = xo to x = Xo + Ax. 

(By the mean change in / per 
unit change in x is ixK^ant the 
change / would undergo per unit 
change in x were / changing at 
a constant rate from the value 
/(xo) to the value /(xo + Ax), 
that is, if in Fig. 2 the graph of 
/ were the chord PQ instead of the curve shown.) It is evident 
that /(xo + Ax) — /(xo) is rej)resented by the line segment RQ 

in Fig. 2 and that represents the slope of the 

chord PQ. 

EXERCISES I 



1. ~ + 5, find/(0),/(l),/( — l),/(/cxo). U f(xy) denotes 

the result of substituting xy for x in the formula for/, firid/(xy) and/(x) • f(y). 
Are the results equal? Find fix + y) and fix) +/(?/)• Are the results 


equal? Yindfix/y) and fix)/fiy). 
X -f a ^ . 


2. If fix) 




— find /(a + 6), 

X — a f{a 


<0 


What is the domain of definition of /? 


3. If fix) = X + find fia) + 77-: 

X fia) 
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4. li f{x) = a?*, show that 

[/(a 4* b)V -f l/(a - 6)]> = jy(a* -h 6*) + Sf{ah). 

g* 6"*”* 

6. If f{x) « , where e « 2.718 . . . , show that 

/(loge (u + Vw* 4- i)) = w- 

6. If fix) = ^ , show that/( ^ log* 7 - — ~ ) = u. 

e* 4- e“* \2 1 - u/ 

7. If fix) - logo X, show that/(x) 4-/(2/) - fixy). If /(x) = a* show 
that /(x) fiy) = /(x 4- 2/)« 

8. If Fix) =« 2x\/l — x*, show that F(sin d) = F(cos d) = sin 20. 

9. If Fix) = 2x* •— 1, show that Ficos 6) = cos 20. 

/(xo 4“ ^x) — fixo) 

10. Find the value of when fix) is given by the follow- 


ing formulas: 


CO 

1 

3x 

(b) . 


2 — X 

(c) \/5 — 2x*. 

(d) x^^ — 0 ^^. 

(e) cos I. 

(f) sin^ (1 - 3x*). 

(g) log 10 X. 

(h) logb tan 2x. 

(i) 2*. 

(j) iOin-»* 


Graph formulas (a), (b), (c), (e), (g), and (i). Represent /(xo),/(xo 4- Ax), 


/(xo -f Ax) — f(xo), and 


/(xo 4- Ax) - /(xo) 


Ax 


on these graphs when Xo ~ 1 


and Ax « i. 

11. (a) If T is the temperature of a certain quantity of gas in degrees 
Fahrenheit and if p(T’) is the unit pressure of the gas in pounds per square 
inch at temperature F, give the complete physical interpretation of the 
p(Fo 4- AT) - pCTo) . _ 

quantity , i.e., state the meaning of 7>(!ro)r ?>(^o 4- AT), 

p(T’o 4- AT) — p(To), and the given fraction. [For example, viF^f) repre- 

. -x X XI. X X m j “ P(^«) 

sents the unit pressure at the temperature To and 

represents the mean change in unit pressure per degree change in temperature 
in going from the temperature To to the temperature To -i- AT.] 

(b) If X represents distance in centimeters along the filament of an X-ray 
tube and if T(x) is the temperature of the filament in degrees centigrade 
at the point x, give the complete physical interpretation of the quantity 

T(Xo 4- Ax) ” T(Xo) r XL- -XL ir xl xlI. U 

(The fraction itself represents the mean change in 

Ax 

temperature per centimeter along the filament from the point Xo to the point 
Xo 4* Ax.) 

(c) If X represents distance in inches along a radio antenna and if Dix) 
is the density of electric charge at the point x, give the complete physical 

.XX x-x I>(*o + A*) - D(a:«) 

interpretation of the quantity . 

Ax 
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(d) If p represents unit pressure in pounds per square inch and if E{p) 
is the voltage needed to make an electric spark jump 1 in. in air at pressure 

. ^ ^ Eipo + Ap) - E(po) 

pf interpret completely. 

Ap 

(e) If t represents time in seconds and if A (i) is the number of grams of a 


chemical substance existing at time t, interpret 


A {to 4- At) - A (to) 
At 


plctely. 

(f) Give three other physical examples of functions and discuss them in 
the manner indicated in the preceding parts of this question. 

12. Does the equation -h 2/® = 5 determine ?/ as a single- valued function 
of rr? If so, what is the domain of definition of y? Find 2/(0), 2/(1 )> and 
2 /(-~ 2 ). 

13. If Sin**^ y + Tan“i y — find y{0) and yiiTr), remembering that 
Sin~‘ y and Tan“^ 2/> written with capital letters, denote principal values. 
What is the domain of definition of y when determined as a function of x 
by this equation? 

14. For what values of x does the equation x y^ — 2y define y as a 
single-valued function of x? 

15. Graph the function / when f(x) == \/sin wx, showing the portion of 
the graph between x — —4 and a; = 6. What is the domain of definition 
off? 

16. Graph the function / when 



when a; ^ 0, 
when a; < 0. 


Does the symbol f(x) denote x^ or —2a; or both of these formulas simul- 
taneously? Describe a physical situation in which f is involved as some 
physical quantity. 

17. Graph the function / when 

(^(Tr + x) when — tt ^ a; < 0, 

f{x) =* *1 0 when a; = 0, 

{iiir — x) when 0 < x ^ tt. 

It is possible to represent / by the single formula 


m - 


sin 2x sin 3x 

^inx+—+-^+ ■ ■ ■ 


where the symbol | | denotes numerical value of and where only values of 
X in the interval — tt ^ x ^ tt are considered. If 



J(ir — x) 


when 

when 


— TT ^ X ^ 0, 
0 ^ X ^ TT, 


then g may be represented by the single formula 


9{x) 


2/ cos 3x 

cos X 4- ■ 


+ 


cos 5x 
5 » 


+ • 



3* 
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where Although the values of / and g differ at only the single 

point X = 0, yet / and g are represented by different formulas and must be 
regarded as distinct functions. 

18. Graph the function / when /(x) = + What is the 

J 1 ^ 

domain of definition of /? If g is represented by the formula g{x) = 1 
for all values of x, are / and g the same function ? 

This exercise illustrates the following fact: If two functiojis f and g have 
different domains of definition, then f and g must be regarded as distinct, even 
though f and g have the same values wherever both functions are defined. 

19. If D is the domain of definition of the function / and if E is the domain 
of definition of the function g, what is the domain of definition of the func- 
tion / + flf? Of the function / • ^? of //gr? [Recall that division by zero is 
never permitted, so that the symbol /(a) /^(a) is meaningless when g{a) — 0.) 
For what values of x is /[^(x)] defined? (Note that /[^ (a) i is meaningless 
unless a is such a value of x in ^ that g{a) is a number in D.) 


3. The Limit of a Function. We now wish to develop an 
accurate formulation of the concept ^Mimit of a function.’' We 
first give two simple examples. 

The function (sin x)/x has no value at a: = 0, 0/0 not being a 
number. But if we tabulate values of x and (sin x)/x as x gets' 
close to 0, and plot the resulting data, we obtain the following 
results: 



X 

n 

1 

sm X 

win X 

X 

0.5 

0.47943 

0.9589 

0.3 

0.29552 

0.9851 

0.2 

0.19867 

0.9933 

0.1 

0.09983 

0.9983 

0.05 

0.0499792 

0.99958 

0.01 

0.009999983 

0.9999983 

-0.01 

-0.009999983 

0.9999983 

-0.05 

-0.0499792 

0.99958 

-0.1 

-0.09983 

0.9983 


It would appear from the table and the graph that, as x 
approaches 0 (x being either positive or negative), the value of 
(sin x)/x approaches the number 1. (It will be proved in Ex. 
IV, 21 that this surmise is correct.) If we use the symbol to 
denote ‘‘approaches,^' then the value of (sin x)/x — > 1 as x 0. 
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(This result, of course, depends on the fact that we have measured 
X in radians.) 

As another example, we note that the function (1 + 
has no value at x = 0. But it would seem from the table and 
graph below that the value of (1 + 2.718 • ‘ • as 

X -^0. (It will be proved in Ex. IV, 23 that this surmise is 
correct.) The student will do well to compute more values of 
this function, using a large table of logarithms. 


x 

(1 

0.1 

2.5938 

0.03 

2.6786 

0.01 

2.7048 

0.001 

2.7169 

0.0001 

2.7181 

--0.000J 

2.7184 

-0.001 

2.7196 

-0.01 

2.7320 



These examples show that if / is a function of x and if the value 
of X is approaching a number a, then the value of / may approach 
a number A . (In the preceding examples, a = 0 and A is respec- 
tively 1 and 2.718 • • • .) We wish to analyze the meaning 
of this statement in detail, and we first raise the question, what 
is meant by the word approach? 

A. We define the word ^‘approach” to mean ‘^become and, remain 
arbitrarily close to.'^ 


We give two examples to show why it is necessary to say “become and 
remain arbitrarily close to.^^ Suppose the independent variable x is made 
to vary as follows: x decreases from ^ to 0.1 (taking on all values in between), 
increases back up to i, decreases to 0.01» increases back up to decreases to 
0.001, increases back up to decreases to 0.0001, etc. While x gets arbi- 
trarily close to 0, it does not remain there, and one would not say that x 
approached 0 in the sense intended. 


Again, consider the function (cos x) 


( 

I cos -* I 

\ 


whose graph is shown in 


Fig. 5. This function has no value at a; ~ 0 and is such that its graph 
oscillates infinitely many times in the neighborhood of a; = 0. While the 
value of cos x cos (1/x) gets arbitrarily close to 1 (and also to —1) as a; 
approaches 0, it does not remain there, and one would not say that the 
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value of cos x cos (1/a;) approached 1 (or —1) in the sense intended when 
X approaches 0. 

It is often thought that a variable 7, when approaching a 



number can never attain the 
value A. While this is some- 
times the case, as with (sin x)/x 
and (1 + xY^^ when x is ap- 
proaching 0, it is not always so. 

B. When we say that a vari- 
able V is approaching a number 
Af there is no implication that V 
can never reach or equal A , nor is 
there any implication that V 
must event ually attain the value A . 


For example, it is readily proved that the graph of x^ cos (l/x) oscillates 
between the two parabolas y — x^ and y — the number of oscillations 
becoming infinite as x approaches 0. It follows that the value of x^ cos (1 /x) 
becomes and remains arbitrarily close to 0 as a; approaches 0. However, 
as x^ cos (1/a;) approaches 0 in this manner, it actually reaches and takes 
on the value 0 infinitely many times. 



Again, suppose x varies as follows: x decreases from 1 to —0.1 (taking 
on all values in between), increases to 0.01, decreases to —0.001, increases 
to 0.0001, etc. Since x becomes and remains arbitrarily close to 0, it is 
approaching 0; but in approaching 0 in this manner, it takes on the value 0 
infinitely many times. This manner of approach is illustrated physically 
by a pendulum coming to rest. 

In considering the behavior of a function / as x a, we have 
always allowed z to approach a in an arbitrary manner so long 
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as X remained in the domain of definition of the function /. 
The following example shows the desirability of restricting the 
manner in which x may approach a. Suppose 


..V . , sin 2x , sin 3x 

/(x) = sm X ^ 2 1 3~ 



(See Ex. I, 17.) This function is defined for all values of x and, 
in particular, has the value 0 at x = 0. (This value is indicated 
in Fig. 7 by the large dot at the origin.) If x approaches 0 in 
the manner indicated in the preceding paragraph, then we 



Fig. 7. 


cannot say that the value of / approaches 7r/2 as x — > 0, for the 
value of / does not become and remain arbitrarily close to w/2. 
But if we deliberately exclude 0 as a possible value of x as x 
approaches 0, then the value of / approaches 7r/2 as x 0. 
Thus, as X a, it is possible for the value of a function / to 
approach a number A when x remains different from a but not 
when X is free to take on the value a. It follows that, by restrict- 
ing X to remain different from a, we can more fully analyze the 
behavior of a function f ^^near'^ x = a. Hence we lay down 
the following principle: 

C. In considering the behavior of a function f as x a, we 
restrict x to remain different from a. 

It is evident from Fig. 5 that the value of the function 
cos X cos (1/x) approaches no number A as x 0. Again, as 
X — > 0 (but remaining 5^ 0), the value of the function 

‘ |sin X + ^ sin 2x + * • ’I 

approaches a number which is different from the value of this 
function at x = 0. Thus, 

D. A5 X a, the value of a function f need not approach any 
number A ; if the value of f does approach a number A as x a, 
and if f is defined at x ^ a, then A and f(a) may be distinct 



12 


HIGHER MATHEMATICS 


[Chap. I 


We have an immediate corollary from C and D: 

E. In considering the question as to whether or not the value of a 
function f approaches a number A as rc — > a, it is immaterial 
whether or not f is defined at x = a, and if f is defined at x = a 
it is immaterial what the number f(a) may be. 

We are now in a position to define the limit of a function. 
Definition 3.1a. If the value of a function f approaches a 
number A as x approaches a (but remaining 9 ^ a), then this number 
A is denoted by the symbol lim f(x) which is read ^Hhe number 

x—*a 

approached by the value of f as x a.” The nuinber lim f(x) 

x—^a 

is referred to as the limit of f as x a. 

For example, lim (sin x)/x = 1, i.e., the number approached by 

a:— >0 

the value of (sin x)/x as a: — ♦ 0 is 1. Again, 

lim (1 + xY'^ = 2.718 • • • , 

x-~*0 

lim |sin x + ^ sin 2a: + * ’ *| == and lim [cos x • cos (1/x)] 

x—^O X — >0 

does not exist. 


EXERCISES II 

1. The graphs of a number of functions are shown below. In each case 
state whether or not lim f{x) exists, and if it docs, state its value. 

X — *0 
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2. The graphs of a number of functions an^ shown below. In each case 
state whether or not lim f{x) exists, and if it does, estimate its value. 

X— >a 



(a) (6) (c) (d) 



ii) O') (/?) </) 


3. Graph the function [x], where \x] denotes the largest integer not greater 
than X. For what values of a does lim \x] exist? 

I— »a 

4. Show that the function / such that J{x) = 1 when x is rational and 
f{x) « 0 when x is irrational, may be represented by the single form\ila 
Six) = lim (cos2{ir(n!)a;j], where [ • • • ] denotes “greatest integer con- 

n— ► 00 

tained in’’ (see Ex. 3). What formula represents the function in Ex. Ij? 

The tw^o functions mentioned in this exercise, as well as functions like 
(—2)® and cos (l/x), illustrate the fact that it may be impossible to repre- 
sent accurately the behavior of a function by means of a graph. 
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5, Give examples of functions to show that, of the two numbers f(a) and 
lim/(a;), both, either, or neither may exist for a given value of a; moreover, 

if both these numbers exist, they may be the same or distinct. 

So far we have been relying largely on the graph of a function 
to indicate the existence or nonexistence of the number lim f(x) 

x—*a 

in any given case. But this procedure is very limited in scope. 
In particular, (1) a graph gives only an indication, and not a 
proof, of the existence of the number limf(x), and (2) the method 

x-~*a 

fails completely when the graph of a function cannot be drawn 
with sufficient accuracy. For example, does 

/.I. 1.2, 1.3^ \ 

Iim Ism — h H sin — h o sin — h * * ' 1 

a,_o \ X 2 X 3 X / 

exist? To meet these difficulties we must restate Definition 
3.1a in a more technical form. 

Let us recall that \x\ denotes, and is read, the numerical value 
of x. Thus, |3| = |— 3| = 3; \x\ = x when a: ^ 0 and |a;| == —x 
when x < 0; \x — a\ = X — a if X a and |x — a| = a — x if 
X < a. It is evident that |x — a| represents the distance between 
X and a. To say that x — 3 <0.1 does not prevent x from being 
any number less than 3, such as —50, but if |x — 3| < 0.1, then 
the dislESnce from x to 3 is less than 0.1 and 2.9 < x <3.1. 
To say that x — > a means that x varies in such a manner that 
|x — a| becomes and remains less than any assignable positive 
number b, however small b may be, whether 0.1 or 10“ ^*^, or 
jQ~(io»o)^ or less. (We say that a number is positive only when 
it is actually greater than 0, 0 itself being regarded as neither 
positive nor negative.) Again, |/(x) — A \ denotes the numerical 
difference between A and the mZue of / for any value of x, and 
the condition |/(x) — A| < 0.01 is equivalent to the condition 
A — 0.01 < /(x) < A + 0.01. It is evident that Definition 
3.1a can be put in the following form: 

F. If |/(x) — A\ becomes and remains less than any assignable 
positive number e when x varies in any manner so that \x — a) 
becomes and remains less than any assignable positive number b 
but without ever becoming 0, then A == lim /(x). 

We wish to simplify this form of the definition of a limit so 
that we do not need to think of x as actually varying in any 
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particular manner and so that we do not need to use the words 
‘^become and remain/^ Let / be a given function, such as the 
one whose graph is shown in Fig. 8a, let € be a given small positive 
number, say 0.01, and let the lines ?/ = A — e and y A + € 
be drawn. It is evident that, for values of x near a; = a, the 
graph of / remains within the horizontal strip formed by these 
two lines. In fact, there exists a small positive number 5, 
indicated in Fig. 8b, such that the following assertion holds: 
If we consider only that portion of the graph of f lying in the vertical 
strip between the lines x = a — 5 and x = a + 5 hut not on 
the line x = a, then this portion of the graph of f remains within the 



(a) (6) 

Fig. 8. 


horizontal strip between the lines y ^ A — e and ?/ = A + «• The 
fact that X is restricted to be different from a and to lie between 
a — 6 and a + 6 is expressed by the condition 0 < [x — a| < 6; 
the fact that, for these values of x, the graph of / remains between 
the lines ?/ = A — € and 2 / = A + « is expressed by the condition 
|/(x) — A I < c. Hence the italicized assertion may be expressed 
by the formula 

l/(x) — A| < € for all values 

of X such that 9 < |x — a| < 5. (1) 

[Note the similarity between (1) and paragraph F.] 

It is evident that, the smaller is the given number e in (1), the 
smaller must 8 be taken for (1) to hold; in other words, the 
narrower is the given horizontal strip in Fig. 8a, the narrower 
must be the vertical strip in Fig. 8b. Again, the more irregular 
is the graph of / near x == a, the smaller must be 8 for any given 
number €. In short, formula (1) holds for a given number 
€ only when 8 is sufficiently small. We now raise a fundamental 
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question: However small € may be in (1), does there always 
exist a sufficiently small positive number 6 such that (1) holds? 
It is seen in Fig. 9 that, no matter how small b is taken, (1) 
cannot hold for the number e shown. Hence, for some functions 
/ the answer to our question is negative. We now show that 
G. lim f{x) — A wherij and only when^ the answer to the above 

z—*a 

question is affirmative. 

Suppose first that the function /is such that the above question 
is answered affirmatively. Let e be an arbitrarily small positive 
number. By hypothesis, there exists a positive number 5 such 
that (1) holds. As x approaches a, \x — a\ ultimately becomes 
and remains less than 5. By (1), |/(a*) ~ A \ ultimately l)ecomes 
and remains less than e. Since e was arbitrarily small, lim /(x) 

x—*a 

exists and is A . 


Now suppose the function / is such that the above question 



is answered negatively, i.e., that for 
some number^ there exists no positive 
number 5 sufficiently small so that (1) 
holds (see Fig. 9). In this event there 
exist values x oi x arbitrarily close 
to a and distinct from a such that 
|/(x) — A| > €. If a: approaches a in 
such a manner as to take on these 


values Xj then \f{x) — A\ cannot become and remain less than e, 
that is, the value of / does not approach A as a limit. This 
completes the proof of Theorem G. 

Because (1) does not involve the idea of approach, it is cus- 
tomary to use (1) to define lim/(x). Theorem G shows that the 

x—^a 

following definition is equivalent to Definition 3.1a. 

Definition 3.1b. Let f be a real single-valued function of x 
and let A and a be real numbers. If, for each positive number e, 
however small, there exists a positive number b such that 


\f{x) — A \ < € for all values 

of X such that 0 < |a: — a| < 6, (1) 

then A is denoted by either lim f(x) or lim f{x), and A is referred 

X— +0 X ■■ a 

to as **the limit of f at x = a.” 
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Although this definition does not involve the idea of approach, 
the symbol lim/(a:) is often used because it suggests our original 

x—>o 

intuitive concept of a limit. 

For condition (1) to hold, the function / must be defined for 
all values of x such that 0 < — a| <5. This implies that, 

for a function / to have a limit at :r = a, / must be defined over 
the whole of some interval about x = a, except perhaps at 
a: == a itself. This condition is usually met by the common 
elementary functions and, for the sake of simplicity, will be 
assumed in the discussion to follow. See Exs. IV, 6 and 27, 
in this connection. 

Example 1. Does lim (3a; — 2) exist? If so, what is its value? 

x—*4 

We first observe that neither the existence nor the value of this limit 
can be determined from the fact that 3a; — 2 — 10 when x = 4; the intuitive 
feeling that if a function / has a value at a; = a, then this value must be 
lim /(x) is shown to be erroneous by the function 
x—*a 

|sin X + i sin 2x -f § sin 3x + • • *1 

which has the value 0 and the limit 1 at x — 0 (see Fig. 7 and paragraph E). 
Thus, if it turns out that lim (3x — 2) exists and is 10, this result must be 

x—*4 

regarded merely as a coincidence. 

In using Definition 3.1b to determine the existence of lim (3x — 2), 

x—*-4 

we first think of e as being a given number, arbitrarily small, with the lines 
y T= A — € and y — A e drawn on the graph of 3x — 2; then we inquire 
if a number 5 exists which is sufficiently small that (1) holds. We shall 

prove that lim (3x -7 2) exists by showing that there exists a formula for 6 
x—*4 

in terms of € such that, however small c may be, this formula gives a value 
of 5 sufficiently small that (1) holds. 

In (1), let /(x) = 3x — 2 and let A = 10. Since 

|(3x - 2) - 10| - |3x - 12| - 3|x ~ 4|, 

it follows that, if e is any given positive number, |(3x — 2) — 10| < e 
when* 3|x — 4| < €, i.e,, when |x — 4| < c/3. Thus (1) holds when we 
take 6 » c/3. This proves that lim (3x — • 2) exists and is 10. The fact 

X — ^4 

that we showed (1) holds even when x = 4 is of significance in the next 
section. 

Example 2. Show that lim x^ exists and is 9. 

X— +3 

Ilemarks similar to those made in Example 1 may also be made here. 
In (1) let/(x) « X* and let A ^ 9, Since |a^l «= la| • |^| when a and ^ ar*^ 

* By *^when^* we mean ^^for all values of x such that.'* 
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real numbers, 

|a;2 - 9| = \(x 4- S){x - 3)| - |x + 3| • |x ~ 3|. (2) 

Since |ar -f- 3| <7 when \x — 3| < 1, it follows that 

la; 4- 3| • lx - 31 < 71x - 3| when |x ~ 3| < 1. (3) 

Again, if e is any given positive number, 

7|x — 3| < '€ when |x — 3| < (4) 


It follows by (2), (3), and (4) that \x^ — 9| < e when |x — 3| < 5, where 6 
is the smaller of 1 and e/7, This proves that lim x^ exists and is 9. 

Example 3. Show that lim (x^ — 5x) = 6. 

ar— * — 1 

Since |a ± ^1 ^ |al 4- W when a and ^ are real numbers, 

\(x^ - 5x) - 6| - \(x^ - 1) - (hx 4- 5)1 ^ |x2 - 1| 4- |5x 4- 51. (5) 

Let e be any positive number. It is readily shown by the methods of 
Examples 1 and 2 that 

|x* — 1| < ^ when lx 4- 11 < (6) 

where Si is the smaller of 1 and e/6, and that 


|5x + 5| < “ when |x 4- 11 < Ss, where 82 =* ~ (7) 

Z lU 

It follows by (5), (6), and (7) that 

|(x2 — 5x) — 6| < € when |a; 4- 1| < 

where 5 is the smaller of 5i and 52. 

Example 4. Show that lim = 0 (see Ex. II, Id). 

*—+0 

It is evident that 

| 2 -i/*» - 01 - where x 5 *^ 0. (8) 


Let e be any positive number <1 and let c = 1/2’*, i.e., n = — log 2 €. 
Since n > 0, 


— r -4 < when — > n. i.e., when 

21/x* 2 ^ X* 


0 < x» < -» 
n 


i.e., when 0 < |x| < — 

V n 

In this result we can write |x — 01 instead of |x|, and it 
(9) that 


(01 

follows by (8) and 
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— 0| < e when 


0 < |x - 0| 



where n 


- log2 e 


If c ^ 1, ~ 0| < € for all x 9 ^ 0. 

Example 5. Show that lim cos 6 = 1 . 

Let € be any positive number ^2. Let O be the 
center of a circle of radius 1, let BC be the chord per- 
pendicular to the radius OA at the distance c from A^ and 
let 5 “ LAOB. It is evident that |co8 5 — 1| < ewhen 
Id — 0| < 5. If € > 2, then |co8 d — 1| < e for all d. 



EXERCISES ni 


Show that the following limits exist and have the values indicated: 

1. lim (1 — 4a;) = —7. 

X — >2 

2. lim {ax +6) = ac -f 6, where a 5 *^ 0. 

x-^c 

3. lim b = b. 

*c 

4. lim 3a;2 = 12. 

x -*-2 

5. lim (2a;* — x) *= 15. 

X — >3 

6. lim (2a; - 3a;*) = -1. 

a; — 5 


7. lim '\/x = \/5- ^Write \\/x — \/b\ = 


8. lim \/ 3a; — 1 = \/5- 

x—*2 

9. lim X* = 8. 

x—*2 

10. lim cos d * cos o. 

d—*a 

11. lim sin d — sin a. 

►a 


12. lim X cos - 


/! 

1 

( 

[cos - 

VI 

X 

= 

= 0. [ 


^ 1 for all X pi 


0 .) 


*).] 


ar-^O 

14. lim 1/x = J. 

a:-~>2 

15. lim l/(3x + 2) = i. 

16. In connection with Example 2 above, show € and 5 on the graph of x*. 

17. By applying Definition 3.1b, examine each of the functions in Exs. 
II, 1 and 2 for the existence of a limit at the points indicated. (In each case 
draw the lines j/ = A ± e and the corresponding lines x ^ a ± 5.) 


We close this section with two general theorems about limits. 
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Theorem 3.1. A function f can have at most one limit at a 
point j = o. 

Suppose / had two different limits A and ^4' at x = a. If c 
is taken to be less than ^\A — A'\j then it is impossible for (1) 
to hold for both A and A\ i.e., the graph of / cannot remain 
within both of the horizontal strips bounded by the pairs of 
lines 2/ = ^ ± €, ^ = A' ± €. 

Theorem 3.2. If f and g are functions such that lim f{x) and 

x—*a 

lim g{x) exist, then 

T—^a 

(a) lim [f(x) ± ^(x)] exists and equals lim /(x) ± lim g(x). 

x—^a x—*a x-*a 

(b) lim [/(x) • ^(x)] = lim /(x) • lim g{x) {where, in writing 

x—^a x—*a x—*a 


“ = ”, we imply the existence of the first limit). 
lim f{x) 


(c) lim 


fM _ 

g{x) lim g{x) 


, provided that lim g{x) 0. 


We first note that, if a and 13 are real numbers, 


\a±d\ ^ |a| + \I3\ (10) 

and 

la^l = i«l • l^l- (11) 


Let lim f(x) = A and lim g{x) = B. To prove part (a) we 

X— +a x~*a 

must show that, if e is any positive number, there exists a positive 
number 6 such that 


|[/(a:) ± ff(x)] — {A ± B)\ < € when 0 < |x — a| < 5. (12) 

By (10), 

Mx) ± !7(x)] - (^ ± B)i 

= lUix) - A] ± [g{x) - B]\ ^ \fix) - +' Ifir(x) - B\. (13) 

By hypothesis, e being given, there exist positive numbers and 
5a such that 

|/(x) — 4 1 < I when 0 < |x — o| < 5i and 

|p(x) — B\ < ^ when 0 < |x — a| < S^. (14) 

Let 5 denote the smaller of Si and 62. Then (12) follows from 
(13) and (14). 
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To prove part (b), we must show that, if € is any positive 
number, there exists a positive number b such that 

\f(x) • g(x) — AB\ < € when 0 < |x — a| < 6. (15) 

By (10) and (11) 

l/Cz) • g{x) - AB\ = |/(a:)[^(x) -B] + Blf(x) - A]\ 

^ l/WI • \gix) - + |B1 • |/(X) - ^|. (16) 

Suppose B 9^ 0. By hypothesis, c being given, there exists a 
number 5i > 0 such that 

|/(x) - A\ < when 0 < jx - o| < 5i. (17) 

Hence, if M = \A\ + 2|^> follows that 

|/(x)| < M when 0 < — a| < 5i. (18) 

By hypothesis, there exists a number 62 > 0 such that 

|g'(x) - ^\ < 0 < ix - o| < 52. (19) 


Let d denote the smaller of 81 and 52. Then (15) follows from 
(16), (17), (18), and (19) since 

|/(x)| • \g{x) -B\ + |B| • |/(x) - + |B|^ = * 

when 0 < |x — a| < 5. 

We leave it to the student to consider the case B == 0 (see 
Exs. Ill, 12 and 13). 

By part (b), 

lim [/(x)/g(x)] = lim [/(x) • l/g{x)] = lim/(x) • lim l/g{x). 

x—*a x—*a x—^a x—*a 

Thus, to prove part (c) we need only to show that 
lim l/g{x) == 1/lim g{x), 


provided that lim g(x) 5^ 0; that is, we must show that, if € is 

x-^a 

any positive number, there exists a positive number 5 such that 
< « when 0 < |x — a| < 5, where B 9^ 0. (20) 


_1 ^ 

gix) B 
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By (11), 


1 

1 


B - g(x) 

1 _ 

-B\ 

g(x) 

~ B 


B ■ gix) 

1 \B\- 



Since JB 0, |JB| > 0. By hypothesis, there exists a number 
^2 > 0 such that \gix) — B\ < \B\/2 when 0 < |a; — a| < ^ 2 . 
Hence 

when 0 <\x — a\ < (22) 


By hypothesis, € being given, there exists a number 6^ > 0 such 
that 

\g(x) ~ B| < when 0 < |x — a| < (23) 


Let 6 denote the smaller of 82 and 5^. Then (20) follows from 
(21), (22), and (23), since 


W) B\ \g(x) -- B\ Bh/2 ^ 
\B\‘\g{x)\ ^ |B| -151/2 ^ |5| • |5|/2 


when 

0 < |a: — a| < 5. 


Parts (a) and (b) of this theorem may evidently be extended 
to any finite number of terms or factors. For example, 


lim [fix) • gix) * /i(x)] 


may be dealt with by letting Fix) = fix) • gix) and quoting 
part (b) twice. 

In all of these proofs we have assumed that / and g are defined 
over some interval / about a: = a (except perhaps at a: = a 
itself) and that all of the 5's are taken small enough to remain 
within /. (See Ex. IV, 27.) 

4. Continuous Ftmctions. As mentioned above, a function / 
may have neither a value nor a limit at a point x — a, A 
particularly important situation arises when f has both a value 
and a limit SLt x = a and these two numbers are the same. 

Definition 4.1. If f denotes a real^ single-valued function 
of Xy and if at x = a; (1) /(a) exists; (2) lim fix) exists; and (3) 

x—*a 

lim fix) *= /(a), then f is said to he continuous at x ^ a. If f is 
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continuous at each 'point^ x == a of some set D of real numbers, then 
f is said to be continuous over D. If f is not continuous at x = a, 
then f is said to be discontinuous at x = a, and a is called a point 
of discontinuity of f. 

The outstanding property of a continuous function is given by 
Theorem 4.1. If a function f is continuous at x ~ a, then 
lim f{x) exists and may be evaluated directly as f{a); or in brief, 

x~~*a 

lim /(a + Ax) = /(a), where a + Ax = x. 

Ax — >0 

It is this property that the student is prone to assume unjusti- 
fiably when he first studies the concept of a limit. 

Theorem 4.2. A function f is continuous at x — a vdien, and 
only when (1) /(a) exists, and (2) for each positive number e there 
exists a positive number 8 such that 

\f(x) — /(a)i < € when jo: — a| < 8. 

The proof of this theorem is left to the student in Ex. IV, L 
It should be observed that in this theorem x is no longer restricted 
to be unequal to a. In simple language, this theorem means 
that if / is continuous at x = a, then the value of f differs from 
/(a) by an arbitrarily small amount so long as x does not got too 
far from a. 

Theorem 4.3. If f and g are functions of x continuous at 
X = a, then f ± g and f • g are continuous at x = a, and f/g is 
continuous at x = a provided that g{a) 9 ^ 0. 

By hypothesis, lim /(x) — f{a) and lim g{x) — g(a). By 

x—^a x—^a 

Theorem 3.2a, lim [/(x) ± g(x)] exists and equals /(a) ± g(a), 

z—*a 

Hence f ± g is continuous at x = a. The other parts of this 
theorem are proved in a similar manner. 

Theorem 4.4. Let g be a function of x continuous at x = a and 
let f be a function of u continuous at u = A, where A = g{a). 
If u ^ g{x), thenf[g{x)] is continuous at x = a. 

Since /(-4) exists and since g(a) = A, f[g{a)] exists. We must 
show that, if e is any positive number, there exists a positive 

* We use the word point because of its suggestiveness in connection with 
the graph of /. Strictly speaking, point should be regarded as synonymous 
with reed number. But it is often helpful to think of a number as repre- 
sented by a ''point on the x-axis. 
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number 6 such, that 

[/[^(a;)] - /te(a)]| < e when |a; - a| < 5. (1) 

By hypothesis, e being given, there exists a positive number 77 
such that 

I/O'/') — f 0^)1 < € when I?/ — A\ < rj. (2) 

Likewise, corresponding to this number r? there exists a positive 

number 6 such that 

1/7 W — g{o)\ < r) when \x — a\ < B. (3) 

If we now tliink of u as determined by the relation u = g{x)^ 

then (2) becomes 

\f[g(^)] - f[g((^)]\ < € when \g(x) - g(a)\ < 77. (4) 

But by (3), \g{x) — g(a)\ < rj when |x — a| < 5. Hence 

(1) obtains. 

We now give a number of examples to illustrate the concept of 
continuity. 

Example 1. If m is a positive integer, and if f{x) = then / is con- 
tinuous at every value of x. 

Let a be an arbitrary value of x. Then f{a) = a”*, so that f(a) exists. 
By Theorem 3.2b, 


lim/(x) = lim = lim x • lim x liin x = a ' a • • . a == = f(a). 

x—*a x—*a x—*a x—*a x—^a 


Hence / is continuous at x = a. Since a is arbitrary, / is everywhere 
continuous. 

Example 2. If n is a positive integer, and if f{x) = where x ^ 0, 
then / is continuous at all values of x ^ 0. (In order that / may be single- 
valued, we regard x^^” as denoting the positive real nth root of x.) 

Let a be an arbitrary non-negative value of x. Then /(a) = so that 
/(a) exists. By the identity 

( 1 1\ / n-l n-2 1 1 n-2 n-l \ 

a" - /3"/(a " + a " + • • • + ” + 0 " ) 

a- - p- = - „-2 1 1 n-l \ 

\a " + a " + • • ■ + ” + /3 ” / 

oc — ^ 

= (5) 

a " + • • • +/3 " 

where a ^ 0, /3 ^ 0, and a and /3 are not both zero, it follows that, if c is 
any positive number, if x ^ 0, and if a > 0, then 
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n-l 

< 6 when |x — a| < € • a ” . 

Thus/ is continuous at x — a. In the case where a = 0, 

l^ji/n __ o| = < 6 when |x — 0| == |j:| < e"‘. 

Hence / is continuous at x — 0. 

It is evident that if n is an odd positive integer, then is defined and 
continuous for all values of x. 

Example 3. If N is a positive rational number m/n (in lowest terms), 
and if J{x) = where x ^ 0, then / is continuous at all values of x ^ 0. 

Since /(x) = it follows by Examples 1 and 2 and Theorem 4.4 

that / is continuous at all non-negative values of x. 

It is evident that if n is odd, then / is everywhere continuous. 

Example 4. If AT is a rational number, and if /(x) = x^, where x > 0, 
then / is continuous at all positive values of x. 

The case where N is positive has already been considered in Example 3. 
If N is negative, let N — —M. Then /(x) == 1/x^. The continuity of/ 
follows from Theorem 4.3 and Example 3. If = 0, then / has the con- 
stant value 1 and hence is continuous. 

This result may be extended for special values of N as indicated in 
hJxarnples 1, 2, 3. 

Example 6. If p(x) = a© -f UiX -}- a^x^ -j- . . . o„x”, where n is a 

nonnegative integer, where a©, Oi, . . . , a„ are real constants and where 
On 5 *^ 0, then p is called a polynomial of degree n. If /(x) = p{x)/q{x), 
where p and q are polynomials, then / is continuous at all values of x except 
those at which q has the value 0. 

This follows immediately from Plxample 1 and Theorem 4.3. 

Example 6. If /(x) = cos x and g{x) = sin x, then / and g are continuous 
at all values of x. 

This result follows immediately from Exs. Ill, 10 and 11. 

Example 7. If /(x) = log/, x, where x > 0, 6 > 0, and 6 1, then / is 

continuous at every positive value of x. 

We here consider the case 6 > 1, leaving the case 6 < 1 to Ex. 12 below. 
We first show that lim log6 u = logt 1=0, using the fact that 

logft a < logft ^ when a < and b > 1. (6) 

If € is any positive number, then 

|log6 u — log6 1| * llogft u\ < € when 

i.e., 

when log6 — < log6 u < log» 6* ( since log6 p 

b* \ 0* 


~e < logb « < €, 

»= — e and logik h* = e 
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i.e., 


when 7- < M < 6* 


[by (6)]. 


But 1/6* < 1 <6* since h > 1. Hence 1 — (1/6*) > 0 and 6* — 1 > 0. 
If we take 5 as the smaller of 1 — (1/6*) and 6* — 1, then u meets the condi- 
tion 1/6* < u <6* when |w — 1| <6. Hence 

llog6 u — log6 1| < € when |w — 1| <5. 

It follows that logb u is continuous at w = 1. 

Since u == x/a is continuous at a; =0, it follows by Theorems 3.2 and 4.4 
and Ex. Ill, 3, that 


I a; I . X 

lim logfe X = lim logb \^ " ) = « 4* lim log6 - = log6 < 2 , 

x—*a x-~*a \ ® / X— +0 X— >a n 

where a > 0 but otherwise arbitrary. This proves the continuity of logs x 
when 6 > 1. 

Example 8. A function is discontinuous at a? = a when it fails to meet 
any one of the three conditions in Definition 4.1. Thus, the functions 
(x^ — 5) /2a;, (sin a;) /a;, ctn a;, and (1 A - are discontinuous at a; = 0 
because they are not defined at a; =0. The function [a;] is discontinuous at 
every integer value of x because this function has no limit at these values of 
x. The function |sin a; + i sin 2a; + i sin 3a; 4- • • I is discontinuous at 
a; = 0 because its value there is not the same as its limit there. 

We conclude this section with an extension of the concept 
of a limit. 

Definition 4.2a. //, as a (but remaining 9^ a), the 

value of a function f becomes and remains greater than any assignable 
number AT, however large^ then f is said to increase without bound. 
This behavior of f is indicated by the notation lim f{x) -f- 00 , 

x—*a 

which is read ^*the value of f increases without boUnd as x a” 
This definition may evidently be put in the alternative form of 
Definition 4.2b. //, for each 'positive number N, however 

largOf there exists a positive number d such that 

f{x) > N when 0 < [x — a[ < 5 , 

then this situation is indicated by the notation lim f(x) — > + • 

X — *ct 

Example 9 . It is evident that lim l/(x — 4 )**-> 4-00. But it is not 

X“-^4 

the case that lim l/(a; — 2) 4- nor is it the case that lim tan a; — ^ 4“ 

*-♦2 X-+ir/2 
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EXERCISES IV 

1. Prove Theorem 4 . 2 . (First show that if a function/ meets the condi- 
tions in Definition 4 . 1 , it also meets those in Theorem 4 . 2 . Then show that 
if / meets the conditions in Theorem 4 . 2 , it also meets those in Definition 
4 . 1 .) Illustrate the meaning of Theorem 4.2 by a graph. 

2. Show directly by Theorem 4 . 2 , and without quoting any other theorem 
or example, that the following functions are continuous at a; = a, where a is 
any value of x at which the respective functions are defined. State explicitly 
the values of z at which these functions are continuous. 

(a) 5 x + 4. (b) 6 * 2 . (c) ** -6* + 7. (d) V^. 

(e) -^1 - 2*. (f) — (g) — T-- (h) 1*1- 

X -t" 4 


3 . (a) For each of the functions in Ex. II, 1, state whether or not the 
function is continuous at x =0. 

(b) For each of the functions in Ex. II, 2 , state whether or not the function 
is continuous at x — a. 

(c) State whether or not the following functions are continuous at x = 0 : 


(1) fix) 

(2) fix) 
( 4 ) fix) 

(6) fix) 

( 7 ) fix) 

(8) /(X) 
(10) fix) 


Jx cos (1/x) when x 0, 

( 1 when X = 0 . 

i x cos (1/x) when x 0, 

0 when x = 0. 

! (sin x) /x when x 0, 

1 when X = 0. 

Wl + x)^''* when x 5*^ 0, 

( 1 when X == 0. 

^ i(7r -f x) when — tt ^ x ^ 0, (See Ex. I, 17 .) 
C i(7r — x) when 0 ^ x ^ tt. 


f(x) - when x ^ Q, 

( 3 ) /(X) - ^ J ^ ^ Q 
( 5 ) }(x) = (1 + 


J X + 3 when x ^ 2 , 
( X — 1 when x < 2. 

\x\/x. 


( 9 ) /(*) = 


+ 


1 - 2 * ' 1 - 2 -*‘ 

<•11-1 /c.r'i - i X 7^ a, 

111; ]\x) - Ifl V j. ^ 0. 


( 12 ) /(*) 


1 


2 - i*r 

4 . Do the following limits exist? 


(13) fix) = j 


X* when x > 0, 

— 2x when x < 0. 


If so, prove and evaluate. 


(a) lim 


5 x 


1^1 -2x 


Solution, The functions 5 x and 1 — 2x are continuous at aU values of x 
and the function is continuous at all values of u. By Theorem 4 . 4 , 

1 — 2x is continuous at x » 1. By Theorem 4 . 3 , --77===. is con- 

VI - 2 x 
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tinuous at a: « 1 since the value of 1 — 2a; at a; « 1 is not 0. 
5a; 5(1) 


Theorem 4.1, lim 


X^i 1^1 -2x - 2(1) 


= -5. 


Hence, by 


(b) lim 


a; - 1 


X* 4* 4 


(c) lim (cos x) \/ 1 — x^. 
z — >3 

X 4- 1 


(e) lim logio cos x. (f) lim 

x -~>0 z — >2 ^ ^ 


(d) lim (cos x) \/ x* — 1 . 

X — ►S 

(g) lim sin* |x|. 
x —^0 


5. With the aid of the theorems and examples in Sec. 4, show that ii fix) 
is continuous at x — a, then 

(a) [/(x)]" is continuous at x = a. State the conditions on n and a. 

(b) cos fix) is continuous at x = a, i.e., 

lim cos fix) — cosT lim/(x)~| = cos /(a). 
x~^a I x—*a J 

(c) sec fix) is continuous at x = a. State the conditions on a. 

(d) log6 fix) is continuous at x = a, i.e., 

lim log6/(x) = logb r lim/(x)l = log6/(a). 
z—^a L x—*a J 


State the conditions on x, a, and h. 

6. If a function f is defined only for values of x > o then, as remarked 
after Definition 3.1b, lim/(x) does not exist because/ is not defined on both 
x—^a 

sides of X = a. Yet in some cases it would seem natural to ascribe a limit 
to / at X = a. To meet this situation we introduce one-sided limits and 
one-sided continuity. 

Definition 4.3. If, for each 'positive number e, however small, 
there exists a positive number b such that 

|/(x) — A\ < € when 0 < x — a < 8, 

then A is denoted by lim/(a;) and is referred to as the right-hand limit 

x—^a-{- 

of f at X — a. 

This definition is applicable even when / is defined for values of x < o. 
Define the left-hand limit of / at x — a. Define the right and left con- 
tinuity of / at X ~ Discuss the functions of Exs. II, 1 and 2, as to one- 
sided limits and one-sided continuity. 

Show that if lim fix) and lim fix) exist and are equal, then lim/(x) exists 
x-+<»4 x—*a— z-*a 

and has the common value of the one-sided limits. 

The concept of one-sided continuity allows us to introduce the following 
definition: 



Sec. 4] 


DIFFERENTIAL CALCULUS 


29 


If a function f is defined only over the interval a ^ x ^ b, we say that f is 
continuous over this interval if f is continuous at each interior point of the 
interval and if f is right continuous at a and left corUinuoits at 6. 

7. Show that Definitions 4.2a and 4.2b are equivalent. 

8. Define the notation liin/(x) — oo. 

x—*a 

9. Evaluate: 


(a) lim l/x*. 1 


(c) lim 
X— ► — 3 


2x 

{X + 3)* 


(e) 


lim — 

1 V 1 


(g) lim logio (i® - 4). 

X— > — 2 

(i) lim {l/x^) cos^ 

X— ►O 

(k) lim tan (l/x). 


(b) lim 


(d) lim 


(f) lim 


^_2x -f 1 
l)+cos 
X 


->2 {x - 2)^{x -h 1) 
(h) lim {\/x^) coe (1/a;). 

X-+0 

(j) lim CSC X. 

X— >0 

(1) lim (1 + x)^*. 
x-^ — 1 


10. The following definition is frequently useful: 


Definition 4.4. //, for each positive number c, however smally 

there exists a sufficiently large positive number N such that 

\f(x) — A\ < € when x > N, 

then A is denoted by lim f{x) and is referred to as the limit of f as x 

X-+4- 00 

increases without hound. 


Define the symbol lim f{x). Define the symbol lim f{x) —>+ 00 , Give 

X— > — 00 X— >+ 00 

examples to illustrate these definitions fully. Show that lim/(x) exists when 

X — >0+ 

and only when lim (p{y) exists and that these limits are equal, where y » 1/x 
j/— +4* ** 

and *p{y) =/(l/ 2 /). State and prove the analogue of Theorem 3.2 for the 
case where x — ► + Evaluate: 

lim 2“®; lim x sin x; lim x esc x; lim x(l + cos* x). 

X— + 4 * * x--» 4 - * X— » 4 - » af— ♦ 4 - « 

11. Prove relations (10) and (11) following Theorem 3.2. 

12. Complete the proof of Example 7 by discussing the case 0 < 6 < 1. 

13. Extend Theorem 4.4 to the case where g merely has a limit A at 
X » a. Extend the results of Ex. 5 by means of this result. 

14. If A; is a constant, show directly that lim k • /(x) = k lim /(x) without 

X— >a 


quoting Theorem 3.2. 



30 


HIGHER MATHEMATICS 


[Chap. I 


15. If lim f{x) = 0 and if there exist numbers M and 17 such that 

x—»o 

M > l^(a;)l when 0 < |x — a| < show that lim [f{x) • g(x)] « 0. 

x-*a 

Give an example to show that this theorem need not hold when there 
exist no such numbers M and 

16. (a) Show that lim = 0 when and only when lim |/(a;)| —►+00. 

(b ) Show that lim - — can exist only when lim / {x) == 0. Give an example 
X — ^0 ^ X— +0 

to show that lim may fail to exist even when lim f{x) = 0. 

X — >0 ^ X— >0 

17. If lim/(a;) and lim {f(x) H- p(a;)I exist, show that lim g(z) exists and 

x—*a x—*a X— +0 

evaluate it. If lim/(x) and lim lf(x) • g(a:)] exist, under what condition does 
x-^a x—*a 

lim g{x) exist? 

x—*a 

18. li fix) ^ gix) ^ hix) over some interval about x — a (except perhaps 
at X = a), and if lim fix) = lim hix), then lim gix) exists and equals lim fix). 

x—^a x—*a x—*a x—*a 

State and prove an analogous result for the case a: -f « . 

19. Show that if F and G are functions of x which may be represented in 
the form Fix) ~ <pix) - fix), Gix) = <pix) ’gix), where <pix) 5^ 0 in some 

fix) 

interval about x — a except perhaps at a; *= a, and if lim exists, then 

x—^a six) 

Fix) fix) Fix) 

lim exists and equals lim • (It must be remembered that and 
:r-^aGix) ^ x-^agix) G(x) 

fix) /gix) are not always equal if ipia) = 0.] 


For example, the fraction - 


4a: -f- 3 . (a: 

may be written as 


3)(a: - 1) 


r* - 7a: + 12 


ix - 3) (a: - 4)^ 


and by the preceding result, lim 


a:* - 4a: + 3 


— lim 


a: — 1 


- - 2 . 


.+3 a:* — 7x + 12 *-^3^ ~ 4 

20. Show that if / is a function of x and if lim fix) exists and is >0, then 

X— ►o 

there exists an interval / about a: = a over which the value of / remains >0 

except perhaps at a: = a itself. A similar situation exists when lim fix) < 0. 

x-^a 

21 . Show that lim - ^ - = 1 when $ is measured in radians. 

Solviion. In Fig. 1 1 let AB be an arc of a circle with center 0 and radius r, 
and let BC and AD be perpendicular to OA. Suppose $ - /.AOB is such 
that 0 < 0 < ir/2. Since area AOCB < area sector OAB < area AO AD, 
it follows that 


r® . r® r® 

~ sin 0 cos ~ tan 0. 

2 2 2 


If we divide this inequality by the positive number (r®/2) sin 0 we see that 



Sec. 4] 


DIFFERENTIAL CALCULUS 


31 


cos e < T — < see d, (7) 

sin d 

It is readily shown that (7) also holds when — 7r/2 < ^ < 0. If we take 
reciprocals of the quantities in (7) we find 

that f 

sec B > > cos B. (8) 

' p 

By Example 6 and Ex. 5c, cos B and ^ ^ 

sec B are continuous at ^ = 0. Hence, 

if c is any positive number, there exist positive numbers 5i and §2 such that 
sec ^ — 1 < € when — Oj < 5i, and 1 — cos ^ < e when 1^—01 < 52. (9) 

By (8) and (9), 

— 1 < € when 0 < |5 — 0| < 5, 

B 

where 5 is the smallest of 5i, 62, and ir/2. 

22. Evaluate lim (sin B)/B when B is measured in degrees. 

>0 

23. Show that lim (1 + = e, where e = 2.718 ♦ • • . 

X— >0 

Solution, Let us first consider the case where x — 1 /n, n being a positive 
integer. By the binomial theorem. 


(1 ■\‘xy 


n{n — l)(n — 2) 


1 n(n — 
l+n-+-y 


1 + 1 +-^ + 


0)’^- 

^, (■-00-!) , 

^ n\ 

n + 1 \ n + l/\ n H- 1/ 


(\ 1 ^ Y' 1111 " + ^ A " + 1 A n + l) 

, (■ - 7T-X'- A) - (iJtfcTT) 


(n+l)! 
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Since each term of (10) is less than or equal to the corresponding term in 
(11) and since (11) has one more (positive) term than (10), 




Thus the value o/ I 1 H — I increases with n. Let e be the sum of the con> 
\ 

vergent infinite series 

r = l+ l+ ;^+^+-^+^ + • • • = 2.71828 18284 59045 • ■ • . (12) 

Since (‘ach term of (10) is less than or equal to the corresponding term in 

( 12 ), 




for every positive integer n. W<^ shall now show that 




(wen though, for all large integer values of n, the latter terms of (10) arc 
very small compared with the corresponding terms of (12). Let 

= 1 + 1 + 4 + i + 4 + . . . + 1, 


and let 


Sn,m = 1 + 1 H 1 




(m ^ n) 


i.e., Sn,m is the sum of the first {m + 1) terms of (10). For any positive 
number €, however small, there exists an integer mo such that 

(14) 

For this number mo there exists a value no of n so large that 


Sm^ 


(15) 
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By (14) and (15), e — < e, 


/ 1 Vo 

< e, and as Sn ,OT ^ I 1 H ) , it follows that 

® ® \ no/ 


By (13) and the fact th: 


I f 

ct that 114 — I me 

\ 


reascs with n, 


< € when n > no, 


im (l 
-+«\ "/ 


that is, 1 


Now let ;?/ be any nnxl number > 1 and kit n be the greatest integer contained 
in ;v, i.e., n — 1?/]. Then 

n ^ ?/ < n + 1, 

1 1 1 
1 + “ ^ 1 + - > 1 + ■ 

71 y n + 1 




> 1 + 


and therefore 




'.(‘+0 -jiiO+OO+O] 

= lim ( 1 H — ) lim (l + “) = e l =e; 
n— >+oo\ n/ n/ 


likewise lim 


(i +-V) “ 

A n + 1/ n->+ « 


(-.a* 


= e. Hence it 


/ iV 

may be shown by the method of Ex. 18 that lim 11+"] exists and 

y/ 

equals e. By Ex. 10, lim (1 + = e, where x « l/y, 

X — ► 04 " 
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Finally, let y be any real number < — 1 and write y --z. Then 

y 00 \ y / Z >-f- 00 \2 ly 

Hence lim (I -{■ = e, and by Ex. 6 and the preceding paragraph, 

X — ♦0 — 

lim (1 + exists and is e. 

X-+0 

24. The following definition has many important applications : 

Definition 4.5. If f is a single-valued function of x, if R is 
the set of all values of f, and ify for each value of y in R, the equation 
y = /(^) has exactly one solution in x, then this equation determines 
X as a single-valued function of y over R, say x = (p(y)y and (p is 
called the inverse of f. 

(a) Illustrate the meaning of this definition graphically. In how many 
points can a line y A meet the graph of / if ^ois single-valued? Which 
functions of Exs. II, 1 and 2, have single-valued inverses? 

(b) Show that if / is defined and continuous over the interval a ^ x ^ b 
and has a single-valued inverse <p, then ip is also continuous. 

Hint: Let M and m be the maximum and minimum values of / for values 
of X in the interval c— Because / is continuous, it takes on 
every value from m to M as x varies from c — e to c -h e (see Theorem 8.5 
of Chap. IX). Estabhsh the continuity of v? at 2 / = C = /(c) by choosing 5 
with reference to m and M and using the fact that ip is single-valued. 

25. For each of the following functions state the domain of definition 
of ipy graph ipy and show by the preceding exercise that ip is continuous at 
each point of its domain of definition. 

(a) Cos'i X. (The capital letter C indicates that we are considering only 
principal values of this function.) What is the domain of definition of the 
inverse of this function? 

(b) Sin“' X. (c) Tan”^ x. (d) 5* where 6 > 0 and b 9 ^ I . 

(e) Extend the results of this exercise as indicated in Ex. 5. 

26. Show that if lim log6/(x) exists and is A, then lim /(a;) exists and is 

z—*a x—*a 

Hint: Write /(x) = and use Exs. 25d and 13. 

27. Suppose we alter condition (1) in Definition 3.1b to read 

\f{x) — A\ < € for all values of x which f is defined 

such that 0 < |x — a| < 6, (!') 

»o that it is not implied, as with (1), that /is defined for all values of x 9 ^ a 
in some interval about x ^ a. Then Definition 3.1b has a much wider appli- 
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cation. For example, lim y/ x sin (I/*) exists and is 0. But Theorem 3.1 

X — >0 

is false, for if / is defined at only the single point a; = a, that is, 

/(z) = yZ-ix - a)\ 

then every number A meets condition (!'). Again, Theorem 3.2 fails when/ 
and g are defined at no common point so that f + g and f • g do not exist. 
To meet these difficulties we introduce 

Definition 4.6. Let Dbe a set of real numbers. If the number 
a is such that every interval about a, however small, contains at least 
one number in D other than a, then a is called an accumulation 
point of D, 

For example, 0 is an accumulation point of the set of numbers 1/n, where 
n is a positive integer, and also of the set of numbers 0 ^ x ^ 1. It is 
immaterial whether a belongs to I> or not. 

Give examples of sets having accumulation points. Show that a finite set 
can have no accumulation point. Restate and prove Theorems 3.1 and 3.2 
using 

Definition 4.7. Iff is a function of x, if a is an accumulation 
point of the domain of definition of /, and if for each e > 0 there 
exists a 6 > 0 such that (!') holds, then A is denoted by lim f(x). 

x-^a 

Generalize the concept of continuity, showing that it is unnecessary to 
use the idea of an accumulation point. Review Sec. 4 and the above 
exercises with these generalizations in mind. Note that we tacitly assumed 
a generalization of Definition 4.4 in Ex. 23. Discuss the function 

_ jx when x is rational and 0 ^ x ^ 1, 

( 2 — X when x is irrational and 1 < x < 2 

in connection with Ex. 24b, noting that / is continuous with a single-valued 
inverse. 


6. The Derivative of a Function. Let / denote a function of x . 

As was pointed out in Sec. 2, the quantity ^ 

represents the mean rate of change of the value of / with respect 
to X when x varies from x = Zo to x = xo + Ax. We now wish 
to study further the properties of this quantity. 

Since Xo is constant, is a function of the one 

variable Ax, and as such is subject to the discussion of the 
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preceding sections. In particular, 


/(xo + A.x) — f(xo) 
Ax 


is dis- 


continuous at Ax = 0 because its value is not defined at Ax = 0. 

Moreover, lim may or may not exist. For a 

given function /, this limit may exist for some values of Xo, 
but not for others.* Suppose for the present that Xo takes on 
only those values for which this limit exists. Let/' denote that 
function of x whose value, for each such number Xo, is the number 
/(xo + Ax) - f(xo) 


lim 

AX-+0 


Ax 


If we recall that the symbol /'(xo) 


denotes, and is read, the value of /' for the value Xo of x, then, 

for each such number Xo, /'(xo) = lim — — 

- Ax 


Ax— *0 


With this discussion in mind, we may introduce 

Definition 5.1. Leif denote a real^ single-valued function of x. 
The derivative of f with respect to x is that function /' of x such 
that 


Ax 


Ax— >0 


( 1 ) 


at all points Xo where the limit exists y and such that /' is defined 
for no other values of x. 

According to the second remark after Definition 3.1b, /'(xo) 
cannot exist unless / is defined over some interval about x = xo. 
Hence we shall regard the existence of /'(xo) as implying that 
/ is defined over some interval about x = Xo. See Exs. IV, 27, 
and V, 5. 

In this definition of /', we use Xo, rather than merely x, to 
emphasize the fact that only Ax is to vary in the limit (1); 
the limit (1) would be meaningless if both x and Ax varied 
simultaneously. 

If there is no value Xo for which the limit (1) exists, then the 
function / is said to have no derivative. 

To differentiate a function / is to find its derivative /'. A 
function / is said to be differentiable if it has a derivative, and it 
is said to be differentiable at x = xo if /'(xo) exists. 

* In case the student has acquired the idea that this limit ** almost always” 
exists, it should be mentioned that, for most functions /, this limit exists 
for no value of x©; it is only when /is a very ‘^simple” function, like a poly- 
nomial, that this limit exists for all values of xq. 
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Varioas other symbols for/' are in common use; for example, 
f — fx = Dxf == df/dx = lim A// Ax, where A/ is defined by the 

Ax -~*0 

relation 

A/ = /(xo + Ax) - /(xo)* 

The following example illustrates the way the derivative of a 
function may sometimes be determined; 

Example 1. Find/' = Dxf when f{x) — x^/(3 — 2a:), x f. 

Solution. By Definition 5.1, 


Hence 


/'(xo) = lim 
Ax— *0 


/(xo -f Ax) — /(xo) 


Ax 


(provided this limit exists) 


(3:0 4- Ax)^ xj 

_ 3 — 2 (xo + Ax) 3 — 2 xo 

== lim 

A.r — >0 Ax 


(where Xo and Xo + Ax are 5 ^ |) 


= lim 


- 2 xJ -h 6 x 0 — 2 xoAx -f 3 Ax 


Ax— >0 (3 ” 2xo)l3 
— 2xo 4- 63:0 
“(3 -"2x^ 


2 (xo 4 - Ax)] 


when 


Dr 


51 

3 ^x 


Gx - 2x2 
(3 ~ 2 x) 2 ' 


Xo 5*^ ■ 


X 7^ ■ 


(by Ex. IV, 19) 
(by Theorem 4.1) 


The following formulas of differentiation may be derived by 
the method illustrated in Example 1. In these formulas g 
and h denote differentiable functions of x. 


Table I 

(1) DxC — 0, where c is a constant. (2) Dz{g ± h) — DxQ ± D*/i. 

g h • Dxg — g • D^h 


(3) Dxig ’ h) = p • Dxh + h • Dxg. 

(5) If p is a function of u, and if u 
(5a) DuV — IjDvU . 

(7) Dx cos h = —sin h • Dxh. 

(9) Dx sin h = cos h • Dxh. 

(11) Dx tan h — sec* h • Dxh. 

(13) DxCo8-^h = 

VI - A* 


( 15 ) Dx Sin -1 h 


Vl ~ h^ 
1 


Dxh. 


1 -b/i* 




/i(x), then Darp == Dug * DxW. 

(6) Dx{h)^ - n(/i)”“i • Dx/i. 

(8) Dx sec k = sec h • tan ^ • Dxh. 
(10) Dx esc h = — CSC • ctn h • 

(12) D* ctn h — —CSC* h • 

(14) Dx Sec-i A = ^ 


- 1 

(16) Dx Csc-‘ fe = - ^ 


hVh* 


Dxh. 

Dxh. 


1 4-/1® 


Pxh. 


(17) DxTan-i/i 


(18) D* Ctn-i h 
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(19) Z)x log. h = ^Dsh. (20) D, loga /» = ^ log, f • D,h. 

n ft 

(21) Z),e* = ^ • DA (22) DA - log, a • D,h. 

More complete lists are found in various mathematical tables. 
By way of example, we shall derive a few of the above formulas. 
We first prove the following theorem which will be needed for 
these derivations: 

Theorem 5.1. If f is a function of x, and if /' is defined at 
X = Xq [ix.y if f(xo) exists]^ then f is continuous at x = Xq. 

If / were not continuous at x = Xo, then the quantity 


/(xo + Ax) — /(xo) 

would not approach 0 as Ax 0 and lim 

Ax->o Ax 

could not exist (see Ex. IV, 16b). 

The converse of this theorem is false, for there exist functions 
/ which are continuous at x = Xo, but such that /'(xo) does not 
exist. For example, if /(x) = |x| (see Ex. II, Ig), then /'(O) 

docs not Crist, for . Ii£l. 

Ax Ax Ax 


But 


lAx| _ 
A^x 


1 when Ax > 0 and 


1^1 

Ax 


•1 when Ax < 0. 


Hence lim 


does not exist. On the other hand, it follows 


directly from Theorem 4.2 that |x| is continuous at x = 0. In 
fact, there are many functions known which are everywhere 
continuous and have a derivative nowhere. 

Theorem 5.2. If /(x) = g(x) • h(x), and if g'{xo) and h\xo) 
existj then f(xo) exists and equals g(xo) • h\xo) + h(xo) • g\xo). 

By Definition 5.1 


r{xo) = lim (provided this limit exists) 

= lim ^(^0 + ~ ^(^o) • ^(^o) 

Aap—^O -Ax 

g(xo + Ax) • h(xo + Ax) — g(xo + Ax) • /i(xo) 

^ + ^(xq + Ax) » h(xo) - g(xo) » h(xo) 

Ax — >0 A X 






+ h(xo) 


g(x o + Ax) - gjxo) 
Ax 


( 2 ) 
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By hypothesis, g'ixo) exists, so that g is continuous at a: == xq. 
By Theorem 4.1, lim g(xo + Ao:) exists and is g(xo). By hypothe- 

Ax— >0 

sis, lim and lim exist. 

Ax— >0 Ax Ax— >0 Ax 

By Ex. Ill, 3, lim h(xo) = h(xo). Hence, by Theorem 3.2, the 

Ax— *0 

limit ( 2 ) exists and may be written as 

f (X.) - Um 9(x. + ix) . lim ‘(JL+A?) " * W 

Ax — >0 Ax — >0 i^X 

+ lirn h(xo) ■ lim 
= g(xo) • A'(xo) 4- h(x(,) • g’{xo). 

If follows from this theorem that formula (3) in Table I is 
valid at each value Xo of x where D^^g and D^h are defined. 

Theorem 5.3. If f{x) = g(x)//i(x), if h{xo) 9^ 0 , and if g'{xf) 
and h\xo) exist, then f'{xo) exists and equals 

/l(xo) • ^'(Xo) - ^(:ro) • /i'(xo) 

[hixo)y~ 

By Definition 5.1 

/'(xo) = lim — (provided this limit exists) 

Ax-^O Ax 

g{xo + Ax) __ ^(xq) 

— lini ^(^0 + h(xo) ^ 

Ax— *0 Ax 

where* by hypothesis h{xo) 9 ^ 0 and where by Theorem 5.1 and 
Ex. IV, 20, A(xo + Ax) 7 *^ 0 for \Ax\ sufficiently small. It 
follows that 


\ ^ y h{xo)gixo + Ax) - g(xo)h{xo + Ax) 
Ax— ^0 h(xo)k{xo + Ax)Ax 


h{xo)h(xo + Ax) 


g(xo + Ax) — gjxo) 
Ax 


* This remark is necessary in order to show that the preceding fraction has 
a definite value for each value of Ax considered. The student must be ever 
on his guard against using notation which may appear to be meaningful, but 
which is actually meaningless for some or all values of the variable involved; 
in particular, he must be certain that the denominator of a fraction never 
becomes zero. 
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An argument similar to that used in the preceding proof shows 
that this limit exists and has the value stated in the theorem. 
It follows from this theorem that formula (4) in the above table 
holds wherever /, and A' are defined. 

Theorem 5.4. If fix) — [hix)Y, where n is a positive integer j 
and if h^ixo) exists, thenfixo) exists and equals n[A(xo)]''~^ • h\xo). 
We first note that if a and ^ are real numbers, and if n is a 
positive integer, then 

^ + «n-2^ + . . . + ^^n-2 ^ (3) 

By Definition 5.1 


/'(^o) = lim — (provided this limit exists) 


Ax— +0 

= lim 

Ax— *0 


[h{xo + Ax)]" — [fe (xo)]’‘ 
A.X 


= lim r + Ax)]"-' 

Ax-»0 ^X 


Ax— *0 L 

+ [A(xo + Ax)]"-*A(xo) + 


+ [/i(xo)]" 


(by (3)). (4) 


By hypothesis, lim A^Xo) Since h is 

continuous at a; == Xo, it follows by Ex. IV, 5, and Theorem 4.1 
that lim [A(xo + lim [/i(xo + Ax)]”'^^ etc., exist and 

Ax— *0 Ax— >0 

equal [A(xo)]”“S [^(^o)]”“^ etc., respectively. By Theorem 3.2, 
the limit (4) exists and may be written as 

/'(xo) = Um lim [hixo + Ax)»-1 

+ A(xo) • lim [h(xo + Ax)]"-- + • • • + [/i(xo)]"-' [ 
= /i'(xo){[A(xo)]"^ + [/'(xo)]"-‘ + • • • + [A(xo) ]"-»}• 

Since there are n terms in the second factor of this last expression 
f(xo) = n[fe(xo)]"-‘A'(xo). 

It follows from this theorem that, for positive integer values of n, 
formula (6) in the above table is valid at each value xo of x at 
which is defined. This theorem may be extended by the 
methods illustrated in Examples 2, 3, and 4 of Sec. 4 to the case 
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where n is any rational number (see Ex. V, le and 5). In the 
special case where h is merely x, formula (6) evidently reduces 
to DxX" = 

Because students often have difficulty understanding the 
significance of formula (5) in Table I, we have carried out the 
preceding derivation without the use of this formula. Hence 
we may use formula (6) as an illustration of formula (5) in the 
following way. If, in formula (5), g denotes then (5) assumes 
the form 


= Dui/” ‘ DxU = nu^'^^DxU. 

But this is just formula (6) when written in terms of u instead 
of h. 

In the j)receding theorem, we considered the nth power of a 
function h of x. Let us now consider an arbitrary function g 
of the function h] for example, g may denote a trigonometric 
or logarithmic function of h. The following theorem provides 
a general method for finding D^gih). 

Theorem 5.5. Suppose g is a function of a variable n, and 
suppose u = h{x). Let f{x) — g[h(x)]. If h'{xo) and g\uo) 
exists where Uq = A(xo) and g' = ihenf'(xo) exists and equals 
g\uo) • h'(xo). 

By the remark following Definition 5.1, there exists an interval 
Uo — €<u<Uo + € over wdiich g is defined. By Theorem 5.1, 
h is continuous at x = Xo. Hence there exists a 5 > 0 such that 

\h{x) — Uo\ < e when |x — Xo| < d. 

By Ex. I, 19, g[h(x)] is defined when |x — Xo| < d. By Definition 
5.1 


f'{xo) = lini ----- (provided this limit exists) 

Ax — >0 ^X 

= lim SlHx o -f Ax )] - g[fe(xii)] 

{It may help to understand this notation to think of g{h{x)\ as 
cos h{x) or log Let Mo + Au = -|- Ax), where 

Mo = h{xo). Then 


Am = A(xo + Ax) — A(xo) 


( 5 ) 
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g[hixo + Aa;)] — g[h{x,^)] g(uo + Am) — gr(Mo) ^Am 

= = 


where 


<p(Au) 


g{uo + Am ) - g(uo) 

Au 

g'iuo) when Au = 0. 


when Au 0, 


[While Ax is arbitrary and may be restricted to be r=^ 0, Au is 
determined by (5) and cannot be supposed lA 0. Hence in 
defining ^ we must allow for the case Au = 0. See footnote, 
p. 39.] It follows that 


(provided this limit exists) (8) 


/'(xo) = lim <p{Au) 


Since h is continuous at x = xoy Au is a continuous function of Ax 
and Aw — > 0 as Ax — > 0. Hence, (p being continuous at Aw == 0, 
it follows by Theorem 4.4 that lim (p{Au) = = ^7'(wo). 

Aa:— >0 

By (5), lim Aw/Ax = /i'(xo). Hence the limit (8) exists and 

Aa;— *0 


f'(xa) = lim ^(Am) • lim — = g'{ua) • h'{xo). 

Ax — >0 Ax — >0 ^X 

Formula (6) of Table I follows from this theorem. 

Theorem 5.6. If f(x) = cos h(x), and if A'(xo) exists, then 
f'(xo) exists and eqvxils —sin /i(xo) • /i'(xo). 

Let w = A(x) and let g{u) = cos w. By Definition 6.1 


. Um »("• + y - 

Au-*0 

— lim (^0 ^0 

AM —+0 Aw 


(provided this limit exists) 


= lim ■ 

Au~*0 


^ , Aw\ . Aw 


^ since cos a — cos fi = —2 sin 


.a + p 


. a- 


. / . AmV 

= lim — sm 1 + "TT I 

a«~^oL \ ^ / 


. Au 
sin -2 
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lim sin ( i 

\ 


Sin uo- 


By Ex. IV, 21, lim “ — = 1. By Theorem 3.2, the limit (9) 
exists and equals —sin Uq. Hence 

Du cos u = —sin u. 

If we now apply formula (5) of Table I 

Dx cos u = Du cos u • DxU = —sin u • DxU, 

This is formula (7) written in terms of u instead of h. 

Theorem 5.7. If f(x) = log^ h(x), and if h^(xo) exists^ then 

fixo) exists and equals d i\x(i) log6 e. 

iI\Xq) 

Let u = h{x) and let g{u) = logi u. By Definition 5.1, 

g'(uo) = lim (provided this limit exists) 

= lim logfc (mq + ~ (mq) 

Am-+0 Aw 


= lim 


= iim|l[: 

Au—^o V 


1 , Wo + Aw 

logj __ — 




Let At = Au/uo. Then At—*0 as Am — » 0 and this last limit 
becomes 

g'(ua) - — lira log6 [(1 + Aty'^‘]. (10) 

Wo Af-^0 

From Ex. IV, 23, lim (1 + At)^^‘ = e. By Ex. IV, 5 and 13, 
(10) may be written as 

g'(uo) = — logj flim (1 + ^ logb e. 

Wo La<-^ J Wo 



44 


HIGHER MATHEMATICS 


[Chap. I 


Formula (20) of Table I follows from this result with the aid of 
formula (5). Formula (19) is the special case of (20) arising 
when we take b = e. Because of the simplicity of (19), it is 
customary to use e as the logarithmic base. Logarithms to the 
base e are called natural logarithms. Whenever we write a 
logarithm without indicating the base, as log x, it is assumed 
that the base is e. 

Theorem 5.8. If y = f(x), if f is single-valued, continuous, 
and has a single-valued inverse (p, so that x = <p{y)j and iff {xo) exists 
and is 9 ^ 0, then (p\yo) exists and equals l/f{xo), where yo — /(xo). 
This result is summarized in the formula DyX = XjDxy. 

Let ?/o + A^/ = /(xo + Ax), where i/o = /(^o). Then 

= /(^o + Ax) - /(xo). ( 11 ) 

Moreover, Xo = ^(2/0), Xo + Ax = ^(2/0 + A2/), and 

Ax = ^(2/0 + A2/) - p{yf)^ (12) 

By Definition 5.1 and (12) 


<j^^( 2 /o) = liiH — (provided this limit exists) 
Ay— *0 ^y 

= lim (13) 

where Ly is assumed 9 ^ 0 and where it follows that Ax 5 *^ 0 since 
/ is single- valued. [If Ax = 0 in (12), then ip has the same 
value Xo for two values of y, i.e., / has two values y for this value 
Xo.] By Ex. IV, 246, ip is continuous at 2 / = 2/or and by (12), 
Ax — > 0 as A,y-^Q. By hypothesis and (11), lim Ly/Lx exists 

and is 9 ^ 0. Thus, (13) may be written as 


<p'(yo) 


lim ^ 

Ax— >0 Ax 


1 

f'M' 


Theorem 5.9. If f(x) = Cos“’ h{x), and if h'(x) exists, then 
f'(x) exists and equals — — h'(x). 

Vl - [A(x)]* 

Let M = h(x) and let v = Cos~' u. Then u = cos v. Since 
Dv cos V exists, it follows by Theorem 5.8 that Du Cos~‘ w exists 
and is given by 
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Du Cos“^ u = DuV = 




-1 


DvU Dv cos V sin v \/i — cos^ v 


VT 


where sin t; = +\/l — cos^ v since 0 S v ^ t. Formula (13) of 
Table 1 follows from this result with the aid of formula (5). 

The derivative of the derivative of a function / is called the 
second derivative of /. If a function is differentiated n times^ 
the result is called the nth derivative. Thus 


DJ,D4{x)] = Dlfix) = /" ix) = £-J{x), 

D.[Dim] = Dlfix) = fix) = £rjix), 
and in general 

D.lDr4ix)] = D4(x) = = ~Jix). 


EXERCISES V 

1. Find the derivatives with r€^8pect to x of each of the following func- 
tions, using the fundamental method illustrated in Exami)le I : 


(a) - 2x. (b) — 

(d) V X. (e) 


(c) 


1 + 4x 

" ^2"' 


(f) - 2x. 


2. Derive all the formulas in Table I which have not already been 
discussed. 

Suggestions. For formulas (1) and (2), see Theorem 5.2; for (9), see 
Theorem 5.6 and use the formula sin a — sin = 2 cos |(a + sin i{ct — /3); 
for (8), (10), (11), and (12), express the rt^spective functions in terms of 
cos h and sin hj and use (3) and (4); for (14) — (18), (21), and (22), see 
Theorem 5.9; for (6), where n is any real number, let y = [h{x)]'*. Then, 
if* hix) > 0 

y _ glog4/i(x)]" _ log.fc(x)^ 

and DxiJ may be computed by (19) and (21). If h{x) < 0, then [h{x)]^ 
may have either sign; in either case let h{x) = —k(x). Give an example 
to show that if h{xo) - 0 and n is not a positive integer, then y'(xo) need 
not exist. 

* We do not use the well-known device of computing Z), log, y by (6) 
because (5) presupposes the existence of D^y. 
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3. Find the derivative with respect to x of each of the following functions: 
(a) (2 - 
(c) — x^. 


(b) {x^ + 1)^1 - 5x)«. 

(d) 


flZk 

\1 +X 


(g) x* CSC ^ “h ctn^ lx, 

(i) sin mx. 


1 -f cos X 
(f) tan® 7x — Cos“^ 3a;. 
(h) sec (Sin“i 2a;). 

(j) log sin j 


(k) e-** Tan-i 

a: -f 1 

1 \/ax + fe - y/h 
(m) log — pr==: 

V h v aa; -1- ^ 4- v ^ 
(o) j=== log tan 


(P) 


aVfc* + c« 
e 


'i 


ax -{- tan 


sin 

(n) a* — a:® + a® Sin“* 

i> 


(<2 sin 6a; — 6 cos 6x). (q) x Cos'* ax 


-IvT 


a» + fc» 

(r) logio logic ax. 

(s) (Let y = ^ and find Dx log y.) 

(t) logi (x 4 4). (Use the formula logh a = (logc o)/(logr 6). 

(u) Derive the formula Dxf{x) = /(x)D*log /(x). Use this formula to check 
your results in (d), (e), (k), (s). 

4. Interpret Dxf as an instantaneous rate and illustrate with physical 
examples (see end of Sec, 2 and Ex. 1, 11). 

5. Extend Definition 5.1 and the preceding theorems as indicated in 
Ex. IV, 6 and 27. 

6. Find the second and third derivatives of the functions of Ex. la, c, i, j, 
and r. 

7. Show by mathematical induction that 


D; cos X = cos 


( mr\ 

-J) 


(14) 


Solution. The proof consists of two steps: (1) show that (14) holds when 
n = 1; and (2) show that if (14) holds for some value k of n, then (14) holds 
also when n = A; 4 1. 

(1) By the relation 


— sin a = cos 


40 


it follows that 


( 15 ) 
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Hence (14) holds when n = 1. 

(2) If is a value of n such that D\ cos x = cos 


then by (15), 


Dl'^^ cos X = Dx{Dl cos x) = Dx cos = _ sin 

/ A: + 1 \ 

= cos f X -f — y~7r j ( 


Hence (14) holds when n — k 

That this argument constitutes a proof of (14) may be seen as follows: 
by step (1) we may set k = 1 in (16) and conclude that (14) holds when 
n — 2. We may now set fc = 2 in (16) and conclude that (14) holds when 
n = 3. We may now set A: = 3 in (16), etc. This process may evidently 
be repeated arbitrarily many times. 

Show by mathematical induction that 

(a) /)” sin X - sin 

(b) Z>; log (1 4* x) = ± ^ (0! « 1) 

(1 +x)^ 

(c) 

(d) Dliax -b 6)* ^ • k(k - l){k - 2) • • • (Aj - n + 1) • {ax + ^>)*■'^ 

8. (a) By induction prove Leibnitz^s theorem that 



DJ(u • v) = D^u • V + nD^~^u • DxV -f 


n{n — 1 ) 


DT 


+ u • D^. 


(b) Using this result, find the second and third derivatives of e* sin x and 
log X. 

(c) Generalize Leibnitz’s theorem for products of three or more factors. 
9. Find the nth derivative of 

(a) e®*" sin hx. (b) — x®. [Write this as (a + x)^^{a — x)^^.\ 

(c) Tan~i X, f Dx Tan”^ x = 

L + 1 

--- ^ = (x 4" i)~^ {x — i)'“S where i - \/ — 1.1 

x* 4“ 1 -I 


10. Suppose /(x) 


X cos (1/x) when x 0, 


Calculate 


0 

/(o + Ax) - m 

Ax 


when X == 0. 


(See Ex. Ill, 12.) 


and show that /'(O) docs not exist even though f 


is continuous at x =0. 

11. Find DxV from the relation x® — xy^ — y® = 1. 

Solution. This problem is discussed in detail in Sec. 19. For the present 
it IS sufficient to peri^orm the following steps: 
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(1) Regard y as denoting that function of x which would be obtained if 
the given equation were solved for y in terms of x, 

(2) Differentiate both members of the given equation with respect to x 
and equate the results. 

(3) Solve the resulting equation for Dxy. 

If we follow this procedure we find that 


Dx{x^ - xy^ - y^) - Z),!, 

- lx • + y^ • (1)1 - Dxy^ - 0, 

3a;* - x • 2yDxy - - Sy* * D^y = 0, 

^ - 2/* 
D xU * 

2xy + 31/* 


Find Dxy from the relations 

(a) X — x^^ + 2/® = 4. (b) x sin t/ 4“ 2/ sin x =» 1. (c) y « cos xy 

12. Find Dly from the relations 

(a) ox* 4“ 2bxy 4- cy* = 1. (b) x* 4“ = Zaxy. (c) e*'*'*' ~ x. 

13. (a) If X = <p{u) and y = ^(u), and if y is determined as a function 
of X, y =» /(x), show that 


Dxy 


Duy 

DuX 


stating the conditions under which this result holds (see Theorem 5.5). 

(b) By differentiating the preceding result with respect to x, show that 

7)2 == Du{Duy/Dux) ^ D^y • DuX - D»y • Djx 

~ Da ~ {Day 

(c) Show that the formula 


Dly 


Djx 

{DyXY 


results as a special case of part (b) when u ^ y, 

(d) Starting from the relation Dxy « D,y • show that 

Dly - DU • D.y 4- (DxzY • Dly. 

14. Find D*y and Dly if 

(a) X “= a(a* 4“ 3a 4“ 3), y = 3a(a 4" I)- 

(b) X « o cos By y — h sin B. 

(c) X =» a{B — sin 0), y =« o(l — cos B). 

15. Make the indicated change of variable in each of the following 
equations: 
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( 

\dx/ 


(a) (1 - 2/*)^ + H Z i + ~ “9; y - cos z. 


, dh 

Ans. 1=0. 

dx^ 


(b)?«.+r^/^ + 


dx^ 1 x^dx (1 + a:*) 


— = 0; X — tan z. 

2j2 


. d'^y 

Ans. -f 2/ = 0. 
az^ 


d^y dy 

(c) (1 - 2^*)^ “ 2x^ -f n(n 4- l)i/ = 0; x = sin 


d^y 
Lda?* 2/ 


1/ d?/ V 


(d) (1 -**)[ 

16. If X = r cos 0, y = r sin By and if r = F(B)y show that 


X = cos e. 


sin 0- — f- r cos 0 
dy do 

dx dr 

cos O— — r sin 0 

do 

6. Interpretations and Applications 
of the Derivative. Slope, Let / be a 

function of x, and let [xo, /(^o)] and 

[xo + Ax, /(xo + Ax)] 



be two points P and Q on the graph of /. With reference to Fig, 
12 it is evident that DQ = A/ = /(xo + Ax) — /(xo) and that 
the slope of the chord PQ is tan a = A//Ax, where a is the angle 
of inclination of PQ, If the chord PQ approaches a limiting 
position PT as Ax 0 and Q—^P^ then the slope of the line 
PTis 


tan a = lim ^ 

AX-+0 


/'(a^o), 


where a is the angle of inclination of PT, If we call PT the 
tangent line to the graph of / at P, then we may state the following 
result: 

If f is a function of x, then /'(xo) represents the slope of the 
tangent to the graph of f at the point [xo, /(xo)]. 

We define the slope of a curve at a point P to be the slope of 
the tangent line to the curve at P. 
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Since the equation of the line through the point (a^o, 2/o) with 
slope w is 2/ ~ 2/0 == — ^o), it is seen that the equation of 

the tangent to the curve y = f{x) at the point (xo, 2/o) is 

2 / — 2/0 — xo)^ 


The fact that/'(a:o) represents the slope of the tangent to the 
graph of / at X = xo enables us to solve the following problem: 
Given the graph G of a function/ for which no formula is known. 
Plot the graph of /'. (This situation occurs, for example, when- 
ever a smooth cmrve is drawn through a series of points plotted 
from experimental data.) 

Suppose the graph G is as shown in the upper half of Fig. 13. 

Let Pi, P2, P3, • • • be a number of points 
on G. At each of these points draw the 
tangent to G and estimate its slope. 
Project Pi, P2, P3, * • • onto the lower 
x-axis and at the points so obtained erect 
ordinates of lengths equal to these estimated 
slopes. Through the ends of these ordi- 
nates draw a smooth curve G\ Then G' is 
the graph of /'. (Note that if G has a 
corner Q, then G has no genuine tangent at 
Q, But, by considering separately the 
parts of G to the right and left of Q, it is pos- 
sible to draw right and left tangents at Q. 
The slopes of both these tangents are 
plotted.) 

This graphical analysis brings out the following fact: If the 
graphs G and G' of a function / and its derivative /' arc plotted, 
the ordinate of a point P' onG' represents the siope of the tangent 
to G at the point P having the same abscissa as P'. 



Fig. 13. 


EXERCISES VI 

1. Find the equations of the tangent and normal to each of the following 
curves at the points indicated: 

(a) y ^ (2, 8). 

(b) -f 2y^ — 3xy + a: — 1 = 0 at (1, 1). 

(c) x^y^ = 4a^{2a — y) at the point where x ~ 2a. 

(d) Ax^ + 2Hxy 4- By^ + 2Fx -f- 2Gy + C = 0 at (xi, yi), 

(e) X = (a -f- 1)®, 2 / == (a — 1)® at a = 2. 

2. (a) Find all the points on the curve y == x® where the slope is 4. Plot. 
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(b) Determine the points on the curve -f 2 /^^ = at which the 
tangents are perpendicular to the line a; — 2^/ + 3 =0. Plot. 

(c) Show that the circle -{- 2/^ = Sax and the cissoid ^^(2a — x) — X''^ 
meet at an angle of 45® at each of two points distinct from the origin. Plot. 

(d) Show that the tangents to the curve x^ + = Sax?/ at the point 

where it intersects the parabola = ax are parallel to the 2 /-axis. Plot. 

3. Plot the graph of /' when the graph of the function / is as indicated 
in the following figures: 




4. Sketch the graphs of the derivatives of the functions of Exs. II, 1 and 2. 

5. If d is the angle made by a curve y — f(x) or r = F{0) with a line from 


the origin, show that tan — 


dy 

x~- 

dx 


y 


. <i y 


r 

dr 

de 


Increasing and Decreasing Functions. Let / be a function of x. 
We say that / is increasing at the point a: = Xo if there exists an 
interval / about this point such that, for each point Xi of /, 

i > /(^o) when Xi > Xo, and 
( /(^i) < /(^o) when Xi < Xo, 

and we say that / is decreasing at x = Xo if under the same 
circumstances 


< /(-fo) when xj > Xo, and 
> /(•^"o) when Xi < Xo. 


( 2 ) 


For example, if /(x) = sin x, then / is increasing at x = tt/G 
since condition ( 1 ) is met when / is taken sufficiently small. 
It is assumed in this definition and the following theorem that 
/ is defined over the whole of some interval about x = xo. 

Theorem 6.1. Lei f be a function of x and let xo he a value of x at 
which fixo) exists. If f'(xo) > 0 , then f is increasing at x == Xo,* if 
/'(xo) < 0 , then f is decreasing at x = Xo. 

If fixo) > 0, then by Ex. IV, 20, there exists an interval I 


about X = Xo such that, for each Xi 5 *^ xo in ^ 


A/ _ /(xi) - /(Xq) 


Xi - Xo 
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remains > 0. But when — is positive, f{xi) — /(xo) 

and (xi -- Xo) have the same sign, i.e., condition (1) holds 
when Xi is in I, The second part of the theorem is proved in a 
similar manner. 

In geometric language, this theorem states that a function is 
increasing at any point where the slope of its graph is positive and 
is decreasing at any point where the slope of its graph is negative. 

Maxinm and Minima. The theory of maxima and minima 
has many important applications in various branches of mathe- 
matics and physics. 

Definition 6.1. Let f be a function of x. We say that f has a 
relative maximum at the point x = Xo if there exists an interval I 
about this point such that^ for each point Xi of /, /(xo) ^ f{x\). 
We say that f has a relative minimum at the point x = Xq if there 
exists an interval I about this point such that, for each point Xi of /, 
/(a;o) 

It is evident that if / is increasing or decreasing at a point 
X == Xo, then / cannot have a relative maximum or minimum at 

X = Xo. 

Theorem 6.2. If f is a function of x, then /' has the value 
0 at each point x = Xo where (a) / has a relative maximum or 
minimum, (b) f is defined, and (c) the domain of definition of f 
extends over some interval about x = Xo. 

Suppose / has a relative maximum at x = xo. Then there 
exists an interval I about this point such that, for each point 
xi of /, /(xo) ^ f{xi). If /'(xo) were positive, then by Theorem 
6.1, (1) and hypothesis (c) there would exist values Xi > Xo 
in I such that /(xo) </(xi). Hence /'(xo) is not positive. It 
follows in similar manner that/'(xo) is not negative. Therefore 
/'(a^o) = 0. The case where f has a relative minimum at x = xo 
is treated in an analogous manner. 

By Theorem 6.2, each value xo of x [meeting conditions (b) 
and (c)] at which f has a relative maximum or minimum is a solu- 
tion of the equation /'(x) = 0. Hence the set of all values 
Xo of X [meeting conditions (b) and (c)] at which / has a relative 
maximum or minimum is contained in the set of all solutions of 
the equation /'(x) == 0. However, the equation /'(x) =» 0 may 
have one or more solutions Xo at which / has neither a relative 
maximum nor minimum, as is illustrated by the function x*. 
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It follows that the procedure for determining the points [meeting 
conditions (b) and (c)] where / has a relative maximum or mini- 
mum is to find the set of all solutions of the equation f{x) = 0 
and then to investigate the nature of / at each of these solutions 
by means of Theorem 6.3 or 6.4 or some stronger theorem. 

Theorem 6.3. Let f be a function of x and let Xo he a value of z 
such that /' is defined in some interval 
about xq. (a) If /'(xo) = 0 and if /' is 
increasing at Xo, then f has a relative 
minimum at Xo. (b) If /'(xo) == 0 
and if f is decreasing at xo, then f 
has a relative maximum at xo {see Fig. 

14). (c) ///'(xo) = Ojbutf is positive 

(or negative) at every other point of some interval about Xo, thenf has 
neither a relative maximum nor minimum at xo. 

From the hypotheses of part (b) it follows by (1) that 

/'(x) < 0 when x > Xo and f\x) > 0 when ^ < xo, (3) 

where 5 is restricted to lie in a sufficiently small interval I about 
Xo. Let Xi be any point of I. The slope of the chord through 

the points [xo, fixo)] and [xi, /(xi)] is By 

Xi Xo 

theorem of the mean (see Sec. 10), there exists a point x between 
Xo and Xi such that the tangent at x is parallel to this chord, i.e., 

y,/-) ^ fjXi) - f{Xo) 

If ®i > Xo, then f > * 0 , and by (3), /'(*) < 0. Hence 
f(xi) — f{xo) and Xi — Xo have opposite signs, and because 
Xl > Xo, /(xi) < /(xo). It may be shown in a similar way 
that /(xi) < f(xo) when Xi < Xo. Thus f(xi) < f(xo) wherever 
Xl may be in / (other than at xo). This proves part (b). Parts 
(a) and (c) may be proved in a similar manner. 

The truth of Theorem 6.3 is intuitively evident from Fig. 14; 
part (c) of the theorem is illustrated by the function x® with 

Xo “ 0. 

It should be noted that a function may have a relative maxi- 
mum or minimum at a point without having a finite derivative 
at that point. For example, the function 2 + (x — 3)^ has a 
relative minimum at x = 3, and yet this function does not have a 



Fig. 14. 
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finite derivative at a; = 3 (see Fig. 15a). Thus one cannot 
detect all relative maxima and minima by Theorem 6.3. 

Definition 6.1 may be extended to the case where/ is defined 



Fi«i. 15. 


on only one side of the point x = xo. 
But in this event the point xo may 
be a relative maximum or minimum 
of / even though /'(xo) 9^ 0. For ex- 
ample, the function /(x) = X + \/x^ 
whi(‘h is defined for only nonnega- 
tive X, has a relative minimum at 
X = 0, and yet f{0) — 1 (see Fig. 


15b). This examjile shows that Theorem 6.2 is false when condi- 


tion (c) is omitted. 


Example 1. Find the relative maxima and minima of the function / when 
fix) - 2j- 3 - ar2 - 12ar 4- 0. 

Solution, fix) = 6(.r — 2){x + 1). HeiHHi J'ix) ~ 0 when x — 2 and 
X ~ —1. Furthermore, f is decreasing at x — —1, since f'{x) > 0 when 
a: < ~1 and/'(j:) < 0 whep —1 < x < 2. Thus / has a relative maximum 
at X = —1. Similar reasoning shows that / has a relative minimum at 
X — 2. Thes(; results may be checked by gra piling /. 

Theorem 6.3 may be put into a more convenient form by 
observing tliat, according to Theorem 6.1, /' is increasing at Xo 
when /"(xo) > 0 and/' is decreasing at Xo when/"(xo) < 0. If 
we incorporate these results into Theorem 6.3, we obtain 

Theorem 6.4. Let f be a function of x and let Xo be a value of x 
such that /"(xo) exists, (a) If fixo) = 0 and if /"(xo) > 0, 
then f has a relative minimum at Xo. (b) If /'(xo) = 0 and if 
/"(xo) < 0, then f has a relative maximum at Xo. 

With reference to the graph of /, it is seen that /" is positive 
wherever the graph is concave upward j and/" is.negative wherever 
the graph is concave downward. 

In Example 1 above, /"(x) = 6(2x — 1), and/' is shown to be 
decreasing at x = —1 by the fact that /"( — I) < 0. 

Theorem 6.4 sometimes fails to locate a relative maximum or 
minimum that may be detected by Theorem 6.3. For example, 
if /(x) = x\ then /'(x) = 0 only when x = 0. But /"(x) = 0 
when X = 0 and Theorem 6.4 provides no information. On the 
other hand, /'(x) > 0 when x > 0 and /'(x) < 0 when x < 0. 
Hence /' is increasing at x = 0 and Theorem 6.3 shows that / 
has a relative minimum at x = 0. 
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Inflection Points. We define a point of inflection on a curve 
to be a point at which the slope of the curve has a relative 
maximum or minimum. If the equation of the curve is of the 
form y = /(x), then the points of inflection may be found by 
maximizing and minimizing We leave it to the student to 
discuss the exceptional cases, such as that arising when the 
maximum slope is infinite. 

EXERCISES Vn 

1. Locate all inaxiiiium and miniiiuim points (if any) on the graph of 
each of the following functions. Justify your results by giving conclusive 
tests. Plot. 


(a) 

+ 

9x 

+ 1. 

(b) 

x\x +4)2. 

(c) 

Gog x)ix. 



(d) 

sin a: + cos 2x. 

(e) 

{x + l)^^(x 

_ 

5)^ 

(f) 

X/{1 - 

(g) 

1 

CO 

-f 

3x 

+ 7. 

(h) 

x/{x^ + 

(i) 

x^. 



(j) 



2. In a certain triangle two sides are given. What should the value of 
the angle between them be in order that the area of the triangl(‘ may be a 
maximum? 

3. Find the altitude of the right circular cylinder of maximum volume 
that can be inscribed in a given right circular cone. 

4. Find the altitude of the right circular cone of maximum volume that 
can be inscribed in a given sphere. 

5. A fisherman is at A which is 3 miles from the nearest point B on a 
straight shore LM. He wishes to reach in minimum time a point C situated 
on shore 6 miles 'from B, How far from C ^v^ 
should he land if he can row at the rate of 4 
miles an hour, can walk at the rate of 5 miles 
an hour and he loses 5 min. in docking his 
boat? 

6. Let OM and ON be two straight tracks 
intersecting at right angles at 0. A rod AB 
of length I moves so that A slides along OM 
and B slides along ON. A second rod PS is 
rigidly attached to OM at P so that OP = a and PS is parallel to ON . Both 
AB and PS are grooved and a pin Q slides along these rods at their point of 
intersection. Find the position of AB such that distance PQ is a maximum. 
(See Fig. 16.) 

7. In the preceding problem let PS rotate about P and let the pin Q 



Fig. 16. 


be fixed on PS at a distance PQ = h. Find the position of AP such that 
the angle OPS is a maximum. What are the conditions on a, 6, and I under 
which this mechanism will work? 

8. Find the minimum distance from the point (3, 1) to the parabola 
y « x\ 
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9. A water tank stands on level ground and the water surface is H ft. 
above the ground. A jet of water issues from a small hole in the side of the 
tank, the hole being h ft. below the water surface. For what value of h will 
the range of the jet be a maximum ? (The lateral velocity of the jet is \^h. 

The jet falls according to the law s == 

10. The speed of light in air is Vi and in glass 
is V 2 . A ray of light starts at A in air, meets the 
surface of a plate of glass at and is refracted to 
C within the plate. Show that the position of B 
must be such that 

sin di vi 



Fig. 17. 


sin 02 V 2 


in order that the time of travel from A to C be a minimum. 

11. A light ray AC is bent by a prism. Using the law of refraction given 
in Ex. 10, show that the angular deflection is a minimum when d ~ xp. 

12. P'ind the points of inflection of; 

(a) y = 2x^ — 12x^ + 7a; ~ 9. 

(b) 2/ = (X - 3)^ -f 7. 

(c) y = 8a + 4a^). 

(d) y =* sin^ x. Fig. 18. 



7. Velocity, Acceleration, Radius of Curvature. Suppose a 
point particle P is moving along a path C, suppose s is the distance 
along C to P from some fixed point F on C, and suppOwse s is 
determined as a function of the time t by the relation s = f(t). 
If So = f(to) and So + As = f{to + At)y then 


F 

So 

t^to 

(a) 



Fig. 19. 


As = f(to + AO - f(to) 

is the distance traveled during the 
interval of time At. Hence the 
mean speed of P over the interval 
As is As /At and the instantaneous 
speed of P at < = ^0 is 

lim ^ = D,s. (1) 


Thus, the speed of a point P is the rate of change of the distance s 
between P and a fixed point on the path of P, It is immaterial 
whether the path C of P is straight or curved so long as s is 
measured along C. If s is measured in feet and t in seconds, then 
Dts is measured in feet per second. 
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When P moves along a plane curve, its rectangular coordinates 
X and y are given by equations of the form 


X y — ^( 0 * ( 2 ) 

We shall assume that (p and ^ are differentiable. It is evident 
that DtX is the speed of the projection Pi of P upon the x-axis 
and Dty is the speed of the projection P 2 of P upon the ^/-axis. 
We speak of DtX and Dty as the x-component and 2 /-component of 
the velocity of P. We write 


DtX = x' 


Dty y' = y- 


The vector* V whose x and ^-components at any time t are Vx 
and Vy is called the velocity vector of P. 

Theorem 7.1. The length {or mag- 
nitude) v of the velocity vector Y of a 
point P is the speed of P at any time t^ 
and the direction of V is always along the 
tangent to the path of P. 

Let s, X, and y have the significance 
indicated above, let equations (2) re- 
present the path of P, and let Ac be the length of the chord 
through the positions of P at < = and f = <0 + A^. 

Then 

(Ac) 2 = (Ax) 2 4- (A?/) 2, 


Xo^ax X 


Fig. 20. 


and 


(As)“(^) = (Ax)= + (At/)*, 
\At ) \As/ \M ) '^\m} 


( 3 ) 


If we assume the path of P to be such that lim Ac/ As = 1 (this 

>0 

assumption being met by most curves occurring in practice), 
and if we let Ai 0, then 


(Z),s)* = {DtxY + WiVY = vt + vl. (4) 

It is evident that DtS is the length v of the vector V. 

To show that the vector V has the same direction as the tangent 
line at any point of the curve (2), let 6 be the inclination of V 


♦By a vector we here mean merely a directed line segment. 
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to the x-axis (see Fig. 21). Then by Ex. V, 13a, 

tan ^ = — = = DxV = tan 

Vx JL) iX^ 

where ip is the inclination of the tangent to the curve (2). Hence 
V lies along the tangent at each point of the curve (2). 

It should be noted in passing that Vx = v cos 0 and Vy = v sin B. 
It is readily seen that lim Avx/At — DtVx = D^x represents 

A «->0 

the rate of change of Vx with respect to t and that DtVy = D^y 
represents the rate of change of Vy with respect to t. We write 

ax == DtVx = Dfx = x" = X, ay = DtVy = Dly = y" = y. 

The vector A whose x- and y-coinponents at any time t are a* 
and ay is called the acceleration vector of P] the length (or magni- 
tude) a of A is called the acceleration oi P; ax and ay are called 
y the X and y-components of acceleration of P. 

It is evident that the acceleration a of P is 

direction a of A is 
^ given by the relation tan a = ay /ax. Example 
' ^ 1 below shows that the vector A does not 

always lie along the tangent to the path of P. 
(For a more detailed treatment of this topic, see Ex. X, 9 of 
Chap. VL) 

Let I be a half-line rotating about a fixed point 0, let be a 
fixed half-line through 0, and let ^ be the angle of rotation from 
U to I measured in radians. We call Dt^p the angu- 
lar velocity of I and Df\l/ the angular acceleration of 1. 

Example 1. A particle P moves around a circle of radius ^ lo 

r with the constant speed of 2 revolutions per second. Find Fig. 22. 
the velocity and acceleration of P at any time i. 

Solution. The position of P may be represented parametrically by the 
equations x — r cos y — r sin xj/. Then (see Fig. 23). 

Vx = —r sin \p • Vy — r cos xp • Dtxp. 

But Dtxp — 4x, so that Vx — — 47rr sin Vy — cos xp. The speed v of 
P is y/ vl vl — 47rr, and the direction angle 6 of the velocity vector V 
is given by the relation 


= — ctn xp. 


Again, 


Ux = — IGttV cos ay = — IGttV sin xp/ 
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The acceleration a of P is -f == IGttV and the direction angle a 

of the acceleration vector A is given by the relation tan a — a^/ax — tan \l/. 
Thus A is directed toward the center of the circle. The values of v and a 
may be combined to show that a = v^/r. 

The quantity DtV — Dfs represents the rate of change of the 
speed V and is called the tangential acceleration of P. This name 
is justified by 

Theorem 7.2. If Ar is the component of the acceleration 
vector A along the tangent to the path of P, then the magnitude ar of 
Ar is Dfs. 




With reference to Fig. 24 it is seen that 

ar = a cos {a — 6) — a (cos a cos 0 + sin a sin $) 

= a{ -- cos 6 + ^~ sin d) = ax cos 6 + ay sin d. 

\a a / 

On the other hand, 

Dfs = DtV = DtV vl + vf — ^ . ^^:= ~Jvxax + Vyay) 

Vvl + vf 

V V 

= aV + = Ox cos 0 + ay sin B. 

V V 

These results show that ar = Dfs. 

An immediate corollary of this theorem is that A is per- 
pendicular to V whenever DtV = 0, i.e., whenever the speed of P 
is constant. The component Av of A normal to V may be 
thought of as arising from the change of direction of V along 
the path of P, and Aiv need not be zero even though the magnitude 
of V is constant. (See Ex. IX, 3.) It is seen that 

an = (1/y) {ayVx -- OxVy). 

If the path of P is a straight line, then a = Dfs, for if we choose 
the a:-axi8 along the path of P, Vy = ay — 0, so that as == 0. 
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Example 2. A line I is rotating about the point (1, 3) (coordinates being 
in feet). Let A and B be the points of intersection of I with the x- and ^/-axes. 
If A is approaching the origin 0 at the rate of 10 ft. per second, find the speed 
of B when OA = 2. 

Solution. The solution of this problem is based on two fundamental 
principles: (1) Represent the speed of each point by a derivative according 
to the remark following (1); and (2) To evaluate a derivative, say Dty, 
get an equation in y and differentiate it with respect to t. 

Following the first of these principles, let OA = r and let OB =» Then 
Dtr == —10 {Dtr is negative because r is decreasing) and Dts is the quantity 
to be found. Following the second of these principles, we must get an equa- 
tion in « to evaluate DtS. In this case we have a pair of similar triangles and 
r/1 — s/{s — 3). This equation simplifies to rs — 3r — s = 0. If we differ- 
entiate this equation with respect to f, we find that 

r • Dts + s • Dtr — SDtr — Dis = 0. 

But Dtr — —10, and at the instant in question, r *= 2 and 8—6. Hence 
DtS — 30 ft. per second. 

EXERCISES Vra 

1. A point {x, y) moves according to the relations x — y — 2t, where 
X and y are measured in feet and the time t in seconds. Find, when t — 2 sec. , 
(a) the coordinates of the point reached; (b) the magnitude and direction of 
the velocity vector; (c) the magnitude and direction of the acceleration 
vector of the point; (d) the tangential and normal accelerations. 

2. The motion of a projectile is given by the equations 

X — Vo (cos B)tj y — Vo (sin B)t + 16^*, 

where e^o is the initial speed of the projectile, B the angle of projection with 
the horizon, and t the time of flight in seconds. AXt =2 sec., find the magni- 
tude and direction of the velocity and acceleration vectors, if Vq = 100 ft. 
per second and B — 30°. Show that the path of the projectile is a parabola. 

3. A point P is moving along the parabola y — x^ so that Dtx — 5. 
Find Dty and the speed of P at the instant when x — 2, Also find the 
angular velocity of OP at this instant, O being the origin. 

4. A point P is moving along the hyperbola x^ — y^ — 7 with speed 5. 
Find Dtx and Dty at the instant when P is at (4, 3). Also find the angular 
velocity of OP at this instant. 

5. Two straight railroad tracks cross each other at right angles, one 
track running north and south and the other track east and west. At a 
certain instant, a train is traveling east 40 m.p.h. 10 miles east of the inter- 
section 0, while another train is traveling north 50 m.p.h. 8 miles north of 0. 
Find the rate at which the trains are separating from each other at the 
instant under consideration. 

6. A rod of length 30 ft. is constrained to move in such a manner that its 
ends A and B follow perpendicular tracks OE and ONy respectively. If the 
end A is pulled away from 0 at the rate of 3 ft. per minute, find (a) how fast 
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B moves along ON when A is 1 8 ft. from 0; (b) at what position A and B will 
be moving at the same rates; (c) at what position B will be moving 6 ft. per 
minutd. 

7. A wheel of radius r rotates about its center with an angular speed of 
w rad. per second, while the centc'r moves along the x-axis with speed v ft. 
per second. Find the velocity vector of a point on the perimeter of the 
wheel. 

8. A car wheel of radius a rolls along a straight track. A point P on the 
circumference of the wheel then describes a cycloid with equations 

X = a{4) ~ sin <^), ^ = a(l — cos 

where is the angle through which the wheel has rotated. Find the magni- 
tude and direction of the velocity and acceleration vectors of the point P. 

B 


Fig. 25. Fig. 2G. 




Show that the velocity vector always lies along the line joining P with the 
highest point of the wheel. 

9. A man M is walking along a straight path PQ toward Q at the rate 
of 5 ft. per second and casts a shadow S on the wall A B from the light L. 
How fast is S moving when M is 20 ft. from the wall, if PQ == 60 ft. and 

Ip = 40 ft.? 

10. The end A of a connecting rod in an engine slides along a straight 
track and the end B is carried by a rotating crank. If Vi and 
Vi are the speeds of A and B in their paths, show that 

sin ((f + 0) L 


(Since the connecting rod is not changing length, the com- 

ponents of Vi and Vz along AB are equal. These components 27 . 

may be computed directly by trigonometric relations.) 

11. Solve Ex. 6 without the use of derivatives. (By trigonometry, find 
the components of the velocities of the two trains along the line joining the 
trains.) 

12. A man M walks across a circular stage 100 ft. in diameter at the rate 
of 5 ft. per second. He casts a shadow S on the wall from a light L as shown 
in Fig, 27. Find the speed of S along the wall when M is three-quarters of 
the way across. (Find Dta using AOML, Note that « 2a. Express s 
in terms of ^.) 

13. Starting from (3), derive the following relations: 
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1 = (Day + {D.y)\ (5) 

(Day = 1 + (D,y)K (6) 

(Dysy = (Dyxy + 1. (7) 

DtS — sec Of, DyS — CSC a. (8) 

Da = cos Of, D^y = sin a. (9) 


State the functional relations between y, and s in each case. (The time t 
is not involved in these formulas.) a is the inclination of the tangent to the 
curve C along which the point (x, y) moves. What assumptions are made 
in (8) and (9) as to the direction in which .s- is measured along the curve C? 
Wlaai would minus signs be needed in (8) and (9)? 


Let C be a curve in the xi/-plane, let 0 be the inclination of 
the tangent to C at any point on C, and let s denote the arc 
length measun^d along C from some fixed point 
on C. Then Ad /As n^presents the mean change 
in direction of C per unit of distance along C 
and DsO is the rate of change of 8 with respect 
to s. The value of D^d at any point P on C is 
called the curvature if of (7 at P. It is evident 
that C is flat when the curvature is small and 
that C bends sharply when the curvature is 
tan-i DxVy it follows by Ex. V, 13a, and (6) that 
Z>x(tan~^ Dxy) 



Fig. 28 . 

large. Since d 
K = D,d = Ds(tan~^ Dxy) = 
_ Dly 


DxS 


Dly 


1 + iD.yr Vi+TW [^ + iD.y)T^ 


If C is a circle of radius a, then K may be computed directly 
from Fig. 28 as follows: since the central angle at 0 is Ad and 
since As = aAd, we have at once that Ad /As = 1/a. Thus 
Ad/ As is constant and 



The circle whose radius is 1/if and which is tangent to the 
concave side of a curve C at P is called the circle of curvature 
of C at P, and the radius of this circle is called the radius of 
curvature iZ of C at P. It is evident that R = 1/if. 

EXERCISES IX 

1. Find the curvatures of the following curves; 

(a) y z\ (b) 2 / = log x, (c) y = c*. (d) y « sin a;. 
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2. If the equations of a curve are x = <p{t)y y = ^(0, where t denotes 
time, show that 


[x'^ + y'T' 


(See Ex. V, 13b.) 

3. If a point P moves along a path C with constant speed, i.e., 


D^s = Dtv = 0 , 


show that the acceleration a of P is a = v^/R. 

Suggestion. Let P be an arbitrary point on C. 
at P and a:-axis along the tangent to C at P. 
By the remark following Theorem 7.2, a = y" 
atP. Moreover, y' = 0 at P. The desired 
formula follows from Ex. 2. 

4. Find the curvature of the cycloid 
X — a(d — sin 6), y — a(l — cos 0). In partic- 
ular, what is the curvature at the point where 
d - 30^? 


Choose axes with origin 



8. The Differential of a Function. Let / be a function of the 
independent variable x having a derivative at x = Xq. We define 
the symbol df by the formula 


df = f{xo) • Ax, 


and we call df the differential of / at x = Xo. 
It is seen from Fig. 29 that 


RQ^ = (tan a) Ax = /'(o^o) • Ax. 

Hence df = RQ\ or in words, df represents the change in the 
ordinate up to the tangent line at x Xo arising from the change 
Ax in x. 

Since 


/'(x„) = lirn ^ 

Ax— *0 


where A/ = /(xo + Ax) — /(xo), it follows that Af/Ax is “approxi- 
mately equal to/'(xo) when |Ax| is small. Hence Af is “ approxi- 
mately^^ f(xo) • Ax, that is df is approximately^' Af when |Ax| 
is small, Thus/(xo + Ax) is “approximately ^V(^o) + df. 


Example 1. Find by means of differentials the approximate change in 
value of 3x^ when x changes from 10 to 10.1. Also find the actual change 
in value of 
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Solution. Let Xo « 10, Aa; = 0.1, and/(aj) « 3a;*, Then 
/'(iCo) == 6a;o = 60, 

and d} = fix^) • Aa; = 60(0.1) = 6. Again, 

A/ = 3(a;o + Aa;)* - 3a;J - 3(10.1)* - 3(10)* = 6.03. 

In the case where /(a:;) = theii/'(x) = 1, and 
dx = f{x) • Ax = 1 • Ax = Ax. 

This proves 

Theorem 8.1. The differential of an independent variable x is 
equal to the incre^nent of the variable; i.e., dx = Ax. The differ- 
ential of f is df = f(x) dx. 

Suppose y = /(x) and x = <i>{t)y where t is an independent 
variable. Then y = f[<l>(t)] = F{t) is a function of t. If /(x) 
and (l>(t) are differentiable functions, then we find by formula 
(5) of Table I, that F\t) = /'(x) • </>'(<) . Hence the differential 
of y is 

dy = F'{t) • A^ = /'(x) • <j>\t) • A^. (1) 

But the differential of x is equal to dx = <t>\t) • AL Therefore 


dy = fix) dx. (2) 

This proves 

Theorem 8.2. The differential of f is equal to df = /'(x) dx, 
irrespective of whether x is the independent variable or not. 

From (2), we have 


fix) 


dfjx) 
dx ’ 


that is, the first derivative of / is equal to the -ratio of the differ- 
ential of / to the differential of x. This property motivates the 
use of the 83 Tnbol df(x)/dx for the derivative /'(x). 

EXERCISES X 

1. By means of a differential, find approximately the change in the value 
of X* -f lOx* when x changes from 13 to 12.98. Find the actual change in 
the value of this function and find the error of the approximation. 

2. Find approximately the amount by which x may change from 12 in 
order that the value of 3x* + 5x ~ 7 may change by no m ore than 0.2. 

3. Find an approximate value of f(x) « 2xl\^ x* + 16 when x *» 3.02. 
[Note that/(3.02) is approximately /(3) + df.] 
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4. Find an approximate value of sin 31°. 

5. Find an approximate value of log* 1.05. 

6. If 2 / = and if a; == find dx when t — 2 and dt == 0.01, and use 
this result to find dy. Check the result by expressing y in terms of t and 
computing dy directly. 

7. Show that the volume of a thin spherical shell is approximately the 
area of either its inner or outer surface multiplied by its thickness. 

8. 5^how that the volume of a thin cylindrical shell is approximately the 
area of either its inner or outer surface multiplied by its thickness. 

9. Find an approximate formula for the volume of a thin conical shell 
bounded by two circular cones having a common vertex, a common axis, 
and equal heights. 

9. RoUe’s Theorem. The following theorem is needed to 
prove the Theorem of the Mean in Sec. 10. 

Theorfjm 9.1 {Rollers Theorem). If f is a function of x defined 
and continuous over the interval a ^ x ^ by if f is defined over the 
interval a < x < bj and if f{a) = fib) = 0, then there exists at 
least one value ^ of Xy a < ^ < by such thatf'i^) = 0 . 

By Theorem 8.3 of Chap. IX there exists a value J of a:, 
a < ^ < by at which / has either a relative maximum or a relative 
minimum. By hypothesis, /' is defined at a: = { and /is defined 
in some interval about x == ^. By Theorem 6.2, /'({) = 0. 

We leave it to the student to state and interpret Theorem 9.1 
geometrically with the aid of a graph. We give some examples 
to bring out the significance of the hypotheses in this theorem. 

Example 1. If fix) = 0 < a; ^ 1, there exists no 

value ^ of X such that /'(^) = 0. The difficulty is that / is discontinuous at 
a; ~ 0, even though the hypotheses of Theorem 9.1 are met in all other 
respects. 

Example 2. If fix) = — 1 when -*1 ^ x ^ 1, then there exists no 

value ^ of X such that /'(^) — 0. The difficulty is that /' is not defined at 
a; « 0. 

Example 8. If /(a;) = a; sin 1/x when 0 < a? ^ € and /(O) = 0, where 
€ is any positive number of the form 1 /wtt, then there exists a value $ of x, 
0 < { < €, such that/'($) = 0. It is immaterial that/'(0) does not exist. 

Theorem 9.1 illustrates nicely the fact that the hypotheses of a theorem 
must be carefully stated in order that the theorem may be valid. 

10* Theorem of the Mean, We now take up a theorem which 
has many important applications. 

Theorem 10.1 iTheorem of the Mean). Iff is a function of x 
defined and continuous over the interval a S x ^hy and if f is 
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defined over the interval a < x < b, then there exists at least one 
value ^ of Xy a < ^ < b, such that 


/ m 


m ~ f(a) 

b — a 


We observe from Fig. 30 that, if y is the function whose graph 
is the straight line PQ, then f — y h&s the 
value 0 at X = a and x = 6. We shall 
show that the present theorem results 
when Rollers theorem is applied to the 
function/ — 2 /. Let 



y = /(a) + 


/(b) - m 


(x - a) (1) 


(the formula for y being constructed by 
finding the equation of the line PQ) and let us construct the 
auxiliary function E so that 

E(x) = fix) - y = fix) - fia) - - a). (2) 


It is evident from Theorem 4.3 that E is defined and continuous 
over the interval a S x Since E\x) = /'(x) — 

E' is defined over the interval a < x <b. Moreover, 

E{a) = E{b) = 0. 

Hence E meets the conditions of Rollers theorem and there 
exists a value ^ of x, a < J < 6, such that E\^) = 0, that is, 

f'iO - = 0. 

b — a 

Thus our theorem is proved. 

In geometric language, Theorem 10.1 states that, if / meets 
the given conditions, then there exists a point x = f on the graph 
of / between the points x = a and x = 6 at which the slope of 
the tangent is equal to the slope of the chord through the points 
where x = a and x = b. 

Theorem 10.2. If /'(x) = 0 for all values of x in the interval 
d ^ X S b, then /(x) is constant over this interval. 

Since /' is defined over the interval a ^ x ^ 6, it follows by 
Theorem 5.1 that f is continuous over this interval and meets 



Sec. 11] 


DIFFERENTIAL CALCULUS 


67 


the conditions of Theorem 10.1. Let Xi be any value of x such 
that a < Xi ^ b. By Theorem 10.1, there exists a value f of 
X such that 

fi(t) = fM -/(«) , 

•' Xi - a 

where a < ^ < Xi, By hypothesis, /'(f) == 0. Hence 

Si^t) = /(o)- 

Since Xi is art)itrary,/has the constant value/(a) over the interval 
a ^ X ^ b. 

Theorem 10.3. If g and h arc functions of x such that 
g\x) ^ h'ix) 

for all values of x in the interval a ^ x ^ then g{x) — h{x) is 
constant over this interval. 

Letf(x) ^ g(x) — h(x). Then/'(.T) = 0 for all values of x in 
the interval a S x S b. By Theorem 10.2, f(x) is constant 
over this interval. 

The construction of indefinite integrals in Chap. II is based on 
this theorem. 


EXERCISES XI 

1. Give the geometrical interpretations of Theorems 9.1, 10.2, and 10.3. 

2. Find f so t.hat/'($) = in the following cases: 

0 — a 

(a) f(x) - 5=2. 

(b) f(x) == \/ x* — 4; a = 2, 6 = 3. 

(c) f{x) — sin 2x; a = 0, 6 = 7r/4. 

(d) f(x) = e- a = 0, 6 = 1. 

3. Construct examples similar to Examples 1 — 3 of Sec. 9 to show^ the 
significance of the hypotheses of Theorems 10.1 and 10.3. 

4. Show that Theorem 10. 1 may be written in the form 

m =/(«) + ib - a) ./'(a + 0 (6 - a)), 

where ^ is a number such that 0 < ^ < 1. 

5. Prove Theorem 10.3 when g'(x) s h'{x) over the interval a < x < h 
or over an infinite interval. 

11. Indeterminate Forms. If f{x) == g{x)/h{x) and if 
g(a) = h(a) = 0 , 

then the function / is said to assume the indeterminaie form 
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0/0 at X = a. We wish to develop a method for evaluating 
lim g{x) /h{x) when this limit exists. We assume that the student 

»--+o 

is already familiar with the elementary method indicated in 
Ex. IV, 19. 

Theorem 11.1 {Cauchy's Theorem), If the functions g and h 
meet the conditions of Theorem 10.1, if there exists no value Xi of x, 
a < xi < b, such that both g\xi) and h\xi) are 0, and if 

h{b) — h{a) 9 ^ 0, 

then there exists at least one value ^ of x^ a < ^ < by such that 
h\^) 7 ^ 0 and 

g\i ) ^ 

h \0 h{b) ~ h{a) 

The auxiliary function 

E{x) = g{z) - g{a) - - A(a)] 


meets all the conditions of Rolle’s theorem. Hence there exists 
a value f of x, o < { < 6, such that E'{^) = 0, that is, 


g'a) 


g{b) - g{a) 
h{b) - h{a) 


h\k) = 0. 


If were 0, g\i) would also be 0. But by hypothesis, 

g\^) and h'{^) are not both 0. Hence A'({) 9 ^ 0 and the theorem 
follows at once. 

Theorem 11.2 (L'HdpitaVs Rule), Let g and h be two functions 
of X such that there exists an interval I about x = a over which 
(1) h{x) 7 ^ 0 when x 9 ^ a^ (2) g and h are continuous^ and (3) 
except perhaps at x = a, g' and h' are defined arid do not vanish 
simultaneously. If g{a) == h{a) = 0, and if lim g'{x)/h'{x) 

x-^a 

exists, then lim g{x)/h{x) exists and equals lim g'{x)/h\x). 

x—^a 0 ?— 

If in Theorem 11.1 we set g{a) = h{a) — 0 and b = x, it follows 
that 


h{x) h'{^) 


a < ^ < X, or* X < ^ < a] X in I and 


9^ a. 


* The case x < ^ < a results by interchanging h and a in Theorem 11.1 



Sec. 11] 


DIFFERENTIAL CALCULUS 


69 


The theorem results immediately from the fact that f — > a as 
a and that lim exists. 

{—♦a 

It is evident that 


if lim g'(x)/h'(x) ± «, then lim g(x)/h(x) — » ± oo. 

x—*a x—*a 

It follows from this theorem that if and A' are continuous 
at x = a and if h\a) 7 ^ 0, then lim g{x)/h{x) = g\a)/h\a). If 

a;— +0 

however, g'{a) = h\a) = 0, then we may apply Theorem 11.2 
to the function g\^)/h'{^) and (with suitable hypotheses) obtain 
the result that lim g\^)/h\i) = lim g"(r))/h'\rj). If g" and A" 

{—♦a ii-*a 

are continuous at x = u and A" (a) ^ 0, then 
lim g'{0/h\0 = g"(a)A"(a). 

But if g'\a) = A"(a) = 0, then Theorem 11.2 may be applied 
again to evaluate this limit in terms of the third derivatives. 
This process may be repeated as many times as necessary. 


log 

Example 1. Find lim — — 

2(x* - 1) 

log 

The function 


2 assumes the indeterminate form - at x ^ I, 

log x^ 3/x 3 

By Theorem 11.2, lim — = lim = -• 

ar-.! 2(xa - 1) x-*l 4 

^ + C"** - 2 

Example 2. Fmd Um 

x~^0 

^3* _j_ ^-3x _ 2 0 

At a; - 0, : assumes the form -• By Theorem 11.2, 

5a;® 0 

g8* g-sx _ 2 . 3c®® — 3c~®* 3e®* — 3e~®* 

lim — = lim At a; = 0, — assumes 

OX .^Q 10^ lOX 

the form 0/0. If we apply Theorem 11.2 again, we find that 


e®* + c~®» — 2 3e®® — 3e~®» 9c®* -h 9c~®* 9 

hm — = hm = hm = -• 

X — >0 5a;® X — >0 lOar x — >0 10 5 


We give a few examples to show how other types of indeterminate forms 
may be evaluated by the preceding method. 

Example 3. If lim g(x) = 0 and lim |/i(a;)| —>4-00, then the product 

ic—^a x-*a 

g(x) ^ h(x) is said to be of the indeterminate form 0 • « at a; « a. It is 
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sometimes possible to evaluate lim lg{x) • h(x)] by writing it in the form 

x-*a 

lim where - is of the form - at a? = a. Thus, 

l/h{x) l/h(x) 0 

(x^ - 27) (^sc {x - 3) 

is of the form 0 • <» at a; = 3, and 


lim [(z® — 27) CSC (a; — 3)] = lim 


27 


= lim ■ 


Sx^ 


X — >8 


.3 sin (x — 3) x-*3 cos (x — 3) 


- 27. 


Example 4. If lim |fif(a;)| — > 00 and lim |/i(x)| — > + 00, then the 

x—*a x—^a 

quotient g{x)/h(x) is said to be of the indeterminate form 00/00 at x = a. 
It is sometimes possible to evaluate lim g(x)/h{x) by writing it in the form 


x—*a 


l/h{x) , l/h(x) . , , , 0 

lim — I where is of the form - at a: = a. Thus, 

*-*al /(?{*) _ 0 

- ^11- ctn V ^ tan x 

form — at a; = 0, and lim — = liin - = liin 

ar— >0 ctn X x—*(J tan \/ x a;— >0 

Example 6. If lim |^(x)| — ► co and lim |/j(x )1 — > + 


ctn \/ X 
etri X 
2\/ r see^ x 


is of the 


0 . 


sec^ \/ X 
00, then another 


x—*a 


x~^a 


method for evaluating lim g(x)/h{x) is as follows: let a; be a point between 
x-^a 

Xi and a. Then (under suitable hypotheses) we may write Theorem 11.1 
in the form 


g{x) - gjxi) ^ g^ 1 - [gix{)/g{ x)] 
h(x) - h{xi) ■“ h{x) ’ 1 - [h{xi)/h(x)] 
Hence, 


g'U) 


where ^ is between x\ and x. 


^ , 1 - [ Hx,)/h(x)] 

h{x) h’{^) 1 - \g{xi)/g{x)] 


Suppose lim g'(^)/h'{^) exists and equals A. Since ^ is always between xi 

»a 

and a, it follows that, by taking Xy sufficiently close to a, 9'{^)/h^{0 will 
remain arbitrarily close to A no matter how x varies 
between xi and a. With xi so determined and fixed, it 
follows that by taking x sufficiently close to a, ig?(a:)| and 
|/i(a:)| can be made arbitrarily large so that the fraction 


4 X ( 
Fig. 31. 


can be made arbitrarily close to 1 (see Ex. IV, 16a). Hence 

1 - [g(xi)/gix)] 

g(x)/h{x) can be made arbitrarily close to A^ that is. 


gM 

hm — 
x—*ah{x) 


exists and equals lim 

x--^a 


g'(«) 

h’(x) 


This result may be regarded as an extension of L’H6pitaFs rule. It is 
evident that if lim g'{x)/h'{x) — > ± «>, then lim g(x)/h{x) ± «. 
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If J{x) ^ X log x, then / is of the form 0 • w at a: = 0. If we write / as 
X 0 

— to put it in the form it turns out that L’H6pitar8 rule is of no help. 

1/log X 0 

log X 00 

But if we write f as — — to put it in the form — » then the preceding result 

1/X 00 

shows that 


lim - = lim - = lim ( —x) = 0. 
1/x x-*o — 1/x* X--+0 


Example 6. To evaluate lim g(x)/h(x) when g(x)/h(x) assumes either 

X—* to 

the form 0/0 or the form oo/oo, let x == 1/t/, where y > 0. It follows by 
Theorem 11.2 and Example 5 that 



Example 7. The indeterminate form oo — « may sometimes be evalu- 
ated by reducing it to the form 0/0 or «/ «. Thus, (2x/7r) sec x — tan x 
assumes the form — « at x — 7r/2, and 

/2x . ^ 1 - (2x/7r) - sin X 

hm I — sec X — tan x I = lim 

x-kr/2\ TT / X->7r/2 COS X 

(2/7r) — COS X 2 

= lim ^ 

X-^x/2 -Sin X TT 

Example 8. The indeterminate forms 0®, 1*, and ooO may sometimes Irf 
reduced to the forms 0/0 or oo / oo by taking the logarithm of the given 
function. Thus, lim fl -f- 3/x)® is of the form 1". But 

X—* to 
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By Ex. TV, 26 , lim 

X — ► 



exists and equals e*. 


Example 9 , Algebraic devices are sometimes useful. 


Thus, 


lim 

X — ► « 


2x -Z 
a; -f 1 


— lim 

X — ► «o 



= 2 . 


EXERCISES Xn 


1. Evaluate the following: 


(a) lim — 


(c) lim 


1 -f* sec 2a: 


X — ►ir /4 tan 2 a: 

(e) lim (1 + 
x—*0 

(g) lim a:2» 
x—*0 

(i) lim X log* X, 

X — >0 

(k) lim a;"'^e~^**, n > 0 . 

x-*0 
(m) hm 


(o) lim sin x • log x, 

, . Uo -h ciix -f 02a:* 4 - 
(q) lim 


ho -f bix 4 62a:* 4 " 

2. Find/'(0) when 
i sin X 
(a) fix) - \ 


1 when a: — 0. 


sin ad 
(b) hm • 

^-.0 he 

(d) lim a:”/c*, n > 0 . 

X — > « 

(f) lim (1 4 2 x)i/ 3 * 

X— + « 

(h) lim [ - — CSC a: y 

x~»0 \x / 

(j ) lim X log” a;, n > 0 . 

X— ►O 

( 1 ) lim ( 7 * - 5 »)/*. 

x—*0 

(n) lim log a:/ctn x, 

X— >0 

^ ^ X cos \/x 

(p) hm — — 

X — ► 00 a: 4 -1 

4 * amX”*^ 

. where 0, 6n 0. 

4- hnX^ 


■ when X 7*^ 0, 


(b) /(x) 


(1 4 x)^^® when x 7^ 0, 
€ when X == 0 . 


3 . Why is it that lim (sin* x)/cos* x cannot be evaluated by L^H6pitars 


rule to obtain the result — 1 ? Does this limit exist? Can L'Hdpital’s rule 
be applied to evaluate lim x*/|sin x|, even though |sin x| has no derivative at 
X — ►O 

X « 0 ? Find this Hmit. 

4 Give a geometric interpretation of Cauchy’s theorem and of the func- 
tion E used in the proof of this theorem. 

6. Show that the hypotheses in L’Hdpital’s rule may be altered in the 
following way when h'(o) ^ 0: if g{a) = ^(a) « 0, and if p'(o) and /i'(a) exist 
with h'(o) 5^ 0 , then Hm g{x)/h{x) * g\a)/h\a), 

SuggeiUan, Show that g(x)/h(x) may be written in the form 
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g{a + Aa;) ~ g{a) 

gjx) _ g{a -h Ax) _ Ax 

h{x) h{a + Ax) h(a + Ax) — h(a) 

Ax 


where x = a 4- Ax, 


and apply Theorem 3.2c. 

The only advantage of the more complicated form of L^H6pitars rule is 
that it sometimes enables us to deal with the case where h'(a) is 0 or does not 
exist. 

6. Using the notation of Definition 3.1b give in complete detail the proof 
sketched in Example 5. (Cf. the proof of Theorem 3.2b.) 

12. Infinitesimals. If the value of a variable is approaching 
zero, then the variable is sometimes called an infinitesimal. 
Thus, if the value of x is approaching 1, then log x and ctn 
are infinitesimals. If the function / is continuous at x = Xo, 
then A/ = /(xo + Ax) — /(xo) is an infinitesimal when Ax 0. 

It is sometimes desirable to compare two infinitesimals. Let ^ 
be such a function of a that lim fi{a) = 0. Then is said to be an 

a—^O 

infinitesimal of the same order as a if lim fi/a exists, is finite, and 

Of— +0 

is not zero. If lim jS/o: = 0, then is said to be an infinitesimal 

a — >0 

of higher order than a (the intuitive idea being that /3 is approach- 
ing 0 “more rapidly” than a), and if lim a//3 = 0, then d is said 

a — >0 

to be an infinitesimal of lower order than a. If lim exists 

oc — ►O 

and is not zero, then p is said to be an infinitesimal of the nth 
order relative to a. 


Example 1. When x 0, x and sin x are infinitesimals of the same order, 

for by Sec. 11, lim (sin x)/x = lim (cos x)/l = 1. 

>0 ®->o 

Example 2. When x 0, sin x — x is of higher order than x, for 

lim (sin x — x)/x = lim (cos x — 1)/1 =0. In fact, sin x — x is of the third 
*—►0 x-^0 

order relative to x, for 

sin X — X cos X — 1 —sin x —cos x 1 

ax 

X — ►O X — >0 X — ►O fi® X — >0 fi fi 

If two infinitesimals a and are of the same order with 
lim a//9 = 1, then evidently one may be used to approximaie 

a — ►O 

the other. It is for this reason that infinitesimals have been 
used to so great an extent in the applications of calculus to 
problems in geometry and physics. Thus, the student may 
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have frequently replaced sin xhy x for purposes of approximation 
(when X is small and measured in radians), such as in studying 
the motion of a pendulum when the oscillations are small. 

EXERCISES XIII 

1. Let PQ be an arc of a circle and let a be the central angle (measured 
in radians) subtended by fQ. 

(a) Show that a and the length of the chord PQ are infinitesimals of the 
same order when a — ^ 0. 

(b) Show that the difference between the arc length and (diord length from 
P to Q is of the third order relative to a when a — > 0. 

(c) If the tangent line is drawn to the circle at P and if a line is drawn 
from Q perpendicular to this tangent and meeting it at T, then QT is an 
infinitesimal of higher order than the arc PQ when a — > 0, and the length of 
the tangent PT is an infinitesimal of the same order. 

(d) Let AI be the intersection of the tangents to the circle at P and Q, 
and let the line joining M and the center of the circle meet the chord PQ 
at S and the arc at R. Find the order oi MR — RS relative to a when 
a 0. 

2. In the triangle ABC^ suppose that the angle 6 at A is an infinitesimal, 
and suppose that the sides AB and AC differ by an infinitesimal of the 
same order as $. 

(a) If the area of the triangle is approximated by the formula 1{AB)^ • 0, 
what is the order of the error relative to d? 

(b) If the area of the triangle is approximated by the formula 
\{AB){AC) ' what is the order of the error relative to 0? 

3. Find the order of infinitesimal neglected when the volume of a spherical 

shell is approximated by the formula where h is the infinitesimal thick- 

ness of the shell and 

(a) r is the inner radius. (b) r is the outer radius. 

(c) r is the mean radius. 

4. Let a and ^ be two infinitesimals with ^ a function of a. Also, let 
a' and be two infinitesimals which differ respectively from a and ^ by 
infiniteaimals of higher order than a and respectively. Show that if 
either lim /3/a or lim (3' /a' exists, then both limits exist and are equal. Show 

a — +0 a '—*0 

that if either ^/a or (3' /a' increases without bound as a — ► 0 and a' —* 0, 
then the other does also. Generalize this result. 

13. Taylor^s Theorem. It is evident that if 
F, I'a:) = Ao + ^(x - a) + ^(x - a)* 


+ . . . + _ o)», (1) 
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Sec. 131 


where .4o, ^i, . . . , An, and a are real numbers, then 



= Ai + Atix — 

a) + • • 

• +(;r 

- (x — 

- l)r 

a)-S 


P'Jix) 

A2 

+ • • 

• 

~—(x — 
- 2)!^^ 

a)’-^ 

(2) 





A„. 



By (1) 

and (2) we have 

the very 

useful result that 



P.M 

= A„ P'M 

— A ly 


~ ^2, 




P':{a)= A,, 

* * * J 

PV(a) 

= An. 

(3) 

L(‘t / be a function of 

X having 

n derivatives at x = 

= a (such as 

cos x), 

and in (1) let us 

take Ao 

= fia), ■ 

A. =/'(a), 

As = f 

'(a), 


An = Then 





Pn{r) -- 

= /(«) + - 

- a) 

-^^(x - 
2! ^ 

a) 2 





+ • • • 


- a)”, 

(4) 

and by 

(3), 






Pnia) -- 

= f{a), P'M : 







P:(a) = 

ia), . 

j 

P«(a) = 


(5) 


Thus, at X = a, the values of Pn and its first n derivatives are 
respectively equal to the values of / and its first n derivatives. 
(Cf. Examples 1 and 2 below.) We raise the following funda- 
mental question: How (dose does the polynomial Pn in (4) 
approximate the function / in the neighborhood of x = a, that is, 
how close are the graphs of Pn and / near x == a? One might 
expect the approximation to bo good, since, by (5), the two 
graphs have the same ordinate and slope at x = a, the slopes 
are changing at the same rate at x = a, etc. 

To determine the accuracy of Pn as an approximation of /, we 
shall derive a formula for the difference /(x) Pn(x). Suppose 
/ has n + 1 derivatives defined over the interval a g x ^ 6. 
Then, since a polynomial has arbitrarily many derivatives, the 
auxiliary function 


^ /(^) ~ Pn(x) - X(x - 


(6) 
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has n + 1 derivatives defined over the interval a g g 6, where 
in (6) we choose X as that constant such that ^(6) == 0, that is, 
such that 

<p(b) = m - Pn{b) - X(6 - - 0. (7) 

By Theorem 5,1, (p and its first n derivatives are continuous. 
Moreover, by (5), 

ip{a) = 0 , p{a) = 0 , ip”{a) = 0 , • • • , 

= 0, and ^(6) = 0. (8) 

We shall now apply Rollers theorem to the function p and its 
successive derivatives. Since <^(a) = ^(5) = 0, there e.dsts a 
value Cl of X, a < Cl < 6, such that ip'(ci) = 0. Since 

ip\a) = ^'(ci) = 0, 


there exists a value C 2 of x, a < C 2 < ci, such that = 0. 

Repetition of this argument shows that ^'"(x), • * • , <^^''^(x), 
and vanish at values Cs, • • • , Cn, and ? of x snch that 

a < { < Cn < * • * < Cs < C 2 < Cl < 6. Upon differentiating 
(6), we find that 


^(n+l)(^) ^ /(n+l)(^) __ 0 - (n + 1)! * X. (9) 

But == 0 some value f of x between a and 6, so that 

/(n4-i)(^) -- (n + 1)! . X = 0, a< ^<b, (10) 

If we solve (10) for X and substitute in (7), we find that 

m - PM - = 0 . ( 11 ) 

If we evaluate Pn(b) by (4), we obtain the result that 




») 


2 ! 


ay 


+ 






where a < f < 6. Formula (12) is known as Taylor’s formula or 
theorem. It is readily shown that (12) holds when b < a, ^ being 
such that b < ^ < a. 
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It is convenient to denote the last term of (12) by jB„, that is, 

fin = - «)”+*• (13) 

The expression Rn is called the remainder and represents the 
error made when Pn{h) is used to approximate /(6). If we can 
show that lim Rn = 0, then, and only then, do we know that Pn{h) 

n— > w 

can be made to approximate f{b) arbitrarily closely by taking n 
sufficiently large. In this connection, it is a matter of practical 
importance to know how large we must take n in order that Rn 
may be numerically less than a given “allowable error €. Sup- 
pose there exists a number M such that ^ for all 

values of f between a and b. [While it is usually impossible to 
determine ^ in (12), it is often a simple matter to determine such 
a number M.] Then Rn is numerically less than 


M 

(n + 1)! 


\b - ah+i. 


M 

If we can choose n so that ^ — XTTfl^ Pn(b) 

[n -f- 1 j ! 

approximates f(b) to within an amount less than e. 

Taylor’s theorem may be written in many ways; for example, 
if in (12) we replace b by x, we have 

fix) = /(a) - a) 

+ • • • +t^{x - a)” + B., (14) 


where 


fin = — a)"+‘, { between a and x. (15) 


If in (12) we replace b by o + a; and f by a + dx, where 
0 < 0 < 1, we find that 


/'(a)^^r(a)^ 


/(a + x)=/(a)+-'-^x + 


21 


• • • + + fi-.» ( 16 ) 
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where 


_ /<"+*) (a + ex) 
(n + 1)! ^ 


"+‘ 0 < < 1. 

(Lagrange^s form of remainder) (17) 


If a == 0 in (16), we have MaclaurMs formula or theorem: 


Ax) = /(O) + ® X + + 


1 ! 


2! 


where 


_/(»+!) ( to ) 
""”(11 + I )!"" 


n+l 




0 < e < L 


(18) 


(19) 


Example 1. Expand e** by Maclaurin’s theorem. 

SoliUion. It is seen that 

fix) = e^^-J'ix) = 2e^-,f"(x) = • • • . 

= 2»e“;/<»+»(x) = 2’*+ie’‘^. 

/(O) = l;/'(0) = 2;/"(0) - 2^; • • • = 2^ 


By (18) we have 

2 2^ 

» 1 -I- -a; + + 


1 ! 


2 ! 


2« 

+ -x" + 


2n + 1^2^x 

(n + 1)!^ 


0 < 9 < 


(20) 


(2^))n+l 

Let X be assigned a value h. Then i?„ = 7 

(n 4- 1)' 


Since 0 < 0 < 1, 


it follows that where il/ = e* if 6 > 0 and M — I if h <0. 


Thus, for a given value of n, 


-M is an upper hound of the numerical 


(n -f 1)! 

value of Rn. For example, if 6 = 0.05 and n = 4, we know that the 
remainder is not larger than If we replace by a larger 

quantity whose decimal value we know, such as \/ e = 1 .64, we know that 
the remainder is not larger than (0.00001 /1 20) (1.64) < 0.0000002. Hence, 
by (20) with x =0.05 and n = 4, 

eo.i ^ 1 + 2(0.05) -f 2(0.05)2 -f J(0.05)3 + J(0.05)< = 1.1051708 

to within 0.0000002. 

To show that \Rn\ can be made arbitrarily small by taking n sufficiently 
large, let us consider the factor i2b)^'^^/(n -f- 1)! in Rn. Let no be such a 
positive integer that |25/nol < i- When n > no, all factors in the product 
(26)’*+^ 

(n + 1)! 


- (tXi ) ■ (s) • • ■ 


are 
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numerically <i. Hence |(26)’»+V(« + 1)!| < |26/1| • • • |26/no|(i)”'^^'‘"o 

(26)«-^i 

when n > Wo. But lim — 0. Therefore lim = 0. 

n— ♦ « n— ♦ • (n 4“ 1 ) ' 

Because the factor never exceeds M, it follows by Ex, IV, 15, that, for 
any given value of 6, n can be taken suffici- 
ently large that |i^n| becomes arbitrarily 

small. However, the larger is b the larger I ^ 

must we take n to make |/2ft| less than a \ 11/ y ^ 

given number e. In other words, it is im- \ 

possible to find any one value of n suffi- ^ x T 

ciently large that |i2n| < e simultaneously for ^ 

all values of b. This kind of a situation will ^ 

be discussed in detail when we take up the ^ 
concept of uniform convergence. ^ 

In Fig. 32 are shown the graphs of 
fix) = c®* and of the polynomials Po, Pi, P 2 , and Ps. The manner in which 
P„ approximates / more and more closely as n — > « is clearly indicated. 
Example 2. Expand sin x about a = ir/6 rad. by Taylor^s theorem. 
Solution. It follows by Ex. V, 7, that 


Fig. 32. 

The manner in which 


f(x) = sin X, 


f'(x) = cos X 


= sin (x + 


F'(x) = — sin X — sin (x -f- tt) 


f"'ix) = — cos X = sin 




id ^ 

it) = 4 - 

r{t) = 


f(^){x) — sin 


fin+i)(^x) = sin 


By (14) we have 


sin /(«+i)(^) = sin ^ 




( TT nir\ 


+ «», (21) 


x 
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where 


Rn = 


/ n -f 1 \ 


'G-r 


^ between - and x. 
6 


(n + D! 

Since the sine function cannot be niiinerically greater than 1, 


\Rn\ ^ 


6 


(n + 1)! 


As in the preceding example, |/i?«| can be made arbitrarily small, for a given 
value of X, by taking n sufficiently large. 

Formula (21) may be used to approximate the values of sin x to any degree 
of accuracy. Thus, sin 31° may be computed to as many decimals as desired 
by setting x — 31(7r/T80) radians in (21): 


sin 31° 


== sin 


SItt 

180 


\ yi T 
2 2 180 


where 



^ (tt/iso) 
(n -b 1)' 


-f Rn, 


If we take n = 4, Rn ^ 0.000,000,000,01, and sin 31° = 0.515,038,0749 
correct to ten decimals. 



In Fig. 33 are shown the graphs of 
f(x) — sin X and of the polynomials 
Po, Pi, P2, and P3. 

The next example illustrates the case 
where Rn does not approach zero as 

n — > 00 . 

Example 3. Expand the fun<*tion / 
about X == 0 when 

when j* 0, 

“ } 0 when x - 0. 


Solution. It is evident that /is continuous at x * 0 (see Sec. 3, Example 
4). Moreover, /'(a:) ~ (2/x®)c“'''*® when x 5^ 0, and 


/'(O) == lim 

A*— ►O 


/(O -f Ax) - /(O) 


Ax 


Ax' )■ 


= lim I — e 
^-♦o\Ax 


By Ex. XII, Ik, this last limit exists and is 0. Moreover, by Ex. XI I, Ik, 
lim/'(x) *= 0. Hence/' is defined and continuous at all values of x. 
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We shall prove by induction that 

/(«)(x) = j 0- (22) 

( 0 when a; = 0, 

where Q„ is a polynomial of degree less than 3w (see Ex. V, 7). 

We have already shown that (22) holds when n = 1. Let be a value of 
n for which (22) holds. We shall show that (22) holds when n — N -f- L 
If in (22) we set n ^ N and differentiate, we find that 




a: 7^ 0, 


where Qiv^+i(a;) = (2 — SNx^)Qm(z) -h a;*Q^(x). Since Qjsr+i is a polynomial 
of degree less than S{N + 1), (22) holds for the case n — N 1 when x 5^ 0. 
But by Ex. XII, Ik, 


/(Ar+i)(0) 


/<^)(0 + Ax) -/<^>(0) 

= lim 

Ajc — > 0 Ax 


Qjv(Ax) 


= lim 




so that (22) holds when n = iV + I and x = 0. Thus (22) is established 
for all positive integer values of n. 

If we expand / by Maclaurin^s theorem about x = 0, we find that 

/(x) = 0 + 0 • X + 0 • X* -f • • • -f- 0 • X" + i^n. 


Thus, "for every value of n and x, the 
remainder is equal to the value of the 
original function / itself, and Pn, for all n, 
is identically zero (see Fig. 34). 

Our next example shows how the re- ”” 
mainder may behave in different ways for 
different values of x. 

Example 4. Expand \/x about a — 1 by Taylor^s theorem. 

Solution. It is seen that 


Fig. 34. 


fix) •= x^, 
fix) = ix-ii, 
fix) - 


/(I) = I, 
/'(I) = i 
/"(I) = 



/>■•»«)- - 0 - 
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By (14) we have 

v: . 1 + 1 (. _ 1, - 1 . ife - 1). + 1 -» . i(. - 1). 


1 - 3 -5 1 

2 - 4*6 *8 


{X - 1)^ + 




== (-I)”-" 


1 • 3 • 5 


(2n - 1) 1 


2 • 4 • 6 • • • (2n) 2n -f 2 


2n + l 
2 (x ~ 


^ between 1 and 


In (23) let us set x = h and let us determine the behavior of /?„ as n — ♦ <» . 
Let us write Rn in the form 

1 ■ 3 • 5 • • • (2n - 1) 1 /-/*>- 

Rn - (-1)"+* 2 • 4 • 6 • • • (2n) ’^+2^\ ) 


(2n) 2n + 2 


Since lim 


1 .3-5 • • • (2n - 1) 1 


= 0, it is a question of detormin- 


Since ^ is between 1 and 6, 


00 2 • 4 • 6 • • • (2n) 2n -f 2 

( 6 — 

— - — ) • Since ^ is between 1 and 6, 

\/$ is between 1 and '\/b. If 1 < 6 < 2, then 0 < 6 — 1 <1, and since 

6 — 1 /b — A”^^ 

1 < ^, 0 < <6 — 1 <1. Hence lim I J = 0, so that 

^ n — ► * \ ^ / 


1 < ^, 0 < 


so that 


lira Rn — 0. Again, if i < 6 < 1, then 0^1— 6<J<;^, so that 

n—* «o 

0 < < < 1. Here also lira Rn — 0. Hence lira J?» = 0 when 

^ i n— > « n-+ 00 

~ < 6 < 2. But if 6 > 2, then ^ may be so close to 1 that > 1 

2 ^ 


and lira 


i ) 


4* 00 . In this case the behavior of ftn as n — ► «3 can 


be determined only by further investigation. Again, if 0 ^ 6 < §, then 
- < |6 — 1|, and if ^ then > 1 and the behavior of jK„ is 

indeterminate as in the preceding case. However, it can be sh»wn, for 
example, that lira Pn{0) = 0, and since \/o =« 0, it follows that lira Rn = 0 

n—* eo n~+ 00 

when 6=0. On the other hand, it can be shown that lim Pn(b) does not 


exist when 6 > 2, and since \/b exists, it follows that lim Rn does not exist 


when 6 > 2. 
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In Fig. 35 are shown the graphs of "s/x and Po, Pi, P2, Pa, and P4. It 
would seem from the figure that the polynomials Pn approximate \/ x more 
and more closely as n — > <» for values of x in the interval 0 ^ a; ^ 2, but 
not for other values of x. This surmise can in fact be shown to be true. 


EXERCISES XIV 

1. Expand each of the following functions about the values of x indicated, 
and in each case include the remainder Pn- 


(a) a = 0. (b) cos x, a = 7r/3. 

(c) sin 2xj 0 = 0 . (d) x^^f 0 = 1. 

(e) logi, (1 -j- x), a ~ 0. (f) logic (1 -h x), a = 0. 

(g) loge (1 H- x)/(l — x), o = 0. (Write log* (1 -f x)/(l — x) as 

loge (1 + x) ~ logt, (1 — x) and use part (e).) 

(h) 6*, 6 > 0, about o = 0. (i) tan x, o = 0. 

(j) tan X, o = 7r/4. 

(k) sin (1 — x^)f 0 = 1. (Expand sin u about u = 0, and substitute 

u = 1 — x^ in the result.) 


(1) €-»Va_^0. 

(n) ‘s/x — x^ 0 = 0 . 
(p) Sin"' X, o = 0. 

(r) Co + CiX -f cax* + 

(s) sinh X, o = 0. 

(u) tanh X, o == 0. 


(rn) log sin x, o = 7r/2. 

(o) Tan"' X, o = 0. (See Ex. V. 9.) 
(q) (1 -h 0=0. 

-f c„x" about X — a. 

(t) cosh X, o = 0. 

(v) sinh"' X, o = 0. 


See Chap. II, Sec. 5 for the definitions of the functions in parts s, I u, and v. 

2. (a) How many terms are needed 
to compute e to six dcicimals if the 
Maclaurin development for is used? 

(b) How many terms are needed to 
compute loge 1.5 to five decimals if the 
Maclaurin development for log*, (1 -f- x) 
is used? 

3. (a) Compute sin 30' correct to six 
decimals. 

(b) Compute cos 62° correct to six 
decimals. 

(c) Compute Sin"’ 0.1 corn’ct to the 
nearest second. 

(d) Compute Tan"' J and Tnn"' gj®- 
From the relation 



Fig. 35. 


Z = Tan- 

4 


= 4 Tan"' ^ — Tan"' 
o 


1 

239 


compute ir/4 to seven decimal places. How many terms would be needed 
to find Tan"' 1 to this accniracy by direct computation? 

4. (a) In the result of Ex. Ig, show that the remainder P»_i is less than 
2x^ 

where in this formula 0 ^ x < 1. 

n(1 — x)" 
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(b) With the aid of the preceding result, compute log, 2 correct to five 
decimals. (Use a? « i in Ex. Ig.) 

(c) How many terms would be needed to find log, 2 to this accuracy by 
Ex. le? 

(d) Compute log, i correct to six decimals by Ex. Ig. 

5. (a) From the Maclaurin expansion for (1 -f- where p is any real 
number, show that 

when a; > 0 and w + 1 > p, 

and 


\Rn\ < 


P(P - 1) 


(p - n) 


(n -f 1)! 




li2n| < 


pip - 1) 


(p — n) 


in -f 1)! 


(1 -h 


when —1 < X <0 

and n 4* 1 > p. 


(b) Compute "v/ 102 correct to five decimals. 

(c) Compute 251 correct to five decimals. 

6. (a) Find the Maclaurin development of the function / when 


/w . j t 


-f when X 9 ^ Oy 

when a; = 0. 


(b) Find lim Rn and discuss the behavior of Pn as w <» , 

n— ♦ • 

7. By considering the auxiliary function 


v>(x) - Fix) 




Fia), 


where 

f'(x) {"(x) 

Fix) = -m +fix) + 4^(6 - *) + - *)• + 


H —ib - x)', 

nl 


where n is a positive integer, and where p is an arbitrary positive number, 
show that 


fib) ^ fia) - a) +^-~ib - o)* -h 


where 


f^ia) 

^ a)n ^ R,, 
nl 


Rn “ ^ -~p ib - a)**(6 — a < i <b, (Schldmilch’s form.) 

pM) 
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8. From Ex. 7, obtain Lagrange’s form of the remainder 


Rn 


+ i)t 


- a)“+’, 


o < { < 6, 


Cauchy’s form 


/<»+!) (t) 

fi , ^(6 - a )(6 - {)• 

n! 


and the following modified forms: 

p(n\) 

/(n+l)(o 

n! 


a < i < 6, 


0 < ^ < 1 , 
0 < d < 1. 


9. Write the remainder in four different forms in the case where sin z 
is expanded about a — 0. 

10. Show that 




kik ~ 1) 


(fc - n -f 1) 


n! 


+ Rn 


where 


Rn = 


fc(fe - 1) « — (fe ~ ft) 
p(n!) 


(1 - 

(1 + ’ 


0 < « < 1 , 


for all values of x when n < fc — 1, and for all x such that — 1 < x when 
n > fc — 1. 


PART B. PARTIAL DIFFERENTIATION 

14. Functions of Several Variables. We now take up the 
problem of extending to functions of several variables the con- 
cepts and theorems developed in the preceding sections. 

Let X and y be two real variables. We shall speak of a pair 
of values of x and y as a point. We shall denote a point x = a, 
y = 6 by the symbol (a, 6), where in this symbol it is understood 
that the first value a relates to x and the second value b relates 
to y. If values of x and y are represented by rectangular coordi- 
nates in a plane, then a point, as we have defined the word, is 
represented in the usual way by a geometric ''point.^’ We shall 
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use the word point interchangeably in both the geometric sense 
and in the sense just now defined. By the x^-plane we shall 
mean the set of all points {x, y), where x and y arc assumed 
independent. 

Let us recall from Sec. 2 that a real variable is a symbol having 
real numbers for values. Thus, the formula x- — 3.ry is a real 
variable? in that it is a symbol having real values when x and y 
have real values, that is, x^ — Sxy lias a de^finile re^al value at 
each point (.r, y). HowT^ver, the? variable \/ x y is defined 
at only those points (:r, y) such that x + y 0; the varialile 
loge [1 — (x“ + 2/“)] defined at only those points (j, y) such 
that 1 — (.r“ + ?/") > 0, that is, at only those points inside the 
circle' x- + y^ — 1; and the varialile y^ is defined only if enther 
y > 0 and x is arbitrary, or y — 0 and x 9 ^ 0, or y < 0 and x is 
rational with an odd denominator. With these example's in 
mind, we may define a function of x and y. 

Definition 14.1. Let x and y be two real variable.^. If a 
variable exaeily one real value at each point (.r, ?y) in .sonic ^set 
D of points (Xy y)y then this variable is called a real single-valued 
function of x and y defined over D. 

If X and y are independent variables, so that x and y may be? 
assigned all possible pairs of values, and if D is the set of all 
points (x, y) at which a function of x and y is defined, then D 
is called the domain of definition of this fune^tion. 

Thus, for example, the domain of definition, £>, of the function 
loge [1 — (x^ + y^)] is the interior of the circle x- + y^ = 1. 

In Definition 14.1, x and y need not be inelependeut, but they 
may themselves be functions of other variables. 

If f denotes a functiori of x and y^ then /(x, y) denoteSy and is 
read, the value of f at the point (x, y). 


As an example of a function of two variables, let us consider the tem- 
perature 2" at a certain instant of the ** plate” in a three-electrode vacuum 



A B 

Fig. 36. 


tube. Suppose the plate is a rectangle ABCDy 2 cm. long, 
1 cm. wide, and of negligible thickness. Let x and y be 
the rectangular coordinates of a point P in the plate, 
where the origin is at A and where x is measured parallel 
to the length AB of the plate. It follows that 7" is a 
function of x and y in that T has a definite value at 


each point (x, y) in the plate. We denote the value of T at the point (a, b) 


by T{a, b), and we read this symbol ^‘the value of T at (a, 6).” If the 


temperature of the plate (in degrees centigrade) at the center M is 100, 
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along the edges is 0, and drops off linearly from the center to each point 
on each edge, then !r(l, \) = 100, T{A> i) =■ T{\, i) ~ T{1, J) == 50, and 

7"(0, i) = T{2, 1) =0. This last equation, for example, should he read 

*‘the value of T at (2, 1) is 0.'^ The symbol T(x, y) denotes, and is read, 
*‘the value of T at an arbitrary point (x, y).*^ It is evident that 

{ 200y when (ar, y) is in triangle ABM, 

lOOx when (x, y) is in triangle ADM, 

100(2 — x) when {x, y) is in triangle BCM, 

200(1 — y) when (x, y) is in triangle CDM, 

where we read this relation *Hhe value of T at an arbitrary point (x, y) is 
200i/ when {x, y) is in the triangle ABM,** etc. The fact that T is repre- 
sented by several forniulas in no way contradicts the fact that T is one 
definite function of x and y defined over the entire rectangle A BCD; it is 
possible to represent T by a single, but rather complicated, formula. 



If / denotes a function of x and y, and if /(a:o, t/o) denotes the 
value of / at (xo, t/o), where (xo, i/o) is a point at which / is defined, 
then the triple of numbers [a*o, /(^o, Vo)] may be regarded as 

the rectangular coordinates of a point in space. If (a^o, yo) ranges 
over all points at which / is defined, then the set of all points 
[^oy Voy f(xoy yo)] is called the graph of /. Thus the number 
/(^o, yo) is represented by the length of the line segment erected 
perpendicular to the a:y-plane at (xqj yo) and extending up to the 
graph of /. 
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If / is a function of x and y, then J{xo + Aar, j/o) — fixo, yo) 
represents the change in the value of / in going from the point 
{xo, yo) to the point (xo + Ax, yo). Furthermore, 

f(xo + Ax, yo) - /(xo, yo) 

Ax 

represents the mean* change inf per unit change in x, or the mean 
rate of change of f with respect to x, in going along the line from 
the point (:ro, yo) to the point (xo + Ax^ yo). It is evident that 
/(xo + Ax, yo) — f{xo, yo) is represemted by the line segment BJ5' 

in Fig. 37 and that = tan (p. Several 

other quantities of this sort are discussed in Ex. 4 below. The 
significance of these quantities should be thoroughly understood, 
for the various derivatives of / are defined by means of them. 


EXERCISES XV 

1. Define a real single-valued function of three real variables x, y, and z\ 

of n real variables Xi, X 2 , ^ Xn. Give examples of functions of three 

and four variables, stating their domains of definition. Include examples 
of functions representing physical quantities, such as temperature, pressure, 
density, stress, and potential. 

2. If fix, y) ^xy -h Sy^ find /(I, 0), /(O, -2), /(-I, 1), and 
/(~3, -1). 

3. If fix, y, z) = -f y* 4- 2* and Fix, y, z) — xy yz -j- zx, show that 

fix, y, z) 4- 2F(x, y, z) = [/(V^, V^, V z)Y. 

4. State fully and precisely the meaning of the following quantities and 
show their representation on the graph of /, where/ is a function of x and y: 

fixo, yo -f Ay) -fixo, yo); fixo + Ax, yo + Ay) - fixo, yo); 

fjxo, yo 4- Ay) ~ fjxo, yo) _ fjxp -f Ax, yo 4- Ay) - fjxp, yo) 

Ay ' V(Ax)* + {Ay)* ’ ^ 


(note that y/ (Ax)* + {Ay)* is the distance between the points (*o, yo) and 


{xo 4“ Ax, yo 4* Ay)] ; 


fjxo 4- Aa;, yo 4- Ay) — fjxp, yo) 
Ax 


5. State the physical meaning of each of the quantities at the end of 
Sec. 14 and in Ex. 4 when /(a?, y) represents: 

(a) the elevation at {x, y) on a topographical map, where x, y, and eleva- 
tion are measured in feet. 

(b) the temperature at {x, y) over a portion of the ajy-plane, where z and 
y are measured in inches and temperature in degrees centigrade. 


* See the end of Sec. 2 for the significance of the word mean. 



Sbc. 14] 


DIFFERENTIAL CALCULUS 


89 


(c) If Pj V, and T denote the unit pressure, volume, and temperature of a 
certain quantity of gas (pounds, inches, and degrees centigrade being the 
units) and if p is a function of v and so that p(vo, Tq) denotes the unit 
pressure when = Vo and T = To, state the physical meaning of the various 
quantities analogous to those discussed in parts (a) and (b). 

(d) If is the resistance in ohms of an electric arc, if I is the current in 
amperes through this arc, if g is the number of milligrams of metallic vapor 
in this arc, and if 72 is a function of I and so that R{Iy g) denotes the 
resistance when the current is 1 and the amount of vapor present is g^ state 
the physical meaning of the various quantities analogous to those discussed 
in parts (a) and (b). 


_ , . , , /(xo 4- Aa;, 2/o) — yo) , ^ 

For example, in part (b), denotes the mean 

Ax 

change in temperature per inch along the line from (xo, yo) to (xo + Ax, po), 
that is, the mean rate of change of temperature with respect to x along this 

p(t^o, To -f- AT) — p(vq, 'Lo) , , , 

line segment. Again, denotes the mean change 


of unit pressure per degree change in temperature, or the mean rate of 
change of unit pressure with respect to temperature, in going from the state 
(voj To) (i.e., the state in which v — Vo and T = To) to the state (vo, To 4 AT) 
with the volume remaining at vo. (Why is this last phrase necessary?) 

6. Let T(x, y, z) represent the temperature at (x, y, z) at a certain 
instant in a block of ice. State the physical meaning of each of the following 
quantities: T(xo, po, 2o); T(xo 4 Ax, po, zo) — T{xo, yo, zo). 


T(xo Ax, yo, zq) - T(xo, yo, Zo) ^ T(xo, yo, zp 4- Az) - T(xo, yo, Zo) ^ 

Ax * Az ^ 

T(xo, yo 4“ Ay, zp 4 Az) - T(xo, yo, zo) 
\/(Ay)> + (Az)* 


7. Find the values of the quantities at the end of Sec. 14 and in Ex. 4 

when (a) /(a;, j/) = aj* - 3xy; {b)f(x, y) = ^ ; (c)/(a:, y) = -s/Zx - yK 

X — ly 

8. A common method for representing geometrically a function / of x 
and y is to show its contour lines in the 
xj/-plane. This is done by plotting the 
curves 

/(x, y) * constant 

and attaching to each curve the corre- 
sponding value of the constant. For 
example, if /(x, y) = x* 4- y, the contour 
lines are the curves x* 4* 2/ “ c. In Fig. 

38 these contours are shown for c ■= 2, 

1, 0, -1, and -2. The surface z * /(x, y) 
may be visualized by imagining the contour lines placed at the proper 
levels. 
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Draw a contour map for each of the following functions: 

(a) /(x, y) =« l/(x + J^); (b) /(x, y) = x^ -f 

(c) /(x, y) =* (x* + 2/*)/2 x; (d) /(x, y) = 2xj^/(x* - 2/*); 

(e) /(x, y) = y/(x* + 1); (f) /(x, y) « x* - 2y*. 

Give several examples of the use of such representations of functions in 

engineering and scientific work. 

9. The function <p is such that 

( 1/x when x < 0 and x* + y* ^ 1, 

V>(x, y) =*= < X* 4“ 3y when x ^ 0, y ^ 0, and x -f” y < 1 , 
( 0 when 0 < x ^ 1 and — 1 ^ y] < 0. 

Evaluate: y(0, 0); ^(-1, 0); v?(0, 1); ^(i, i); ^(i, ~i); ^(0, -J). Draw 
a figure indicating the domain of definition of fp. 

10. Define a multiple-valued function of x and y. If 2 * tan~^ (y/x), is 

2 a multiple-valued function of x and y? Describe the graph of z. Does the 
equation x^ 4- y* + = 1 define 0 as a multiple-valued function of x and y? 

For what values of x and y is 0 single-valued? 

11. Let p and d be the polar coordinates (taken in the usual manner) 
of the point (x, y). Describe the surfaces (a) 0 — p® sin 2B\ (b) 0 = tan 20. 
Compare this latter surface with the surface of Ex. 8d. 

16. Continuous Functions. Let 5 and r\ be arbitrary positive 
numbers. By a neighborhood of a point (xo, yo) we shall mean 
either the set of all points (x, y) such that 

(x -- xo)2 + (y - y^Y < 5, 

i.e., the interior of a circle with center (xo, yo) and radius 5, or else 
the set of all points (x, y) such that Xo — 5<x<Xo + 5 and 
yo — '»7 < y < yo + ^, i.e., the interior of a rectangle with 
center (xo, yo) and edges of lengths 25 and 2ri, It is evident that, 
if J\r is a circular neighborhood of the point (xo, yo), there exists 
a rectangular neighborhood iV' of (xo, yo) within and if N 
is a rectangular neighborhood of (xo, yo), there exists a circular 
neighborhood iV' of (xo, yo) within N. Thus it is immaterial 
whether circular or rectangular neighborhoods are considered. 
It is readily possible to introduce other kinds of neighborhoods, 
such as triangular or elliptical, without in any way altering 
the ideas and theorems to be developed below. The only detail 
of consequence is that, if N is any kind of a neighborhood of 
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(xoy yo)y N must contain (xo, yo) in its interior, and not on its 
boundary. * 

Definition 15.1. If f is a real single-valued function of x 
and 2/, if A is a real numbeVy and if, for each positive number €, 
however smally there exists a neighborhood N of the point {a, b) such 
that \f{Xy y) — A\ < € for all points (x, y) in N other than (a, 5), 
then A is denoted by either lim/(x, y) or lim/(x, t/), and A is referred 

x—*a X “» o 

y-*’b y^b 

to as the limit of f at {ay b). 

Definition 15.2. Iff is a real single-valued function of x and 
2 /, and if at the point (a, 5), (1) /(a, b) existSy (2) lim f{Xy y) existSy 

x—*a 

y—*b 

and (3) lim f{xy y) = /(a, 6), then f is said to be continuous at 

x—*a 

y--*b 

(a, b). 

Definition 15.3. If f is a real single-valued function of x 
and 2/, and if /(x, 2 / 0 ), which is a function of x alone y is continuous 
at x = Xoy then f is said to be continuous in x at (xo, 2 / 0 ) • Con- 
tinuity in y is similarly defined. 


EXERCISES XVI 


1. Interpret Definitions 15.1, 15.2, and 15.3 geometrically with the aid 
of the graph of /. 

2. Show that lim /(x, y) — A when and only when the value of / at {x, y) 

x—*a 

y—^b 

becomes and remains arbitrarily close to ^4 as a; a and y —* h in any manner 
whatever, that is, as the point (x, y) approaches the point (a, b) along any 
path whatever so long as the point (x, y) remains distinct from (a, b), 

3. Extend the theorems, examples, and exercises in and following Secs. 3 
and 4 to functions of x and y. 

4. Extend Definitions 15.1 and 15.2 to a function of 3 variables; to a 
function of n variables. Discuss the concept neighborhood in connection 
with these definitions. Extend the results of the preceding exercises to 
functions of n variables. 


5. Let/(r, 0) = j 


( 1 /r) sin 26 when r 3 ^ 0, 
0 when r = 0. 


Show that /, when represented as a function of x and ?y, is continuous in x at 


(0, 0) and also in y at (0, 0), but that/ is not continuous at (0, 0). Sketch 


the graph of /. 


* The subjects called point set theory and topology deal with questions 
such as the following: What are all the geometric figures that may be used as 
neighborhoods of a point (xo, t/o)? What is meant by the interior of such a 
figure when its boundary is not a simple closed curve? 
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16. Partial Derivatives. Let / denote a function of x and y, 
and let the point (x, y) move along some path in the a;y-plane. 
As (x, y) moves, the value of/ at (x, y) varies, i,e.,/(x, y) changes. 
It is our object to find the value at the point (xo, yo) of the rate*" 
of change of the value of / at (x, y) as the point (x, y) moves 
along some path in the xy-plane. To illustrate the meaning 
of this concept, let (xo, t/o) be a certain point and let Ci, C 2 , Cs, 
and C4 be different curves in the x 2 /-plane through (xo, yo). 
If /(x, y) represents the temperature at (x, y) at a certain instant, 
and if the temperature is high near P in the 
figure and low along the y-axis, then/(x, y) 
increases rapidly as the point (x, y) moves 
along Cl in the direction indicated, /(x, y) 
increases slowly along C2 in the direction 
indicated, /(x, y) is constant along some 
curve C3, and/(x, y) decreases rapidly along 
C 4 in the direction shown. Thus, at the 
point (xo, yo) the value of/ changes at differ- 
ent rates along different curves through this point. It is conse- 
quently meaningless to speak merely of 'Hhe rate of change of / 
at (xo, 2 / 0 ).^’ It is always necessary to know the path C of the 
point (x, y) and to say ‘‘the value at (xo, yo) of the rate of change 
of /(x, y) as the point (x, y) moves along 

In developing a method for determining the rate of change of a 
given function / along a given curve C we shall consider three 
cases: 

Case 1. The curve C is the straight line y = yo. 

Case 2. The curve C is the straight line x = Xo. 

Case 3. The curve C is any curve other than a straight line 
parallel to one of the axes. 

Case 1. Let (xo, yo) be a fixed point on the line y = yo. The 
change in the value of / over a short interval along the line y = yo 
from (xo, yo) to (xo + Ax, yo) is then/(xo + Ax, yo) — /(xo, yo) and 
the mean rate of change of / with respect to x over this interval 

As Ax — > 0, the point (xo + Ax, yo) 

moves along the line y — yo to the point (xo, yo), and 

* This rate may be with respect to any of various variables. In this 
paragraph it is tacitly assumed that the rate is measured with respect to 
the distance the point (x, y) moves along its path. 
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/(xo + Ax, yo) - f{xo, yo) 

Ax—*0 AiC 

represents the value at (zo, yo) of the instantaneous rate of change 
of f{Xf y) with respect to x along the line y — yo- ^ 

Definition 16.1. Let f be a real single-valued function of x 
and y. The partial derivative of f with respect to x is that function 
/, of X and y such that 

/.(X., y,) = lin. + 

at all points (xo, yo) where the limit exists j and such that fz is defined 
nowhere else. 

Inasmuch as y has the constant value yo during the limit 
process involved in (1), it can be said that, during this limit 
process, / is a function of the one variable x; this is indicated 
by the notation /(x, yo)- If we introduce the symbol 

to denote the value of {d/dx) f(x, yo) at x = xo, then it follows 
by Definition 5.1 that 

+ go) (2) 

ax J*,, 

As an immediate consequence of (1) and (2) we have 
Theorem 16.1. /xCxo, yo) == {d/dx)f{x, yo)]z^- 
It follows from this theorem that/* may be formally computed 
by differentiating / with respect to x in the usual way while 
treating i/ as a constant. 

To illustrate this discussion, let/(x, y) = Sx^ + bxy. By (1), 

- , Nr 3(xo + Ax)2 + 5(xo + Ax)yo — (3x? + 5xo2/o) 
fx{Xoy yo) = lim T” 

A ®— ^0 

= 6xo 4- 5yo. 

Again, if we use the elementary differentiation rules and Theorem 
16.1, we find that 

/.(xo, yo) = + 5xyo) = 6xo + 5yo. 

It follows in either case that /.(x, y) = 6x + 5y. 
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The function /x is also denoted by the symbol df/dx. It would 
be natural to use the symbol df I dx, but it is conventional to use d 
rather than d because / is a function of more than one variable. 
The reason for this convention will soon be seen. The symbol 
/x is most useful when it is desired to indicate the value of this 
function at a particular point, such as/x(a:o + A.t, yo ) ; the symbol 
d/dx is often used when differentiation is regarded merely as an 
operation on / to obtain another function. Thus, 

(d/dx) (3x“ 4- 5xy) = &x + %• 

EXERCISES XVII 

1. Find /x, both by (1) and by Theorem J6.1, when f is given by the 
following formulas; 

(a) x'^ij — 4y^\ (b) r-,* (c) — ^xi/^; (d) sin x cos ?/. 

2x ~ 6y 

2. Define the partial derivative of / with respect to ?/, i.('., define the 
function /,/ = Of 'dy. State the analogue of Tlu^onun 16.1 and the formal 
rule for computing /y. Slate the significance of ffjiXi), yo) as a rate. Find, 
by two methods, for the functions of the preceding exerci.se. Note that 
thi.s exercise provid(‘s the .solution to Ca.se 2 above. 

3. State the physical significance of /x(xo, yo) amify{xo, yo) when /(a:, y) 
represents (a) tcmiperature at the point (x, y) in the x^-plane, (b) elevation 
at the point (x, y) on a topogra{>hic map, (c) unit pressure at {x, y) in the 
X 2 /-planc. 

4. On the graph of / show the lines whose .slope.s are fx{xo^ yo) and 
fy(xo, yo)] also, show the angle.s (p and \p whose tangmits are IhestMiumbers. 

5. Using only Theorem 16.1, find d/dx and d/dy of: (a) sin*^ {x — y^); 

(b) (c) (log 2 ;)/(log y); {d) V' - ■\/2x - y‘; (e) y Sin-i (y/x); 

(f) Tan-> [(x - y)/(x + y)]; (g) log log^ sec (x* - y); (h) x«. 

6. Find the partial derivatives with respect to x and y of each of the 
following functions: 

(a) sin (4x^ - Sy); (d) 

(b) cos {Sxy); (e) \/ {2x — 3?/)® + 4^/ — 5x; 

(c) 3a:/(2;c - y^); (f) log (3x\t/ ~ y^)'^'K 

7. If / and g arc functions of x and //, expre.ss (d/dx)(f • g) in terms of 
jfx and gx‘ 

Solution, When y is constant, / and g arti functions of x alone; hence 
f • gis the product of two functions of x alone and may be differentiated with 
respect to x by the ordinary product formula. Therefore, by Theorem 16.1, 
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Express d/dx and d/dy of the following functions in terms of /*, /v, 
and Qy* 

(a) 3/ + 2g. (b) p. (c) / • V7. 

(d) //(/ + (e) e-L (f) / • sin* g. 

(g) log tan/, (h) Sin-1/. 

8. Define the functions /*, /«, and /^ when / is a function of x, ?/, and 
If f{Xj y, z) represents the temperature of a substance at the point {x^ y, 2), 
state the physical significance oi f^ixo, yo, 2o),A(xo, 2/0, 20); and/*(a:&, 2/0, 20). 
State the analogue of Theorem 16.1 and the formal rule for finding /*, fvi and 
/x. Find /x, /y, and /* when /(a:, ?/, z) — xy — 2y^z and when 

f{Xj 2/, z) = a:2 cos (2/* -f z*). 


9. Suppose that x, 2/? 2: are independent variables. Evaluate 

dxldy, dzfdx, (')f{x)/dy, and d<p(Xy y)/dz. 

10. Let w be a function of x and 2/, a function of y and z, and w a function 
of x. Find 


(a) 


dx 


(c) 


d{u tan v) 
dz 






(b) 


d{u/v) 

dy 


(d) — {xu -f yv^ -f zw^). 
dy 

(f) ^ue~^\ 
dx 


11. If 2 == sin l(x — y)/{x + y)\ show that x^dzfdx) -f y{dz/dy) =* 0. 

12. If 2 = x* 2/6*"'*, show that x(a2/c^x) + yi^z/dy) = 82. 

13. If gr and h are functions of x and y such that QxiXj y) == hx{x, y) for 
all points (x, y) in the rectangle a^x^b, c ^ y ^ d, show that 
g{x, y) — h{Xj y) is a function of y alone over this rectangle; i.e., show that 
there exists a function <p of y such that 


fir(x, y) = /i(x, y) -f- <f(y). 

State the analogous result in the case where gy{Xj y) = hy{Xj y). Extend 
these results to the case where g and h are functions of x, 2/, and z (see 
Theorems 10.3 and 16.1). 

17. Higher Partial Derivatives. If / is a function of x and t/, 

and if / has partial derivatives with respect to x and y, then these 
derivatives are also functions of x and 2/, and may have partial 
derivatives which are called the second 'partial derivatives of /. 
These partial derivatives are denoted by the symbols 

= a/a/\ _ dj _ 

dx\dx} dx* dx\dy/ dx dy 

±(^\ == Jl- f = 

dy\dx) dydx dy\dy) dy^ 
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It should be noted that the symbol fyx indicates differentiation 
first with respect to x and then with respect to y. 

Example !• If/(x, 2 /) = x® — then 

fziXy y) = 3x* - 5y\ f^Axy y) == 6x, Jxyix, y) = -lOy, 

fvixy y) = fyAxy y) = “ 1 Oi/, fyy{xy y) = -lOx. 

In this example it happens that fyx = fxy* We raise the question, will 
this always be the case for every function /? It is evident that 


Jyx{Xoy yo) 


fxixoy yo 4- k) ~/x(xo, yo) 
= lim ;; 


lim 

k 


0 i h-*0 


[f(xo -f/i, yo -f-A;) -/(xo,t/o 4-A;)] - lf(xo + h, yo) ~/(xo, 


fxvixoy yo) = lim 


hk 

Mxq 4- hy yo) ~ fyixoy yo) 




, yo)] | 


lim \ lim 
A — 0 U -^0 


Ifjxo 4- K yo 4- k) -f(xo 4- h, yo)] - [/(xp, yo 4- k) -f{xo, yo)] 

hk 


}■ 


( 1 ) 


( 2 ) 


provided these limits exist. Since the fractions in the right members of (1) 
and (2) are the same, it follows thatfyxixoy yo) — fxvixoy yo) when, and only 
when, the limits with respect to h and k may be interchanged. The following 
example shows that the order in which the limits are taken cannot always be 
inverted, so that/v*(xo, yo) is not always equal to/,v(xo, yo). 

Example 2. Let 


r* — 


fix, V) = { 

^ 0 at (0, 0). 


Then 


Ax* — yl 

/.(O, . lim = lim — ” 


Ax—^O 


Ax 


Ax-*0 


f(xo,0+Ay) -nxo,Q) 

fy(xoy 0) » lim » hm ; « Ofo. 

Av-40 Atf^O Ap 

It follows from these results that 

^ /.V ..N V 0 + ^y) --MOy 0) -Af/ - 0 

/ir*(0, 0) « hm » hm » -1, 

Ay— K) A»-^ ^y 

j /n f\\ 1 *^ /»(9 4” Ax, 0) 0) Ax *— 0 

/»y(0, 0) *» lun ■» hm 

Ax Ax~»0 Ax 


Ax 

K? - Ap* 




-0 


1 . 
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Thus /i/r(0, 0) 5 *^ 0). The following theorem provides a criterion that 

/yx(Xo, l/o) = Sxy{XQ, yo). 

Theorem 17.1. Let f denote a real single-valued function of 
X and y. If fyx is defined over some rectangular neighborhood N of 
{xoy Vo) and is continuous at (xo, ^o), ctnd if fxv{xo, yf) exists, then 
fxviXQ, yo) = fyz(Xo, Vo). 

We first observe that, because fyx is defined over N, fx and/ 
are also defined over N. Again, the existence of /xv(xo, yo) 
implies the existence of /i,(xo, 2/o). 

We shall evaluate /^^/(xo, ?/o) by means of the right member of 
(2). Let {xo + h, yo + k) be a point of N with h 9 ^ 0 and k 0, 
and let (p(x) = /(x, yo k) — /(x, yo). Then (p has an x-deriva- 
tive defined from Xo to Xo + A inclusive {N being rectangular). 
By Theorem 10.1, there exists a number X, 0 < X < 1, such 
that 

[/(*ro + h, yo + k) - f(xo + A, ^ 0 )] - [f(xo, yo + k) - /(xo, yo)] 

= (p(xo + h) - <p(xo) = h * <p'(xo + XA) 

= A/x(xo *4“ XA, yo k) fxi,xo ““ XA, yo)]> (3) 

the last result following by Theorem 16.1. By hypothesis, the 
function /;c(xo + XA, y) of the variable y has a y-derivative 
defined from yo to yo + A: inclusive, and by Theorem 10.1, there 
exists a number /x, 0 < y < 1, such that 

h[fx{xo + XA, yo + A) ~ /*(xo + XA, yo)] 

= h[kfyx{xo + XA, yo + fxk)]. (4) 

By (2), (3), (4), and the continuity of fyx at (xo, yo), 

fxv(xoy yo) = lim riim/yx(xo + XA, yo + mA)1 = fvxixo, yo). 

A -+0 [*-+0 J 

It is apparent that Theorem 17.1 remains valid when the roles 
of X and y are interchanged. 

Higher derivatives of / are defined in an obvious manner. 
Thus, d^'^^f/d^x d^y denotes the function obtained from / by 
dijfferentiating partially q times with respect to y and p times with 
respect to x. If / and its derivatives are continuous, the order 
of differentiation with respect to x and y is immaterial; for 
example, 
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d^f ^ d/ dj \ _ a / d^f \ ^ / df\ 
d^x dy dz\dx dy) do\dy dx) dx dy\dx) 

= ^ ay 

dy dx\dxj dy d^X 


EXERCISES XVIII 


Q2f Q2f 

1. If /(x, y) = tan (y + kx) + {y — show that — = 

dx^ dy^ 


Xf O^z d^z O^z 

2. If 2 = a; Tan“^ — h show that x^ h 2xy -h y^ — = 0. 

X dx^ dx dy dy^ 

dH dH 

3. If z = log (x* 4- 2/*), show that — - H = 0. 

^ ^ dx^ d\f 


dh d^z a/x* 

4. Show that -r-r- = t-t- when (a) z - — 


dy dx dx dy 


2 

(b) z - 


^2/ Q2f ^2f 

5. If /(«, y, z) = +y^ ->r show that + T 1 + = 0. 

dx^ dxj^ dz^ 

-rr . , , V , ^ dW \ dV \ dn^ 

6. If F = e®^ cos (a log r), show that — - f- — : = 0. 

dr^ r dr d<i>^ 

7. If w s= e**', show that +17") r 

dx^ dy^ ul\dx/ \dy/ J 


8. In Example 2 above, fin(i/yx(0, 0) and/xv(0, 0) directly by (1) and (2). 
Construct another function to illustrate the point of Example 2. 

18. Total Derivatives. We now take up Case 3 of Sec. 16. 
(See Ex. XVII, 2 for Case 2.) Let /be a single-valued function* 
of X and y, and let C be an arbitrary curve in the domain of 
definition of / and having the parametric equationsf 

X = p(u), y = q [ u ). ^ (1) 

We shall assume /, p, and q to be differentiable. As u varies, 
the point (x, y) moves along C according to (1). Hence the 
value of / at the moving point (a:, y) varies with u, that is,/(x, y) 
is a function of w. We wisn to determine the value at (xo, 2 / 0 ) of 
the rate of change of f{x, y) with respect to w as (x, y) moves 
along C. 


* To make this discussion vivid, think of /(x, y) as representing the tem- 
perature at (x, y), 

t It may be helpful to think of w as representing arc length along C, 
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The point on C at which u — uo has the coordinates 


Xo = p{ua), yo = q(uo), (2i) 

and the point on C where u = Uq + Au has the coordinates 

Xo + Ax = p(uo + A^^), yo + Ay = q{uo + Au), ( 22 ) 


Hence / has the value /(a:o, yo) 
when u ~ Uq and it has the value 
f{xo + Ax, yo + Ay) at u = Uo + Au, 
Also, the change in the value of / 
over the short interval along C from 
(xo, yo) to (xo + Ax, yo + Ay) is 
f{xo + Ax, yo + Ay) - /(xo, yo), and 
the mean rate of change of / witl) 
respect to a over this interval is 



Au 


0, Ax — ^ 0 and Ay—^0 


according* to ( 22 ) and the point (xo + Ax, yo + Ay) moves along 
C to the point (xo, 2 / 0 ). Hence 


]ini / (>^o + + ^y) ~ y^) 

^u—*o Aii 


(3) 


{provided this limit exists) represents the value at (xo, yo) of the 
instantaneous rate of change of f{x, y) with respect to u as (x, y) 

y) 


moves along C, We shall now show that 


du 


(i.e., the 


df(x v) 

value of - at M = Uo) is equal to the limit (3), and then we 

shall evaluate (3). 

As the point {x, y) moves along C, f{x, y) is given by the 
formula /[p(m), q{,u)\ according to (1). Hence 


df{x, y) 

du J„, 


df[v{u), g(M)l 1 
du 

lim /[p(mo + Am)> q{uo 4- Am)] - /[p(mo), g(Mo)] 


(Note that we write and not 

' du du 


because / is now 


* Since p and q are differentiable, they are also continuous. 
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regarded as a function of the single independent variable w.) 
It follows by (2i) and ( 22 ) that we may express the preceding 
result in the form 

df{x, y) 1 ^ j. ^ /(xq + Aa;, + ^y) - yp) ^ 

du Jwq Aw — > 0 Azi 

To evaluate the limit in (3) and (4), let us subtract and add 
f{xQy Vo + A?/) in the numerator of the fraction in the right-hand 
member of (4). Then this member becomes 

lim r /(^o + yp + ^y) ~ /(^o> yp + 

Au — K) L Aw 

, /(xo, Vo + Ay) - /(xo, J/o)l 

+ J- (6) 

In case Ax and Ay ^ 0 when Au 5 ^ 0, we may write (5) in the 
form 

lim [ /(^o + Ax, yo + Ay) - /(xp, yp + Ay) ^ 
au-k) L ^ 2 : Au 

, fix», yo + Ay) - /(xo, yo) Ay'\ . 

+ Ty A^J’ 

the general case where Ax or Ay may be 0 when Aw 0 may be 
treated by the device used in the proof of Theorem 5.5. By 
Theorem 3.2, we may write (6) as 


lim /(a;o + Ax, yo + Ay) - /( xp, yp + Ay) ^ 
Au — >0 Ax Aw — >0 Aw 


+ lim /fa.i'. + y -/(»..!>.) . u„ 

Au— 0. Ay V Au-+o^w 


(7) 


provided the various limits exist. Since we assumed p and q 
to be differentiable, and since Ax == p(wo + Aw) — p(wo) and 
Ay = 9 (wo + Aw) — g(wo) by ( 2 i) and (22), the second and 


fourth limits in (7) exist and equal ^ j and ^ j . We next 
consider the third limit in (7), i.e., 


Aff-»o Ay 


f 


( 8 ) 
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wherein Ay = q{uQ + Au) — g(wo). Since exists, it follows 

by Theorem 5.1 that q is continuous at u = Wo. Hence, as 
Au 0, Ay also — > 0 in (8). But 

Therefore the limit (8) has the value fy{xQ, yo). 

It remains to consider the first limit in (7). Let 

<p(x) = fix, yo + Ay), 

where for the moment Ay is constant. By Theorems 10.1 and 
16.1, 

fjxo + Ax, yo + Ay) — fjxp, yo + Ay) _ <p(xo + Ax) - (pjxp) 

Ax Ax 

— <p'ixo + 6 • Ax) 

= ^fi^, yo + Aj/)1 

== fx{xQ + ^ • Ax, + Ay), 

where 0 < ^ < 1. Having established this result for arbitrary 
values of Ax and Ay, we may now think of Ax and Ay as variable, 
B being a function of Ax and Ay. It follows that if fx is con- 
tinuous, then 

lim /(^o + Ax, yo + Ay) - /(xp, yp + Ay) 

At <— *0 Ax 

= lim /*(xo + ^ • Ax, yo + Ay) = /.(xo, yo)^ 

Au— *0 

since Ax — > 0 and Ay 0 as Au — > 0. 

We have now evaluated all the limits in (7) and we may sum- 
marize our results in 

Theorem 18.1. If f is a real single-valued function of x and y 
having first partial derivatives with respect to x and y, if at least 
one of these partial derivatives is continuous * and if x and y are 
defined as differentiable functions of u by the equations x == p(u), 
y = g(u), then 

(A) 

• The proof was given for the case where /* is continuous, but the proof 
is easily modified to meet the case where fy is continuous. 
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When expressed in general notation, (A) assumes the form 


df(x, y) ^ d f{x, y) ^ df(x, y) 

du dx du dy du 


where we have written /(x, y) instead of merely /in order to show 
explicitly that/ depends on x and y (see Sec. 23). With regard 
to the interpretation of (9), it should be observed that 

dS(x ?/) 

(a) It is implied in the notation l^hat x and y have been 

determined as functions of say x = piu), y = qiu)^ so that, as 
u varies, the point (x, y) moves along that curve C wliose para- 
metric equations are x — pin), y ~ q{u). 

df(x y) 

(b) The notation represents the rate of change of 

/(a:, y) with respect to u as the point (x, y) moves along the curve 
C in (a). 

(c) Even though x and y have been determined as functions 

of u in (a), computed by regarding x 

and y as independent with either y ov x constant. 

We call derivative of / with respect to u. 

Formula (A) reduces to a particularly important form when 
it is supposed that the parametric equations of C are expressed 
in terms of the arc length s of C, i.e., that u = s in (1). By (9) of 

= sin a, where a is the inclination 

of the tangent line to C at the point s = So. If these values are 
substituted in (A), this formula assumes the special form 


Sec. 7, 


dx 

ds 


= cos a and 


ds 


df(x, y) 
ds _ 8q 


= /x(xo, yo) cos a + fy(xoy yo) sin a. 


(A') 


Formula (9) may be greatly generalized. Suppose, for 
example, that / is a function of x and y^ and that x == p(n, c, w)^ 
y = Since /is expressible as a function of u, v, and ic, 

i.e., fix, y) = fiviu, v, w), qiu, v, w)), f may have partial deriva- 
tives with respect to u, v, and w. We may evidently write 

a/(p(«, w) ,{u. V, w)) .bb^viated tom 

du du 


But 
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there is nothing in this last notation to indicate that x and y 
depend on v and w. We introduce the notation ^ to 


show that (a) x and y have been determined as functions of 
u, V, and w; and (b) v and w are regarded as constant during 
the computation of the derivative in question. Two special 
cases of this notation should be kept in mind: The symbol 

^ indicates by the absence of any subscript that u is the 
only independent variable; as indicated above, it is customary in 
this case to write instead of — ^ « Again, if x and y 

are themselves the independent variables, then this is indicated 
by the notation — ) ; however, if no ambiguity can arise, the 

OX / y 


by the notation 


; however, if no ambiguity can arise, the 


subscript y may be omitted as in Sc^c. 16. According to this 
notation, (9) would be written in the alternative form 

d/(x, y) ^ a/(x, ?/) \ ^ ^ djix, y) \ ^ 

du dx Jy du dy )x du 

With this notation in mind, we may state 

Theorem 18.2. If f is a function of a finite number ni of 
variables x, y, z, • • • , and if each of these variables is a function 
of a finite number n^ of variables u, v, w, • * * (ni and n 2 being 
entirely independent) ^ then 

dfjx, y,z, - ) \ ^ df(x, y, 2, • ’ • ) \ M 

du / dx / ij,z,...du / 


dfjx, y, z, 
dv 


df(x, 

y, 2 , 


1 

dx\ 


dx 

) 

f 

.dU/xy^to,, 

y 2, • 

■ • )' 

) ^ 

) 

+ • 

dy 

> 

' x,z,...du y 

f v,w. 

II 

yy 2, 

. . . )> 

1 

dx\ 


dx 

> 


..dv / 

, 2, • 

• • )' 

] 

) 

+ • 

dy 

/ 

f x,z,...dv ^ 



where the dots at the end of each line indicate a finite number of 
terms. 



104 


HIGHER MATHEMATICS 


[Ohap. I 


The proof of (B) will be taken up in Ex. 14 below. 


EXERCISES XIX 

1. Let X — -pill) and 2 / = q{u) be the parametric equations of a curve C 
in the xi/-plane. I^t f(x, y) represent the temperature of a substance at the 


point (x, y). Give the physical interpretation of 


d/(x, y) . 


in the following 


(a) u represents arc length s along C. 

Am. If 8 is measured in inches, and/ in degrees centigrade, then the value 
df{xj y) 

of — - — at any point P on C represents the change in temperature per 
as 

inch along C at P. 

(b) u is the time t in seconds. (Think of a small thermometer moving 
along C with a known speed. Does the fact that the thermometer reading 
/(x, y) is changing along C and is a function of t in any way indicate that the 
temperature at a fixed point P is changing, i.e., that / is a function of /?) 

(c) u — X. 

(d) u is the distance r from the origin to the point (x, y). 

(e) Repeat (a), (b), (c), and (d), taking / to represent the elevations on a 
topographic map and regarding the point (x, y) as representing on the map 

an automobile climbing a mountain road. (In x and y are functions 

at 

of t. Hence the elevation /(x, y) of the automobile is a function of t. Does 
this imply that / is a function of f, i.e., that there is an earthquake?) 

(f) Repeat (a), (b), (c), and (d) for two other physical interpretations of /. 

2. If u is the time / in seconds, if /(x, y) represents the elevation of an 

automobile at (x, y) as in Ex. le, and if x, y, and / are measured in feet, 


an automobile climbing a mountain road. 


» X and y are functions 


show that in formula (9') the quantity 


a/(x, yy 


is the part of the vertical 


velocity of the automobile in feet per second due to the component of the 
velocity of the automobile parallel to the x-axis. Interpret the last term of 
(9'). State the meaning of (9') as a whole. Repeat this discussion for 
the case where / represents the temperature of a substance. 

3. When the point (x, y) traces out the curve C of Ex. 1, what is the 
locus C" of the point [x, y, /(x, y)]l Show C" on the graph of /. What is 
the significance of C' in the case where / has the interpretation of Ex. le? 

4. Suppose that u is the arc length « along the curve C of Ex. 1. Show 

y) 

that — » tan $, where 6 is the inclination to the xy-plane of the tangent 


to the curve C' of Ex. 3. 
Suggestion. Note that 


“ /(xo -f Ax, yo 4- Ay) - /(xp, yo) 

VCAa:)* + (Aj/)* 


V (A*)‘ + (Aj/)» 


Assume C to be such that the limit of the last factor is 1. See Ex. XV, 4. 
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6. (a) Suppose that /(a;, y) = — xy and that the curve C is the line 

through the point (1, 3) with slope tan a = —1. Then cos a = — 1/\/ 2, 
sin a « 1 /\/2, and by (A'), 

This result indicates that the rate of change of /(a;, y) with respect to « as 
(x, y) moves along C is zero at (1, 3). Check this result by graphing the 
values of / at the following points on C: (J, |), (1, (1, 3), (J, and 

(I, S). 

, dj{x, 


(b) Find 


y) 

Jo,i 


when/(a;, y) — x ■\-2y and C is the curve a;“ + = 1- 


Check this result by graphing the values of / at several points on C near 
(0, 1 ). (Cf. Ex. 4.) 


(c) 


Find when /{x, y) = y/iylx and C is the curve y = a;*. 

ds Ji,i 
Check this result graphically. 

6. In the adjoining figure PX, PF, and PZ are parallel to the coordi- 
nate axes; PQ and PR are the traces of a plane on the XZ- and FZ- 
planes; PT is a line in the plane PQR\ 
the lines a, 5, and h are parallel to PZ. 

Show that 


h - 


an -h bm 
n -f m 


and that 



Show by Ex. 4 and 


tan d = ~ = tan <p cos a 
r 

4- tan \l/ sin a. (10) 

Suppose that the plane PQR is tangent to 
the graph of z y) at P and that 

the line PT is tangent to the curve C' of Ex. 3. 

Ex. XVII, 4 that formula (10) is merely formula (A') written in trigono- 
metric notation. 

7. If /(x, y) - X* — 3xy and if the curve C has the equations a; « tt — 2 

y *= w* -h 5, find by two methods. 

du 

Solution by Formula (9). Substitution in (9) leads to the result that 
df(x, y) 


du 


dx du 

(2*-3y)- +(-3x) — 


( 11 ) 


Note that the equations of C are not used in applying formula (9); they are 
used only to calculate dx/du and dyjdu. It is seen that 
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dx 

du 


1 , 


dy „ 
— = 2m, 
du 


( 12 ) 


and that these results may be substituted in (11) to obtain the desired 
formula. 

Solution by Direct Differentiation. In the formula for / we may think of 
X and y as functions of u and differentiate / as a function of u by the ele- 
mentary formulas. Thus, 

d/(x, y) ^ ^ 2x~ - 31 X— + t 

du du du du \ du ^ du 

dx du 

^ (2x -Zy)— (J3) 

du du 


Note again that the equations of C are not used in this differentiation, and 
are used only to calculate dxjdu and dyjdu. Since (11) and (13) are the 
same, the final result, after substitution of (12), must be the same. In the 
exercises below it is best to carry out the computations (11) and (13) first, 
check these results, and then to make the substitution (12). 

A third method for solving this problem would be to substitute the for- 
mulas for X and y in the formula for / and then differentiate. The reader 
will find by trial that this method is to be recommended only when the 
formulas are extremely simple. 

df {x, 2/) 1 . 

8. Find — ~ — in the following cases by the two methods described 

du Ju»2 

in Ex. 7. 

(a) f{x, y) = xhj - y^\ x ^ \/u and y = log u. 

(b) fix, y) = x = and y = c«. 

X - y 

(c) fix, y) = \/ X — y; X and y are defined as functions of u by the 
equations w — 2 = sin ixu) and u — 2 — log iy + u). 

(d) fix, y) = Sin“i i:y/x) ; x and y are defined as functions of u by the equa- 
tions = w 4* 2 and Tan~^ (w/2) -j- Tan"^ (y/2) = 7r/4. 

9. Let us consider the special case of (9) where u — x. The relations 
x = piu) and y — qiu) reduce to x — x (this being the formula for x in 
terms of the independent variable x) and y = qix). Formula (9) becomes 

dfjx, y) ^ dfjx, 2/) \ dfjx, y) \ ^ 

dx Ox /y dy / X dx 

since ~ = 1 . What do — -- -J and - ~~ ) represent? Make clear the 

dx dx dx fy 

difference in significance of these derivatives by giving in each case the 
equation of the curve along which the point {x, y) moves [see paragraph (b) 
following Theorem 18.1]. In which of these derivatives is y variable 
during the limit process defining the derivative and in which is it constant? 
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Does the symbol — have any significance if y is not a function of x? 
ax 

Carry through this entire discussion for the cast; u ~ y. 

10. Using the results of the prec(;ding (;xercise, find and 

dx ay 

when f{x, y) — and x and y are related by tla; equation — xi/ == y; 
also when /(x, //) = \/ x^ — iF and \/ x + yj y = xy. Cheek your results 
by difftTentiatuig / directly as a function of one variable by the methods of 
elemen tary calculus. 

11. If the (‘oordiriates of the point {x, y, z) are determiTu*d by the et^uations 


X — />(a), y = y(t/), z = r{u) (14) 

in terms of tin; parameter w, so that, as u varies, tic* ])c»int (x, /y, z) traces 
out a curve C in space, then equations (14) are called 1iu‘ parametric equa- 
tions of C. If / denotes a function of x, y, and with (continuous partial 
derivatives, show that 

d/(.r, //, z) _ (V_\ ^llL ^ 

da dx/y^z da dy/x,z da dz 

[Carry o\it the derivation in the following st(;ps: (1) state the analogues of 
ecpiations (2i), ( 20 ), and (4) of the prec(;ding aiiichq (2) subtract and add 
/(xo, ?yo + A?/, Zo + A 2 ) and /(xo, yo, Zo + A 2 ) in the numerator of the new 
equation (4) to get the analogue of (7); (3) apply the th(;oroiu of the mean 
to the first and third factors of the new equation (7) to get th(‘ analogue of 
(A). The discussion of the limits carries over verbatim and ne<;d not be 

repeated.] Interpret as in Ex. la, b, c, d. [Remember that C is 

du 

now a curve in space and that /(x, ?/, z) is defined throughout space (or a 
portion of it)]. 

12. State the formula for (<i/(^?i)/(xi, X 2 , • • • , x,d. | Note t hat there are 
as many terms in this formula as there are variables x,.] 

13. If the rectangular coordinates (x, y) of a point P are determined by 
the etiuations 

X = p{u, v), y = q{u, e), 

then a and v may be regarded as a second pair of coordinates of the point P 
(see Sec. 23). For example, if 

X = r cos 6, y = r sin d, (15) 

then r and d are the polar coordinates of P. Again, if 

X * i(u — v), y - y/ uvy (16) 

then u and are the parabolic coordinates of P. 
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If / denotes a function of z and y, show that 

y) \ ^ dfjx, y) \ dfjz, j/) \ ^ 

du /v dz /y du/t dy /x du/j, 

[The procedure is seen to be exactly parallel to that indicated in the preceding 
section when it is remembered that v has the constant value Vo throughout 
the computation. The right member of (4) is unaltered. Hence (7) is 
unaltered and it is merely a question of interpreting the second and fourth 
limits in (7) as partial derivatives.] 

df{x, y)\ 

Interpret j when (a) u = r and c = ^ in (15). (b) u and v are the 

du /n 

parameters in (16). In each case state the path of the point (x, y). 

State the formula for ) • If x = p{u, v, w), y *= q{u, w), state 

dv fu 

xt. i. , r 

the formula for I • 

du f 

14. Prove Theorem IS.2. 

Solution. Let x, y, • • • be called the first set of variables, and let 
Uj Vf • • ' he called the second set of variables. Exercise 12 shows that 

y. • • • ) 

du 

^ a/(a:, y, • • • ) \ ^ Sf{x, y, • • ■ , 

dX /y,„. du dy /x,... du ’ 


where the right-hand member contains as many terms as there are variables 
of the first set — one term corresponding to each variable. Exercise 13 
shows that these terms are in no way altered, either as to form or number, 
because of the additional variables w, • • • of the second set; it is necessary 
merely to affix the proper set of subscripts to the second factors in each 
term. On the other hand, Exercise 13 shows that there is a formula of this 

same type for each of the derivatives — — — \ * • • . 

dv 

15. Let /(x, y, z) ^ zz^ -{■ y sin (x -f- z)- Find by formula (B): 

(a) df/du when x — u, y — u^, z ^ y/ u. 


(b) 


when X ** wr, 2 / * w* -b V*, 2 « y / m -f 


(c) 


(d) 


-) 

du/xi,w 


dv> 


when X » uvWy i/ = w* -b t'* + 2 = y/ u v -b tr 


when X, y, and z are defined as in (c). 
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16. Let/(x, Vj z) “ xyz log {x -f 2/ 4-2). Express the following in terms 
of the derivatives of x, and z: 


(.) f : (b) f 


y tt ^P/ oX/ y,z,UtV 


17. If u =» where x = r cos (« — t) and 2 / « r sin (« — i)^ find 

by two methods, as in Ex. 7: 


18. If w « [Sin“‘ {xy)] [Sin“i (xr)], find: 

&u\ dwX 

» (I>) ) J (c) ^ I J (d) ~ I 

5r/a ds/r da /^,^,5 


, , du ^ , dw 


19, Given a function /(x, z), where x, t/, and z are functions of u and v, 

and where u and v are functions of t. Find — - - by two applications of 

dt 

formula (B). 

20. It often happens that a variable, say x, appears in both the first and 
second sets of variables (see Ex. 9). This should cause no confusion if 
formula (B) is followed explicitly and if this variable is treated like each 
of the other variables of the first set and also like each of the other variables 

of the second set. For example, in the formula for — — , 


the second factor of the first term is ■ 


:) , 


where x is being differentiated 


as a variable of the first set. Since x is a subscript, it is regarded as con- 


stant. Hence 


Evaluate : 


e — I *= 0. 


(e) 


V, g) \ ^/(»T y, z) \ 3/(x, y, z) \ df(x, y, z) 

du )x /u / z dz 

(x, y, u, v)\ a/(x, y, u, v)\ , ^ ^ , , A 

-JT-h "> — — )„■ 

'(x* — X2 + 2 / 2 ) ) . (i) -^(x* - xz -f 2/2 ~ ) . 

/ /u /x 

S \ 

(j) ■r(^* - y* 4 XM - yv) j • 

dv /x,« 

If f(x, y, u, v) = x*y + yhi - xv*, find: (a) ^ ) >' (b) ^ ) ; 


y, *) 


(g) —(x* - xz + j/z) 
02 / > 


d \ a 

(h) — (x» - xz + j/z) I . (i) — (x* - xz + yz - 

dy /u 9 y 

9 ^ 

(j) — (x* - y* -\r XU — yv) 
dv J 


21. If /(x, y, M, y) = x*y 4* 2 /*’^ — 
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22. The elevation E of each point P on the surface of a rough ocean is 
E(Xf y, i), where (a;, y) is the projection of P on a fixed horizontal plane M 
and where t denotes time (units in feet and seconds). The path of a small 
boat sailing over the water is given by the equations x p(t), y = q(t), 
z — E{x, y, t). Find dz/di and interpret each quantity appearing in the 
result and interpret the result as a whole (see Ex. 2). Under what condi- 
tions would the equations x — p{t), y — q{t) represent the projection of the 
wake of the boat on the plane M? 

23. The temperature T at any point P of a substance and at any time i is 
T{Xy 2/, Zy t). Find and completely interpret the formula for dT (di when the 
point (x, y, z) moves along the path x = p{t), y = q{t)y z = r{t). 

24. Let V be the volume of a certain quantity of gas, T its temperature, 
p its unit pressure, and E its total energy. The following relations occur in 


thermodynamics: v — 4>(T, p), p = P(T, E). Find and interpret 
Sv 




and 


dv \ 

— ) ? When one is computing 
dT / E dT 

25. By repeated use of formula (B), find (d/dx) f(Xy y, z) when y is given 
as a function of x and z, and z is given as a function of x. 

26. Given /(x, p, Uy v) with ?/ a function of x and v, with u a function of 

y and v, and with x a function of v. Find {d/dv) /(x, y, u, v). 

27. Given /(x, p, u, v) with y a function of x, a, v; with v a function of u 

and w: and with x a function of v and w. Find — 

du 

28 . Find: (a) ^/(a: y, x -v}) ; (b) ^/(V^ "s/* + V^) I : 

dx ‘ /y <)y fx 

(c) ^/( x^ + y^ e=”', ) ) ; (d) ^/(sin xy, log {x - y))] . [In prob- 

dx\ X - y/ /y dy fx 

lems of this type it may be helpful to introduce new variables; for example, 
in part (a) let w = x = ic — p, and express the result in terras of 

/„ and/v.] 


dE / T 


OT/e 

Is p regarded as constant or variable when one is computing 
dv 




I 


dz dz 

29. (a) If z - i{xy)y show that x y-~ == 0. 

dx dy 


(b) Ifz 




t 1 dz dz 

show that X f- y — = 0. 

dx dy 


30. (a) If X == p{u) and y = q{u), find 


d^f{Xy y) 
du^ 


Solution. 


Since 


dfjx, y) 
du 




it follows that 
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du^ 



Since /« and Jy are functions of x and their derivatives with respect to 
u are found in exactly the same way as df/du. Thus, 


d _ dfx dx ^ dfx dy ^ d^f dx ^ 5*/ dr 

du^ dx du dy du dx^ du dx dy du 

and a similar formula exists for {d/du)fy. Substitution of these results in 
d^f/du^ gives 

rfy ^ ay / ^ ^ ay ^dy ^/ ^ ^ ^ ^ 

du^ dx\du) dydxdudu dy\du/ dx du^ dy du^ 

(b) If X = p{Uj v) and y = g(Uf v), find d^fldu^, d^fjdv dUf and d^ffdv^. 

(c) If X = p(w), y = q{u), z = r(w), find - — j ^ ■ 

du^ 

d^Z d^z 

31. If z = <p(x + ty) -f t^(x — iy), show that — - -\ = 0, where 

dx^ dy^ 

1 * = — 1 and where i is treated like a numerical coefficient when differentiat- 
ing. 


USEFUL FORMULAS 

32. (a) If X = r cos <f> and y — r sin <l>, show that 


(£)‘-(l)‘=(S)'-r.(5)‘ 


(17) 


where / is a function of x and y. [Note that formula (B) is applicable to 
the terms in the right-hand member of (17). If / is regarded as a function 
of r and <i>y (17) could be obtained by working with the left member, but 
the computation is more difficult.] In (17) the subscripts indicating the 
independent variables have been omitted; this is commonly done in those 
cases where the context itself indicates what they should be. 

(b) If X == r sin cos y = r sin sin Oj z — r cos show that 




+ 


1 


sin* 



where / is a function of x, y, and z. 

33. (a) If X = r cos and y = r sin show that 


dx^ dy^ dr* r dr ^ r* d<^*’ 


where / is a function of x and y. 
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(b) If a; = r sin 0 cos 6^ y r sin 0 sin « « r cos show that 

1 ay 2 a/ ctn <^a/ 

dz^ dy® 62® dr* r* d0* r* sin* 0 dd* r dr r* d0 

where / is a function of x, i/, and z. 

34. If/Cx, t/) and g{Xy y) are such that df/dx = d^/dj/and d//dj/ = —dgldx^ 
and if ic « r cos 0 and y = r sin 0, show that 

^ and ™ 

dr T d0 r d0 dr 

Under the preceding hypotheses show that the quantity in Ex. 33a is 0, 

35. If X ^ f(u, v) and y = g{u, v) are such that Sf/du = dg/dv and 

df/dv ^ —dgIdUf and if F is a function of x and y, show by Ex. 30b that 

d^F ^\r / / ^Yl 

att* a»* \ax* \^w/ \^t>/ J 

36. If (x, y, z) and {X, F, Z) are the coordinates of a point P with respect 
to two sets of rectangular axes with a common origin 0 and based on the 
same unit of length, it can be shown that 

X = diX -f" 5iF “f- ciZy 

y = a^X + 52F -f- c^Zy (T) 

Z = (1%X -f- h%Y + C%Zy 

where ai, 61, and ci are the direction cosines of the X-, F-, and Z-axes with 
respect to the x~axis, 02, 62, and C2 those with respect to the 2/-axis, and 
og, hiy and Ci those with respect to the ^-axis. Show that 

where / is a function of Xy ?/, and z. [Recall the formula 

cos B = cos ai cos a2 "f COS COS ^2 + cos yi cos 72 (18) 

for the angle between two lines.] 

37. Let the point (Xj !/, z) move along a curve C in space. If s is the 
arc length along C and if ^ denotes times, show that 

(Cf. Sec. 7.) If a, /3, and 7 are the direction angles of a tangent to C, show 
that 

dx dy dz 

-7- * cos a, * cos ft “T =» cos 7. 

ds da da 
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Suggestion. Let (xo, t/o, ^o) and (xo -f Aa;, ?/o -f Ajt/, Zo -h Az; two 
points on C, let Ac be the lenj^th of the chord joinin^^ these points, and let a' 
be the direction angle of this chord with the x-axis. Then Ax = (Ac) cos y 
and Ax/A.s- == (Ac /As) co»s a'. The firsl of the abovt^ results is obtained by 
taking limits under suita})le iiypot heses. (^se those results to extend formula 
(A') to a function f(x, ?/, z). 

38. Euler* R Theorem for lionwgenvouR F auctions. If a function /(x, //, z) 
is such that f(\x, Xy, Xz) — X"/(x, y, z), then / is said to b(‘ homogeneous of 
order n. Thus, — xy, e^^^, ‘sj x + //, and (x — i])/xy are hoTuogeneous 
of orders 2, 0, L and —1, respe(!tively. Prove* 

Theorem. If a function fix. //, z) is hontogeneoi/s and differentiable, then 


‘V , ¥ , i^f 

p jj .j_ . . 

dx ay dz 


nf{x. y. z). 


Suggestion. Differentiate th(‘ n^lation /(\x, Xy, Xz) = X*f(x, g, z) with 
respect to X by the method of Lx. 28 and in the result set X = 1. 

Extend this result to a function of arbitrarily many variables. Also, 
extend this result to higljer derivatives. 

39. Theorem, of the Mean, for a Function of Tiro Wiriahhs. Let / be a 
function of x and y; lei (a, h) and (a -f h, h -f- h) be two points. ( onstriict 
the function git) = f(a +■ //?, h -f ik). Apply Theonun 10.1 to the <niant-ity 
^^(1) — ^(0) to show that 

f((i h, h 4“ k) — fid, b) ~ hfrid 4" ^h, h -[-• Ok) -)- kf^iu -j- Oh, h -+- 0k), 

\vh(‘re 0 < 0 < I . vStaic this n'sult as a tii(*orein. ami inckidi' in the hypo- 
theses of the. theorem all th(' eonditions / must meet. 

19. Dififereatiation of Implicit Functions. In order that the 
content of this section ina}^ h(^ more (‘asily understood, let us 
jfirst (consider the following physical situation. 

A solid metallic h(unis[)here has its Itase in the 2 ’;v-plano. Heat 
is being applied to tliis hemisph(Te over a portion 1/ of its base 
(see Fig. 42) so that (^ach point of // is kept at the temperature 
lOO^C. The rest of th(‘ base not in II is insulatiHl so that there 
is no transfer of h(*at across it. The entire splu^rical surface is 
kept at 0°C. Let T{x, z) represent the temperature (at a 
certain instant) at the point (x, y, z) in the lumusphere. I^et A 
denote a certain temperature between (F and 100"^. It is evident 
that T(a, 6, c) = A only at certain points (a, 6, c) ; in other words, 
Ihe equation T(x, y, z) = A is satisfied only for certain points 
(a, b, c). We say that the set of values a, 6, c of x, ?/, z is a 
solution of the equation T{x, y, z) = A if the number T(a, 6, c) 
is the number d, that is, if T{a, 6, c) = A. In this illustration, 
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what is the locus of the points representing the solutions of the 
equation r(x, t/, 5 ;) = 0? Of the equation T{Xy ?/, z) = 100? Of 
r(x, 2 /, z) = 10? Of T{x, y, 0) - 10? Of r(0, y, z) = 10? 
Of T{x, y, a/2) = 10, where a is the radius of the hemisphere. Of 
T{x, y, a/2) = 90? Of T(0, y, z) = 90? Of r(«/4, y, z) = 90? 
How many solutions exist of the equation T{a/4:, y, 0) = 90? Of 
T(0, y; a/2) = 10? Of T(x, a/2, a/4) = 50? Of T{a/2, 0, 2 ;) - 95? 
Of T{a/2, 0, z) = 10? 

Now let {x^, t/o) be an arbitrary point in the base of the hemi- 
sphere. Does there exist a unique solution of the equation 
T(a:o, 2/01 2 ) = i4? (The word unique is always used in mathe- 
matics in the sense ^^oiie and only one^^ and never in the sense 



Fig. 42. 


^^peculiar^^ or ^'unusual.'’) To put the 
question another way, does there exist a 
unique point z = on the line x = .To, y = ?/o 
at which the temperature is A ? It seems 
intuitively evident that there exists such a 
unicpie point if (xo, ?/o) i« not too near the 
circumference of the base; otherwise, there 
is no such point. In other words, there 
exists such a unique point when and only 
when (xo, 2 / 0 ) lies in a certain region D of 


the base of the hemisphere. Moreover, the extent of D depends 


on A, D being H when A = 100 and D being the entire base 


when A = 0. 


Again, does there exist a unique solution of the equation 
T(xo, y, Zo) == A? It seems evident that for most points (xo, Zo) 
there are four, two, or no solutions, though for certain points 
(xo, Zo) there are three or one. 

This illustration brings out three things: (1) In discussing the 
solutions of an equation f{x, y, z) = A, it is quite unnecessary 
to think of / as being represented by a formula or to think of 
the equation as being “ solved '' for one of the variables in terms 
of the other two. (2) An equation /(x, y, 2 :) = A does not 
necessarily have a unique solution in one of the variables for 
given values of the other two variables, but may have either no 
solution or several solutions. (3) An equation /(x, y, z) ^ A 
may have a unique solution in z for each point (x, y) of some 
region D of the xy-plane without having a unique solution in z 
for each point (x, y) of the entire xy-plane. 
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7'he discussion of this illustration should be kept carefully in 
mind during the reading of this section. It will be helpful to 
think of / as representing the temperature of the above hemi- 
sphere, and to think of D as a portion of the base of this 
hen lisphere. 

I et / be a single-valued function of the independent variables 
X, and z. We wish to give a precise meaning to the statement 
thav the equation /(x, y, z) ^ A defines 2 ; as a single-valued 
function of x and y, where ^ is a constant. To make this 
meaning precise, we must avoid using any phrase like ^^solve 
for^' or ‘^in terms of,^’ and instead we must use the terminology 
of Definition 14.1. We shall state this meaning in two ways: 
first, in a simple, direct manner which has rather limited applica- 
tion, and second, in a more technical form of wide api)lieation. 

Suppose f is a single-valued function of x, y, and z such that, for 
each point (xo, yo) in some region D of the xy-plane, the equation 

f(xo, yo, z) A (1) 

has one and only one solution z = 20 . Then, for each point 
(xo, ^ 0 ) in I), the value of z is uniquely determined as the number 
20 which satisfies (1;. Since z has exactly one real value at each 
point (xo, ?/o) in D, it follows by Definition 14.1 that z is a single- 
valued function of x and y defined over Z>. Let ip denote the 
function* of x and y which represents the value of z, so that 

z = y). (2) 

Then, from the manner in which the value of z is determined, p 
is such that, for each point (xo, 2 / 0 ) in D, 

* If 2 can be represented by a ^^ormula^^ in x and y, i.e., the formula that 
would be obtained if the equation f{x, y, z) = A could be ‘^solved” for z, 
then p denotes this formula. For example, if x 4- 2y -f- 3^ = 1, then 
z = ip{x, y) = (1)(1 — X — 2y), But if there exists no such formula” for z, 
and this is usually the case, what does <p denotef 

To answer this question we must generalize Definition 2.1 as follows: 
Let D be any set of elements a, h, c, * • • whatever. Also, let S be any set of 
elements P, 9 , r, • • • whatever. If in any manner there is associated with 
each clement of D an clement of S, then the abstract correspondence associat- 
ing elements of S with elements of D is called a function. If p represents 
this correspondence, then <p{a) denotes, and is read, the element of asso- 
ciated by p with o. 

In the present connection, p denotes the correspondence between points 
(x, y) of D and values of z. 
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^(^ 0 , 2/o) = ^oi 

where 3o is the solution of (1). Hence, for every point (x'u, yo) 
in D, 

/[\ro, y^, v^(a:o, /^o)! = A. (3) 

This discussion is summarized in the following definition.* 

Definition 19.1a. If f is a single-valued Junction of x, y, 
and z such that, for each point (x, y) in some region D of the xy-plane, 
the equation 

/(:r, y. z) = (4) 

has one and only one solution in z, then we say that this equation 
defines z as a single-valued implicit function ip of x and y over D, 
i,e., z ~ (p{x, y)y and. ip is such that f[x, y, ip{x, y)] == A for each 
point (x, y) of D. • 

This definition may be stated in geometric language: If on 
each line x = Xo, y — yo intersecting I) there exists exactly one 
point 2 ! = 2 o at which the value of / is A, i.e., if on each such line 
there exists exactly one point z = Zo on the graph of (4), then 
equation (4) defines z as a single-vahuKl function of x and y over 
D. The student should construct Aarious ])hysical examples 
(analogous to the above hemisphere) to bring out the significance' 
of this definition. 

Let us now return to I he diseuasion of the a]K>v(' heini.sphere. It is evident 
that the equation T(x, y, z) ~ A does noi dehiK' x as a single- valued func- 
tion of y and z. However, if were to cut off a small portion R of the hemi- 
sphere around the point (a, 0, 0) without altiTing the values of T within R, 
then, considering only R as though ths rest of the hemisphere did not exist, 
the equation T{x, y, z) = ^ defines x as a single-valued function of y and z. 

We may state this idea in more general form as follows: Suppose equation 
(4) defines 2 as a multiple-valued function of x and y, i.e., for certain points 
(x, //), equation (4) has tw^o or more .solutions in z. There may exist a region 
R of space such that, when /is considered as defined only in R, equation (4) 
defines 2 as a single-valued function of x and y. By tliis device of making 
2 single-valued we are able to discuss th<i continuity of z, the derivatives 
of 2 , and so on. We are now in a position to generalize Definition 19.1a. 

Definition 19.1b. Let R be a region of spac.c and let D he a region of 
the xy-plane. Suppose f is a single-valued function of x, y, and z mch that, 
for each point (xo, yo) in D, the equation 

* The significance of (3) is illustrated by substituting 2 = — x - 2y) 

in the equation x 2y -h Sz - 1. 
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/(xo, .Vo, z) ^ A (1 ) 

has oru; and only one solution z — zo such that the poirti (xo, ^o, Zo) is in R. 
Then we say that urithin the region R the equation f{x^ y, z) — A defines z as a 
single-valued implicit functioii of x and y over D. 

We leave it to the student to state this definition in geometric language. 
It is evidcmt that the situation described in this definition can exist onlv 
when D is contained in the projection of R on the a:v“plane. In fact, for 
a given region R the niaxiinuin possible; extent of D is the projection on the 
l^hat portion of the graph of the equal ion /(x, y, z) = A contaiiUMl 
in R. Lik(‘wise, if th(‘ region R is to be such that within it the equation 
fix, ijy z) ~ A defines ^ as a single-valued fuiudion of x and Vj R must not 
contain two points on the graph of t his (npiation having the same projection 
on th(' :r. //-plane. 


We shall now derive a formula for 


fix/ y 


ill the ease where z is 


determined as a difiFenuitiabh^ function of s and y by the equation 
/(x, y, z) = A. W'e first note the following (*omparisons: if / 
is a function of th(' ^dependent variables x, y, and Zy then the value 
of / varies (in general) with x, y, and and if /is differentiable, 


1 ) ■ I) • »“'* f) ' 

) 2/f-s ^ ) a:, 3 yc,y 


iir(' (in general) all different from zero. 


But if z is determined as a function of x and xj over the region 
D by the equation /{x, t/, z) — A, then, for each point (x, y) in D, 
z always has just such a value that the \'alue of / is always A. 
Thus, as the point (x, y) moves in any nlannt^r in Z>, z varies in 
just such a way that th(‘, value of / remains constant and equal 


to A. Hence, for example, 


d/(X; y. 

dx 


1 


0. 


We know by formula (B) that, if / and z are differentiable, 

d/(/, //, 2)\ ^ df\ df\ dA 

dx / y dx ) y^z dz) jr^y dx/ y 


(5) 


If z is det/ermined by the equation /(j, y, z) = .4, then we know 
from the preceding paragraph that the value of the left member 
of (5) is zero, while the first term of the right member is, in 
general, not zero. Hence 


dx 


As mentioned above, 


,^A = 0 . 

P/ y,z d2J/ x,y dX/ y 

, ) ill 


( 6 ) 


dz 


mend, not zer<^. If we specifi- 



118 


HIGHER MATHEMATICS 


(Chap. I 


cally assume / to be such that — ) 9 ^ 0, then we may write 

^ 2 / x,y 

(6) in the form 


dx)y 


'A 

dX/y,, 


dz 


( 7 ) 


This is the formula desired. Other formulas of this nature 
are given in the exercises below. 

EXERCISES XX 

1. State in both geometric and nongeometric language exactly what is 
meant by saying that the equation /(x, ?y, z) ^ A defines x as a single- valued 
function of y and z. 

Let/ be a single-valued function of a finite number of independent variables 
X, t/, • • • ,w. Under what conditions does the equation /(x, y, • • • , w) == .4 
define w as a single-valued function of x, y, • • • ? 

2. What does Eq. (2) represent with reference to the he^misphere dis- 
cussed in the preceding section? 

3. What is the difference in significance between the first two derivatives 
in Eq, (5)? In particular, state the functional relationships among the 
variables x, y, and z; state whether x, j/, and z are constant or variable during 
the calculation of these derivatives; state the equations of the curve along 
which the point (x, y, z) moves. 

4. The discussion in the preceding section may be summarized by 

dz\ 

the following formal rule for calculating — I • Regard the equation 


/(x, z) — A as defining 2 as a function of x and y. By formula (B) differ- 
entiate both sides of this equation with respect to x. Equate the results 

Why is it correct (according to this rule) to say that, 


and solve for - 


dX/y 


since /(x, y, z) = A, 
d/(x, 2 /, z) 


that 


dx 




a/(x, y, z) 
dx 

/ V,z 


/y dx /y 


0, but usually incorrect to say 


0? Under what circumstance would this 


last statement be correct? 


5. .) - ftod, (.) (b) (0) 2)^. 

6. Find ^ J and — ) from the following relations: 

dx/ y dyf tt 
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(a) — ajj/ + yu^ —3=0;* 

(c) X + y +u ^ l/xyu\ 

(e) /(* + J/ + «) = a{xyu)\ 


(b) xe'^ (sin w) — 1 »» 0; 
(d) u =/(a? + w, y — w); 


(f) xu^ + 



= 0. 


Use this result to obtain 


7. Show that if 2/ is determined as a differentiable function of x by the 

relation /(x, y) = A, then ~ = — 

dx Jy{x, y) 

dy/dx in the following cases: 

I; 


(a) (xVa*) + {yVh^) 
(c) e* H- e*' = 2xy\ 
(e) ~ cos 5x; 


(b) ax2 -f- 2bxy + cy^ = d\ 
(d) Tan”^ Zx^y = x~^y~^\ 
(f) yjx = log (x2 + 2/^)- 


Check these results by the methods of elementary calculus. 

8. If z == /(x, y) and <^(x, y) — 0, find dzjdx, 

TT* dy\ dll\ C 1 T . 

9, Fmd I and — j by means of the relation 

dv/ x,z,u dz / x,y.v 

fix, y, z,u,v) ^ A. 


10. A certain law of thermodynamics is represented by the relation 
pf;i.4x ~ where p and v denote the unit pressure and volume of a certain 
quantity of gas, and where C is a constant. Find the rate of change of 
volume with respect to pressure when the pressure is po. 

11. The characteristic equation of a certain substance is represented by 
the equation F(p, v, T) - 0, where p, v, and T, respectively, denote the unit 
pressure, volume and temperature of the substance. Show that 

dv/T dT/p dp/y 

State the physical significance of each factor in this relation and Also of 
the entire relation. 

12. Given a function fix, y, z) and given that the equation y?(x, y, z) =« 0 
determines each of the variables as a function of the other two. Is it true 



13. Let/(x, y, u) and gix, y, u) be two functions of the independent varia- 
bles X, y, and u. If we form the equations 

fix, u, v) ^ A and gix, u, v) = B, (8) 

then these equations (generally) determine u and v each as a function of x. 
(See Theorena 20.2 below.) This is intuitively evident when we think of the 
equation fix, u, v) ^ A as being solved for v, giving v « <pix, u), and the 
result substituted in the equation gix, u, v) = B, giving g[x, u, <pix, w)] ^ B. 
This last equation may be solved for u in terms of x, giving u =« p(x); if 
this result is substituted in i; » ^(x, w), the resulting equation may be solved 
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for V ill terms of x, giving v — g(x). It follows that u = p(x), v — q{x) 
are the parametric equations of the curve of intersection C of the two surfaces 
with equations (8). If / and g are different iahle, then ^\e may Avrite 


d, d ^ 

—fix, u,t» = --.4 - 0, 

dx dx 


gix, u, V) -~B = 0. 
dx dx 


Kvaluat<^ these derivativi^s by formula (H) to obtain two equations contain- 
ing dujdx and dv/dx, as well as th(‘ various partial derivatives of / and g. 
Solve these equations for du/dx and dv/dx in tcTins of the remaining (puinti- 
ties to show that 


du 

dx 


A 

jA 

\gu 


A[ 

gr\ 

h\ 

uA 


and 


dv 

dx 


15. Find 


, di\ 

— I and — I 


dx 


dx/ 

, u, v) —A, 


from th(‘ relations 


g(x, //, 


!/■' 

gu 


What quantity must be 0? 

14. Find dy/dx and dz/dx from the relati(uiK 

+ //2 4 - r - - 3 . 

-f yz xz =3. 

Kvaluati tiu^se derivatives at fl, 1, I ) and (1, 2, 3). 
iridtiterminate and the s(a;ond im?aningless? 


Whv is the first result 


v) — B. 


(9) 


bse det,<;nuinants to represent these; results. What quantity must be 9 ^ 0? 
What special form do these results assume when equations (9) have the 
following form : 


X == F{u, V), y ~ GiUj v). 


16. 



from the relations 


-f d- a* = 4, 

xyuv — 1 . 


What is The significance of the indeterminacy of these derivatives at 
(1, J, 3. le 


17. Mnd 




fn)m t he relations 


/(x, y, • • ‘ . a, V, //’) = i4, 
g{x, 2/, • • • , M, V, tr) =*= B, 
h{x, //,**•, w, V, w) = C. 
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Use determinants to represent these results. 


18. Find 



from the 


relations 


What quantity must be 0? 


X = U V -U 
y — 4- 4- 

z ~ It j 4" 'e*. 


Does — ~ — — y What suhseripts are implied in these derivatives? 

dr dx/dn 

19. If /(x, y, Uy v) — A and if n and v are fiinefions of .r and y, does 



20. With reference to a (M'rtain (piantily of fluid, let p, t\ T, p, and //, 
respectively, denoti^ lh(^ unit pressure, volume, tiunperature. entn_>py, and 
total heat adde<l to gas to bring it to the .stat(‘ (/>, v, 7\ 0). (Note that 
II is not the internal ('ru‘rg\- of the gas.) The following thermcKiynamic 
magnitudes are of frequent u.se: 


8pe(;ifi(‘ heat at constant volume: == 


iUV 

dTJ 


8p('cihc heat at (constant pressure*: ( 
Lalent heat of (;xpansion: Lv 
Coefficient of cubic expan.sion: 
fsothernuil modulus of elasticity: Er 
Adiabatic nuxlulus of elasticity: E<p 


) = '‘'i) 

= = T--\ 

dv/T dv } r 

1 dv \ 

sion: «» = I * 

V dl /.p 


dv/r 

dv/^ 


(a) WVite each of these definitions in words. For example, <?, is the 
instantaneous rate at which heat is added to the fluid per degree rise of 
temperature when the volume is kept constant; Up i.s the instantaneous rat-e 
of change of volume per degree rise of ternfM^rature for a unit of volume 
when the pressure is kept constant. 

(b) What notations represent the instantaneous value of the following 
rates: change in volume per unit change in entropy when the temperature 
remains constant; change in volume per unit change in entropy for a unit 
volume when the temperature remains constant; change in teiiifK^rature 
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per unit change in volume for a unit volume when the pressure remains 
constant. 

(c) Jf p, t\ and T are related as in Ex. 11, show that apET is equal to the 
rate of in(?rease of pressure with respect to temperature when the volume 
is constant. 

(d) If p, i\ T, and (f> are related by the equations 

/(/?, V, T, 0) = A, g{p, V, T, 0) = 
show that Effy/Er == Cp/Cv. 


(o) If p, e, T, and 0 are related as in part (d), and if — 

dv 


/0 d0/o 


, d<t>\ dv \ 

that — 1 ) • 

dp/T dT/p 


21. If the equations /(x, y, Uy v) — A and gix, p, ?/, v) — B determine u 
and V as functions of x and ?/, and also determine x and y as functions of 
u and Vy show that 


du dx du dy ^ du dx du dy ^ ^ 

dx du dy du ^ dx dv dy dv 

Generalize these results to 2n variables. 

20. Some Implicit Function Theorems. We have already 
discussed in Sec. 19 the question as to 
when the equation /(x, yy z) = A defines 
^ ^ single-valued function of x and y. 

/ But the criterion given is sometimes 

^ difficult to apply in a practical case. We 

^ now wish to develop a more convenient 

— criterion that the equation /(or, y, z) — A 

Fig. 43. defines 2 as a single-valued function of x 

and y. 

As a preliminary example, let us consider the equation 
F(Xy y) = A with the graph C shown in Fig. 43. This equation 
determines y as a single-valued function of a; in a small neighbor- 
hood of Py but in no neighborhood, however small, of Q or R. 
(Within every small neighborhood of Q or iS a line x Xq gener- 
ally meets the graph in either t’wo or no points. Remember 
that every neighborhood of a point contains this point in its 
interior.) By Ex. XX, 7, 

n ,,1 yp) 


( 1 ) 
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It is evident from (1) that if Fj,(xo, 2/o) 5*^ 0, then Dxt/jxo.y® has 
exactly one finite value. Therefore, if Fy{x^, yo) 9 ^ 0, (xo, 2/a) 
cannot be the point Q (at which D^y is infinite), nor can (xo, 2 / 0 ) 
be the point 2? (at which D^y has two values). We are thus led 
to the question, is the condition Fy{xo, yo) 9 ^ 0 sufficient to 
ensure that (xo, 2 / 0 ) is necessarily a point in some neighborhood 
of which y is defined as a single-valued function of x by the equa- 
tion F(x, y) = A? Or might (xo, 2 / 0 ) be at S where Dzy has one 
finite value, but near which y is not a single-valued function of x? 
These questions are answered in Theorem 20.1a below. 

It must not be supposed that Fy cannot be zero at a point near 
which the equation F(x, y) — A defines 2 / as a single-valued 
function of x. It is evident from (1) that Fy is zero at T and U 
{Dzy being infinite at these points), and yet 2 / is a single-valued 
function of x in a small neighborhood of each of these points. 
The conclusion to be drawn (presupposing Theorem 20.1a) is 
that the condition jPy(xo, yo) 9 ^ 0 is unnecessarily strong. 

Theorem 20.1a. Let f be a real single-valued f unction of a 
finite number of independent variables x, y^ • • • , u. If 
i^Oj yof • • • , Uq) is a solution of the equation 

f{x, y, ■■■, u) = A (2) 

such that (1) / andfu are defined and continuous over some rieighbor- 
hood N of the point (xo, 2 /oj * * * > ^ 0 ), mid ( 2 ) 
fu{xo, yo, • * • , Wo) 3 ^ 0 , 

then within some neighborhood N of (xo, 2/o, • * • > Wo) within N 
equation (2) defines u as a single-valued continuous function of 
X, 2 /, • • • , say u = ip{x, y, ' ^ * ), the domain of definition 
of u extends over the whole of some neighborhood D of (xo, yo, • ' • ) 
in the space of points (x, 2 /, • • • )• 

In this and the following theorems, we follow the convention 
that, when we indicate a partial derivative by subscript notation, 
such as/w or fu(x, y, • • • , u), we shall always understand that 
this derivative is computed while regarding all of the variables 
Xf yy • • • j u as independent with all of them constant except 
the variable of differentiation. 

In proving this theorem, we shall suppose for simplicity that 
there are only two variables x and u; the proof may be extended 
directly to the general case. We shall also suppose /„(xo, uo) 
to be positive; the case where it is negative is entirely analogous. 
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Since /u is positive and continuous at (xq, uq), there exists within 
N a rectangular neighborhood N of (xo, /Vo) such that* /^, is 
defined and remains positive over N. Since /«(.To, Uo) is positive, 
u) is an increasing function of u at u = Wo. Hence, for any 
two values and U2 sufficiently close to with Ui < Uo < U2 

aiKi such that (xq, tu) and (.To, 1/2) are within N, it follows by 
Theorem 6.1 that 


Boundary of N 


f(xo, Ui) < .4 < /(to, U 2 ), 

where — /(to. ?/(,)■ Since /(.r, Ui) is a continuous function of 
X at :r = To, and since /( to, ui) < A, there exist values x\ and xj 
suffii'iiently close to To witli tJ < To < T2 such that (x[, Ui) and 

(tJ, Ui) are within N and such 
that at (*ach point of the line 
segnuMit from {x[, Ui) to (xg, ih) 
the value of / remains less than 
. 4 . Likewise there exist values 
x'l and T2' with t'/ < Tq < Xg' 
such tliat (t'/, U2) and (xg', 112) 
are within N and such that at 
eacli point of the line segment 
from (x'l', U2) to (X2', U2) the value 
of / remains greater than A . Let 
Xi denote the greater of x[ and .r'/, and let X2 denote the smaller 
of xi and xi'. Since N is rectangular, the entire rectangle with 
vertices (xi, Ui), (x2, Wi), (x2, U2), and (xi, U2) lies within N. 

The intervalf Xi < x < X2 serves as the neighborhood D of Xo 
mentioned in the theorem, and the rectangle f N serves as the 
neigliborhood N of the tln^orem, for let x denote an arbitrary 
value of X in the interval Xi < x < X2. Since ' 



Fig. 44. 


/(X, Uj) < A < /(X, U 2 ), 

and since /(x, u) is a continuous function of over the interval 
Ui g u < U2y the value of /, while increasing from /(x, Ui) to 

* This i& the only proi)erty of fu that we shall use. Hence it would be 
sufficient to hypothesize this properly instead of the continuity of /«. But 
in most crises arising in practice it is more convenient to apply the theorem 
as stated, for the continuity of /« is usually easier to establish than the 
invariancA‘. of sign of /« over iV. 

t There is no implication that this is the largest possible neighborhood 
of the required sort. 
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f{x, U 2 ), must pass through the value A at some value* u = u, so 
that f{£y u) = Ay where U\ < u < u^. Since is positive over 
Ny f{Xy u) is an increasing function of u over the segment S of 
the line x — x within N, and there exists at most one value u 
within S such that /(x, u) = A. Thus the equation /(x, u) - A 
determines a unique value u = u in the interval Ui < u < U 2 
for each value x — x in the interval < x < X 2 ] that is, within 
N the equation f{Xy ii) ~ A determines n as a singif^valued 
fuiK'tion of X, say ii = <p{x)y and the domain of definition of u 
extends over the interval Xi < x < Xt. 

The continuity of at x ~ Xo is immediate: the preceding 
argument shows that, no matter how close u\ and may be 
taken to ito, there exists an interval about Xo over which <p(x) 
remains between Uj and The continuity of u at any other 
point of the interval Xi < x < X 2 follows in an analogous maimer. 

It should be noted tliat in the prc'ceding proof we did not use 
all of our hypothesis as to the continuity of/; we used merely 
the fact that/(x, u) is continuous in u when x is constant and that 
/(x, u) is continuous in x when u is constant (see Definition 15.3). 

Theorem 20.1b. // in Theorem 20.1a it is further supposed 

that fx is defined and amtinuous over N , theyi Ux is defined ayyd 
continuous over D, and is given by the formula 


UxiXy 2 /, 


fu{Xy y. 



where (x, y, • • • ) is any point of D, and u = <^(x, y, • • • ). 

As in the preceding proof we shall assume that there are only 
two variables x and u, and we shall use the notation introduced 
during the preceding proof. Let x be an arbitrary value of x 
in the interval Xi < x < X 2 , let u — and let 


u + An = (p(x + Ax). 


Since f(x, u) has the constant value A for all x in the interval 
Xi < X < X 2 when u = <p{x), it follows that 

/(x + Ax, u + Au) — /(x, il) 
has the constant value zero. Hence 


liin Ax, u + Au) — /(x , u) 

Ax — >0 Ax 


( 3 ) 


See Theorem 8.5, Chap. IX. 



126 


HIGHER MATHEMATICS 


[Chap. I 


exists and equals zero. But (3) may be written in the form 
1 - r /A * \ t /(* + Ax, tZ) — /(S, tt)] 

hm[A(Ax,A»)-2j + J. (4) 

where 


p(Ax, An) 


/g + Ax,li + Au)-/(» + A»,«) 

Au 

fu{x + AXy u) when Au = 0. 


By Theorem 10.1, p(Ax, Au) = fu{x + Ax, u + ^ • Aw), where 
0 < ^ < 1. Since <p is continuous, Aw — > 0 as Ax — > 0, and since 
fu is continuous, lim p(Ax, Aw) exists and equals /m(x, w). By 

Ax— +0 

hypothesis, lim ^ — exists and equals /*(x, w). 

Ax-*0 

Since the limit (4) exists and /u(x, w) 0, lim Aw/Ax must exist, 

Ax— >0 

that is lim exists (see Ex. IV, 17). 

Ax->0 ^X 

Thus (4) may be written as /„(x, u) • ^,(x) + /x(x, u). Since 
the value of (4) is zero, it follows that 


The continuity of Ux follows at once from the representation 
w* = —fxifu and the continuity of fx and /«. 

It should be noted that we used the existence and continuity 
of fx only at points on the graph of <p. 

We now wish to extend Theorems 20.1a and 20.1b to the case 
where we have two equations 

F{x, y, • ‘ ‘ , u, v) = A, G(x, y, ■ ' ‘ \ u,v) == B. (5) 

As a preliminary example, we first discuss the case where equations (5) 
assume the special form 

X = /K v)j y g{u, r), (6) 

/ and g being single-valued. Suppose / and g are such thatj for each point 
(xo, 2/0) in some region D of the xy-planey the equations 

Xo « /(w, v), yo « g{uy v) (7) 

have one and only one solution w « wo, v =* vq. Since u and v each have 
exactly one real value at each point (xo, yo) in D, it follows by Definition 14.1 
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that u and are each a single-valued function of x and y defined over D. 
Let ip and 4^ denote the functions of x and y which represent the values of 
u and V, so that 

u ^ ip(x, y), V = 4>(x, y). ( 8 ) 

Then tp and 4/ are such that, for each point (a^o, 2/o) in D, 

2/o) = uo, ypixQj yo) == Vo, 

where Wo and Vo satisfy (7). Hence, for every point (xo, yo) in D, 

xo = fl<p(xoy yo), 4'{xo, yo)], yo = gW{xo, yo), 4'{xo, yo)]. ( 9 ) 

We say that equations (6) define u and v as single-valued unplicit functions 
of X and y when u and v are determined as functions of x and y in the manner 
indicated above. We leave it to the student to generalize this discussion 
along the line of Definition 19.1b, and to extend this discussion to hiqs. (5). 
The following example illustrates the preceding discussion: If 


u I — u 

X = -j 2 / = » 

V V 

then 

X 1 

^ , ff — 

X + y X y 


( 10 ) 


( 11 ) 


Thus Eqs. (10) determine u and v as single-valued functions of x and y over 
the entire x 2 /-plane except for the line x -f 2/ =0. The significance of (9) 
is illustrated by substituting formulas (11) in (10). 

The condition given above that Eqs. (6) determine u and v as functions 
of X and y may be difficult to apply in a particular case. We shall now 
develop a criterion which is sometimes more convenient to use. 

Suppose the graphs of Eqs. (7) are plotted on the same axes. Then 
Uo and Vo are the coordinates of the point P© of intersection of the two graphs. 
The graph of the equation x© = f{u, v) is really the section of the surface 
X = /(w, v) cut by the plane x = x©. If / is a continuous function, the 
surface x ^ f{u, v) is such that nearby sections x = x© and x == Xi are nearly 
alike; that is, the contours (see Fig, 45) 


Xo = /(w, v), Xi = /(u, v) 

are close together when x© and xi are nearly equal. Likewise, the contours 
yo “ g{u, v) yi = giUj v) 

are close together when yo and yi are nearly equal. If the curves (7) inter- 
sect at an angle ^0, then, in general, the curves 


Xi « /(w, v), yi ^ g(u, v) 


( 12 ) 
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will intersect at 
soliitioi]i u = wi, V 
define u und 
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a single point Pi near Po, i.e., Eqs. (6) Imve a unique 
= tf\ near the solution u = t/o, v = Vo. Thus Eqs. (G) 
as single-valued continuous funcdions of x and y for values of 
X and ?/ near Xo and ijo, that is, for all points 
(x, y) in some neighborhood of (x®, yo). 

But suppose the curv(*s (7) are tangent. 
Then no matter how close xi may l>e to Xo and 
yi to 2 / 0 , the curves (12) will generally intersect 
in either tw'^o points or no ix>int. (See Elx. 
XXI, 3.) In this situation there exists in thc^ 
xy-plane no neighborhood, however small, about 
(iCo, Z/o) such that over it equations (6) define u 
and V as single-valued functions of x and y. 


Again, suppose one of the curves (7) intersects the other at a node. Then 
the curv<js (12) will generally intersect in two points, so that here also 
Eqs. (G) fail to define u and v as single-valued functions of x and y over any 
neighborhood, however small, of (xo, t/o). 



If / and g are differentiable at (wo, «^o), then it follows from Ex. XX, 7. 
that the equation of the line tangent to the curve Xo = /(a, v) at the point 

('Mo, Vo) i« 

/u(mo, Vo) • (u — Uo) fv{Uo, Vo) • (v — Vo) = 0, (13) 

and the equation of the line tangent to the curve yo = g{Uy v) at the point 
(mo, Vo) hs 

gu{Uo, Vo) • (u - Uo) 4- gv(uoj Vo) • (v ~ Vo) * 0, (14) 
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provid<‘d that/w,(u(,, Vo) and <yo) are not both zero and that gtX'Uo, vo) 
and f^) are not both zero. Tlie anp;le <f} between these two lines is 

determined by the relation*^ 

^ Juiiiii, e„)f/r('ao, Vo) ~f,(iioy Vo)g^{uo, Vq) 

tan </) 

fuiifth Vo)g,,(uo, Vo) + fr(uo, V())gr(uo, Vo) 


Let 


/ J, S' \ ... i') 

V) 

\u, v/ ^ |S..(«. »’) 

g„(u, v) 


/ / J/\ 

\//, pj 


The deltiininant j\ 


It is evident that if J 


ailed the Jacobian of the functions/ and g. 


(/■A ^0, when. 

\UyV/o v/o 


denotes th(^ value 


of J at (ail, Vfl), then tan <t> 9 ^ 0 and the curves (7) cannot be tanp:ent at 


{Uor Vq). 


Moreover, if ] 9 ^ 0, then /«(ao, Vo) and 

\w, v/o 


(wo, Vo) cannot 


both be zero. It follows from the discussion of Eq. (1) that the curve 
a"o — /(n. fd cannot have a node at (wo, vq). Fakewise, the curve yo — g(u, vi 


cannot have a node at (an, Vo). Thus th<‘ (condition J 


\u, v/q 


V(UltS 


the existence of ea<*h of the situations described above in which Eq. (6) 
failed to define a and v as sing:l(‘-valued functions of x and y. We are led 

/ /. A 

to the question, is the condition /I ) 0 sufficient to ensure that 

\w, v/(, 

Eqs. (6) define n and v as sinpjle- valued functions of x and y over some 
neighborhood of (xo, j/o)? The answer to this question is provided by 
Theorem 20.2a below. As in the case of ThtH^rem 20.1a, it must riot be suj>- 
posed that Eqs. (6) cannot define ?/ and v as functions of x and y over a 

neighboriK»<»d of the point (xo, yo) when ,/( ‘^’ =0. 

\n, v/c 


* The nght menilxw of tFiis relation cannot b(‘ of the form 0/0, for suppose 
U. - u. = 0, (15) 

fuffu = 0, (16) 

where we omit the notation (uq, vo) for brevity. By hypothesis, /« and/, 
are not both zero; suppose/,, 9 ^ 0. Ff we eliminate /v from (15) and (16), 
wo find that fuig^ A- gfj - 0. Since /,* 9 ^ 0, it follows that g2 A- gl =* 0, 
and hence that gu ~ gr = 0. But gu and gv are not both zero. The same 
contradiction results when /„ 9 ^ 0. This contradiction shows that (15) and 
(16) cannot both be tme. 
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Theorem 20.2a. Let f and g be real single-valued funetions of 
a finite number of independent variables x, y, • ■ ■ , u, v. If 
(xo, Vo, , Mo, fo) is a solution of the equations 

fix, y, u, v) = A, g(x, y, ■ • ■ , u, v) = B (17) 

such that (1) /, <7, /u, fvy Quj Cind Qv are defined and continuous over 
some neighborhood N of the point {xq, 2/o, * * • , 'Wo, 2 ^ 0 ), (ind (2) 

jflifi) 7 ^ 0, where j(^^] = ihcn within some neighbor- 

\u,V/q WuQv 

hood N of (xo, 2/0, * • • , ^0, Vo) equations (17) define u and v as 
single-valued continuous functions of x, y, ^ , and the domains 
of definition of u and v extend over the whole of some neighborhood 
D of (:ro, 2 / 0 , • • * ) the space of points (x, ?/, • * * )• 

Since j(^) 0, 

\u, v/o 

fv{xoy 2/0, * • • , Uoy Vo) and g^ixo, 2/0, • • • , Uo, Vo) 

cannot both be zero; suppose gvixoj 2/0, • • • , Wo, i^o) 9 ^ 0. It 
follows by Theorems 20.1a and 20.1b that within some neighbor- 
hood Ni of (xo, 2/0, • * * , ^ 0 , Vo) within N the equation 
g{x, • • • y Uj v) = B defines i> as a single-valued continuous 
function of x, ‘ say v == d{Xy 2 /, • • • , w), and the 

domain of definition of v extends over the whole of some neighbor- 
hood Di of (xo, 2/0, * * * , ^o)- Moreover, Vu is defined and con- 
tinuous over Di and equals —gufgv 

Since 6 is continuous, and since Ni is within AT, 

fix, y, ■ ■ ■ ,u, eix, y, ■ ■ ■ ,u)) 

is defined and continuous over Di. By Theorem 18.2, 

dfjx, y, • • • yUy ^) \ 

exists and is given by the formula 

d/(x, y, ^ ^ ,U, e) \ ^ dfjXy yy • • ^ yUy y) \ 

/ JPii/,... dw / 

dfjz, y, ^ ^ yUy v) \ ^ ^ 

dV / ii;,y,...,wd'U/ x,y„„ f 
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where = —Qu/gv Since J and Qv are continuous, 

/u(x, y, ,u, 6) 

is defined and continuous over Di; moreover, the value of 
fu(Xy yy • • • y Uy 6) at (xq, ?/o, ’ * * , Uq) IS uot zcro since J 9 ^ 0 
at (xo, 2/0, • * • , Wo, 1^0). It follows by Theorems 20.1a and 
20.1b that within some neighborhood iV2 of (xo, 2/o, • * • , Wo) 
within Di the equation /(x, y, ••• y Uy 6) — A defines u as 
a single-valued continuous function of x, 2/, * • • , say 

u = <p(x, y, ■ ■ ■ ), 

and the domain of definition of u extends over the whole of some 
neighborhood D of (xo, 2/0, • • • )• H the relation 

V = e{x, y, ■ ■ ■ ,u) 

we write u = ip{Xy 2/, • • • )^ ^ is defined as a single-valued 

continuous function of x, 2/, • • • , say v = ^(x, 2/, • • • )> 
and the domain of definition of v extends over D. Finally, the 
neighborhood N of the theorem may be taken as the part of Ni 
whose projection on the (x, 2 /, • • • , 2i)-hyperplane lies within iV' 2 . 

Theorem 20.2b. If in Theorem 20.2a it is further supposed 
that fx and g* are defined and continuous over Ny then Ux and Vx are 
defined and continuous over D, and are given by the formulas 

jlLl) 

U.{x, 2/, • • • ) = —7^ 

A—) 

\u, vj 

where (x, 2 /, • • • ) is any point of D, and u = (p{Xy • • • )i 

V = ^(x, yy •••) in the notation of the preceding proof. 

Let (x, y, • • • ) be a point of D, with u = <p(Xy §,•••)> 

V = ^(x, • • • )• By virtue of the way D was determined 

in the preceding proof, gv(Xy • • • , 22 , z;) 5 ^ 0 and the value 
of J at (x, py ^ Uy v) is 9 ^ 0, Since / has the constant value 
A when u = ^(x, y, • • • ),v ^ ^(x, 2 /, • • • ), 



lim /(^ + Ax, y, » > > yU + AUyV A- Av) - /(x, g, > > » , tZ, !;) 


(18) 


exists and equals zero. But (18) may be broken up into parts as 
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was (3), and the fraction Av/Ax whieli appc^ars in the process 
may be written as 

Av __ d(x + Ao:, , u + Au) ~ 0{x, y, • — , u) 

Ax Ax 


This fraction may also b(^ broken up. In view of tht^ fact that 
Ox = —{fx/gv and 6,, = ~iiu/9v^ lim Au/Ax may be proved 

_ix — >0 

to exist as in Theorem 20.11). The remainder of th(i proof 
is evident. 

The following extension of Theorem 20.2 may be proved by 
induction. (See F]x. 4 and 5 below.) 

Theorem 20.3. Ldfi.fo, • • * , fn be real single-valued func- 
tions of a finite number of independent variables Xi, X 2 , * , Xp\ 

Ui, U 2 y • • • y Un. If (x\^\ • • * , ^ ‘ a solution 

of the equations 

fi(xu * • * , Xp'y Vu • • • , u„) = A 1 . 

hixu • • • , Xp; ui, • • • ,Un) = A 2 , * • • . (19) 

fn{x^, • • • , Xp; Uu • * • , yr,) = An 

such that fly ‘ • • , /„ and. all their first partial derivatives are 

defined and cxjntinuous over some neighborhood N of the point 
(xi®\ ' • * , <^rid if at this point the Jacobian 



then within some neighborhood N of {xf\ • • * , u^n) Eqs. (19) 
define Wi, • • • , Wn ds single-valued functions of Xiy • ‘ , Xp 
having continuous first partial derivativeSy and the dommns of 
definition of Ui, •• y Un and all their first derivatives extend over 
the whole of some neighborhood D of {x[^\ • • • , in the 
space ef points (xj, • • • , Xp) ; fuHhermore, 



fh fh ' ' ' y fn 

y ^'i—n Xj„ Ui4.\, 


j( /l' /»> ' ■ /'■ ) 

\Wi, M2, • • • . MV 
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Suppose that Eqs. (19) are of the special form 

Xi = ■ • • . • • • , Un), • • • , 

Xn ~ ‘ , Un) j (21) 

where in (19) 

Mxi, • , Xp: Ui, • • • , Un) = V?,.(wi, • • • , Un) - and 

Ai == 0. 


Then the Jacobiaii (20) assum(\s the form 


\ni. • • , Un/ 


\d<P\ 



dUn\ 

1 

d<pu 

. . , , ! 

d^li 

dWni 


i j(^ 

\f^h 


^ 0, then Eqs. (21) define 


as single-valued functions of Xi, • • • , x„ (>v(t some rejdon of 
th(* space of points {xi, • • • , Xn), that is, 

Hi = , Xn), • • • , 'ifn = 4'n{Xi, * * ' , X„). (21') 

l^he funcitions are called the invens(\s of th(' functions (pj, and 
the operation of obtaining (21') from (21) is called an inverf^ion. 
It can be shown (see Ex. 14 below) that if 

^ 0, 

\Uu • • , Un/ 

then j ^ 0 , Hence equations (21') may be 

inverted back to (21). If Wi, • • • , Wn ly 

and Xi, • • • , Xn are regarded as two ^ q' 

systems of coordinates in //-dimensional vT ^ 

space, then (21) and (21') determine either 

set of coordinates in terms of the other, (uo,i/o> 

and (21) and (21') are said to define a ^ 

transformation of coordinates. In partic- 
ular, consider the transformation 


X == «/), 

V = v). 


with inverse 


f U == ^i(x, 2/), 

I 2; = i/2{x, y). 
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If C is the parametric curve u = Wo, i.e., the curve with equation 
Wo = y) and with parametric equations 

<^l(Wo, v), 

\y ^ <P 2 (U 0 , v), 

if C" is the parametric curve v = Vq, and if u and v represent 
arc lengths along C' and C, respectively, then the angle B between 
C and C' at this point of intersection is given by 

sin B = sin — a) = cos a sin ^ — cos sin a 

J X, y \ , . 

du dv dv du \w, v) ^ ^ 

Thus, if ^ ^'hen ^ 3 ?^ 0 , and the parametric curves 

cannot be tangent. If u and v are arbitrary parameters, then 


dx dy ^ dx dy _ J x, 7j \ du dv^ 
ds da da ds \w, vj ds da 


(22') 


where s and a are arc lengths along C' and C, where w is a function 
of 8 alone along C', and is a function of a alone along C. These 
results vill be used in Sec. 19 of Chap. 11. 

Consider the transformation 


11 


/ M = }Pi{x, y, z), 

Jy = <p2{u, V, w), 

with inverse 

< f = 4'i{x, y, z), 

( Z = <P3(m, V, w), 


( w = hix, y, z). 

Let the parametric curves 


^ f W = Wo, 

II 

0 

„., iv = Vo, 

C: { 


C":-! 

^ \v = To, 

^ 1 w = Wo, 

\w = Wo, 

have direction cosines 



(Z, m, n). 

(L, M, N), 

(K f), 


respectively, at the point Po = (wo, Vo, tco). If (a, 6, c) are the 
direction cosines of the normal A to the plane containing the 
tangents to C and C' at,P, then 


aZ + 6m + cn = 0, oL + bM + ciV = 0, a* + 6^ + * 1, 
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mN — nM , nL — IN IM — mL 

“ — I — ’ * — 

where 

k = [{mN - nUy + (nL -- INY + {IM - mLY]^ 

= [1 ~ {IL + mikf + nNY\'\ 

If 6 is the angle between C and C', and if a is the angle between 
A and C", then 


cos a sin ^ = cos a\/l — cos^ 6 

= (aX + bfi + cv)\/l — {IL + mM + riNY 
= {mN — nM)\ + {nL — lN)n + iJtM — mL)v 



provided that v, w are arc-lengths along C", C', C. (Note 
that I = dxIdWj etc. If u, r, w are arbitrary, J must be multi- 
plied by ^ ^ Thus, if ^ 0, it follows that 

^ dsi ds 2 ds 3 / \Uj Vy w) ' 

cos a sin B lA and a 9 ^ 90"^, and the three curves C, C', 

C" must intersect each other at angles 9 ^ 0°. 

Example 1. For the transformation 


X = r cos By 



cos B 
sin B 


y — r sin B, 

sin B 
r cos B 


(23) 


Hence, in the neighborhood of any solution Xo, t/o, ro, ^0 such that r© 9 ^ 0, 
Eqs. (23) define r and B as single-valued functions of x and y. If we restrict B 
to be in the interval —Tr/2 < B 7r/2 (cf. Definition 19.1b), then equations 
(23) have the single-valued inverse 

r = \/ + 2 /* when a; > 0, r — y when a; = 0, 

r = — x^ -f- 2 /® when a; < 0, 0 = Tan*"^ 

X 

provided that r ^ 0, i.e., that both x and y are not 0. 

Example 2. For the transformation 

u - — 2yy » = X -f 2/» (24) 

2x -2 

1 1 



2x + 2, 
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Hence in the neighborhood of any solution //o, Uo, Vo such that / 5 *^ 0, i.e., 
X ^ —I, Eqs. (24) define x and y as single-valued functions of ?/ and v. 
In Fig. 48 it is seen that the curves (24) arc tangent at x - — 1 but every- 


w'hert^ t^Lse cross at an angle ^ 



If we restrict a; to be ^ — I or ^ — 1 
(cf. Definition 19.1b), then u and e deter- 
mine a unique point (x, y) (the curve 
71 = Uii meets the curve v — vo in only 
one point), and (24) has a single- valued 
inverse; u and v are callcKl parametric 
coordinates of the point (x, ?/). If (24) is 



solved for x and y, it is s<?en that the domain of definition of the inverse of 
(24) is given by the relation u 4* 2e ^ —1. 

Example 3. 1^'or the transformation 

u ~ X — e = X -f- y^, (25) 




“ 3i/«' 


Henc(* J is never 0 . Yet it Is seen from Fig. 49 


that the transfonnation (25) does not have a single-valued inverse unless 
we restrict y tx) be ^ 0 or ^ t) (cf. Definition 19.1b). Since a and v deter- 
mine a unique point (x, y) (under suitable restrictions), u and v an‘ (‘•••died 
parametric coorditiates of the point (x, fy). 

Example 4, Our last illustration is based on the physical properties 
of superheated steam. By the degrees of sujx'rheai of a sample of Kt(?jun at 
pressure p is meant the temperature of the steam above the boiling point of 
water at pressure p. Thus, steam at atmospheric pressure with a tempera- 
ture of 250°F. has 38° superheat. By the total heat of steam is meant th(? 
total quantity of heat that must be added to one pound of water to vaporize 
it and bring it to a given state of superheat and pressure. Suppose the 
temperature T and the total heat H of steam are given by thc^ relations 


T - Fip, S), H = 0 (y>, .S), 


(26) 


where p denotes pressure and S degrees of superheat. The fiuestion aristas, 
is the state of steam uniquely determined by the values of T and //, that 
is, does (26) have a single-valued inverse? It is known of the functions 


F and that 



is never 


0 . 


Hence the curves (26) are never 
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tangent, and in t he neigh])orhood of any Holution 7 ) 0 , So, i/©, (26) has a 
unique iTivers(‘. We leave it to the student to d(u*ide how it may bo deter- 
mined whether or not (26) lias a unique inverse for all values of p and S. 
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EXERCISES XXI 

1. Give the details of the proofs of Theorenis 20.1a and 20.1b for the 
{'me fix, y, u) = d. 

2 . Give examples of fun(ttioiis/(x, u) to illustrate the need of the phrase 
within some neighborhood in Theorem 20.2a when N is the entire 

a;t«-plane. 

3. Give examples to show how equations ( 6 ) may define u and v as 
single-valued functions of x and y in some neighborhood of a point at which 

J = equals zero. 

gu gv\ 

4. Extend Theorem 20.2 to the ease where three equations define three 
variables 'a, r. and w as functions of the remaining variables. 

f.. fr U 

S'iiggetftion , If the Jacobian J - gr„ g, Qxc 0 , then the minor of 

hu hv hv) 

some element in the first column, stiy /„, is not zero. By Theorem 20.2, 
V and w are determined as functions of the remaining variables. The proof 
now follows the same lines as in Theorem 20.2, 

6 . Prove Theorem 20.3 by induction. 
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6. Theorem 20. 1 may be stated in simple geometric language for a func- 
tion y) in the following way: if the section of the surface z — J{Xy y) 
cut by the plane x — xa has at the point (t/o, a definite, finite, and non- 
zero slope, then the section of the surface z — f{x, y) cut hy the plane 
2 = 2 o is a curve which defines as a single-valued function of x near the 
point (xo, 2/o). 

The following surfaces illustrate the variety of situations that may occur 
when the section x — Xq does not have at the point (yo, Zq) a definite, finite, 
and nonzero slope. Sketch each surface, determine the slope (if it exists) 
of the section a: == 0 at the point y = 0, z = 0, show the sections x = 0 and 
z == 0, and state whether or not the section z = 0 is a curve which defines y 
as a single- valued function of x near (0, 0). 


(1) 2 = X - y®. 

(2) z — x^ — y®. 

(3) z ~ a?® — y®. 

(4) 2 = a: - y3. 


(5) z = a;® — y®. 

(6) z = (z - y)®. 

(7) z = a:® -f- y®. 

(8) z = \/x® 4- y®. 


(9) 2 = ■^yx^ + y^. 

(10) 2 = y2/(l - *»). 

(11) 2 = - z») . 

(12) 2 = 2/V'(l - X^). 


7. If we regard the equations 

X = /i(u, d), y = /2(w, r), z = fz(u, v) 


as determining z, w, and v as functions of x and y, show by Ex. 4 that 



8. If u =fi{Xj y, z), V -f2{Xj y, z), w - fzix, y, z), show that under 
suitable assumptions 

dx/v,w \yjz/ \x,y,z/ 

9. If ui = fiixiy • • • , Xn)f • ' • , Un = fnixly * * * , Xn), show that 



(See Chap. VI, Sec. 4 for the use of Cramer’s rule.) 

10. (a) If /(x, y, z) « 0, y(x, y, z) » 0 are the equations of a curve C 
in space, show that (with certain exceptions) the equations of the tangent 
line to C at (xo, yo, zo) are 


X — Xo 


V - Vo 


Z — Zo 


/ii) Jhs) 

\Vf x/o V, */(( V, Vfi 
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(b) Discuss the geometrical situations arising when one or more of the 
Jacobians are equal to zero. 

11. (a) In Example 2 above, plot the points w « 1, r = l;w =2,*; =« — 1; 
w = — 2, t; = 0. If u and v are represented as the rectangular coordinates 
of a point in the ut>-plane, plot several of the curves z — Xo and y — ya in the 
Mv-plane. 

(b) In Example 4 above, what are the pressure and superheat of steam 
when T = 400, H = 1250; 7^- 900, H =- 1450; T = 300, H 1150. 
Sketch a few graphs to represent the inverse of (26). 

12. Discuss the transformation 

X = i(w — • f^), ?/ = '\/uv 

in which u and v are called parabolic coordinates. 

13. Discuss the transformation 



14. (a) Show that if 

X v), y = g(uy v) 

with 9 ^ 0, and if 

u * <p(x, y), V = y)j 



(b) Extend this result to n functions of n variables. 

15. (a) Show that if 

X = /(w, v), y = g{u, v), 

and 

u « <pix, s)y V = \l^{r, s), 

then 

V, «/ \w. «'/ V>»/ 

(b) Extend this result to n variables. Show that the results of Ex. 14 
are special cases of these results, 

16. If f and v are functions of the three variables x, y, z and if x, y^ and z 
are functions of the two independent variables u and v, show that 
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21. Functional Dependence. To iutroducc^ the concept of 
functional dependence, let us (onsider tlie following simple 
example: Suppose 

u = /Cr, y), V - (fix, y), (1) 

where / and g have continuous first- partial derivatives. We 
say that u and v ^re functionally related if, for each point {x, y) of 
some region D of the x?/-plane, u and v always comprise a solution 
of an equation of the form 

i'igc V) - 0, (2) 

where \J/ is differentiable and such that aiui are never* 
simultaneously 0 at any point {u, v). If we differentiate (2) 
with respect to x and ?/, we find that 

^ufx + = 0 , . . 

4'ufy + 4^r(Jy = 0. 

Since \l/u and are never simultaneously 0, we may eliminate 
and from (3) to obtain the result that 



We have thus shown that if u and v are functionally dependent 
over D, then their Jacobian (4) is identically zero over D, 

The converse of this theorem is also true, namely, if the 
Jacobian (4) is identically 0 over Z>, then u and v are functionally 
dependent. If /r, /y, gx, Qy are all identically zero, then / and g 
are constants (see Ex. V, 13). This case is of no interest and we 
pass over it. Suppose /x(xo, y^) 9^ 0. By Theorem 20.1, tlie 
equation u = f{x, y) determines x as a differentiable function of 
u and y, say x = <p{u, y), in some neighborhood of {xq^ Uo, yo). 
By (1), V == g[ip{u, y), y] and 

^ 4- 

dy/u dx)y dy/u ^ dy/; 

Since u = fix, y), 



* This Twtriction can be considerably weakened. 
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Sinre is continuous and yo) 0, y) 0 over some 

neighborhood N of (x*o, y^) and (6) may b(' solved for j at 
all points in N . If we substitute this result in (5), we find that 


4. i?') iA 

dxjy ^ ^Jl' ^ ^^)_v 

dx)y 


By hypothesis. J ^ 0. Hence 


0 wherever ^ 0. 


Tims V is a function of u alone in some neighborhood of Uo, 
say V - ip{u), and a and v are functionally d(‘pendeut. 

These results are summarized in 

Thkouem 21.1. If u — /(.r, y) and v = f/(.r, //), where f and (j 
hive continuous fir Hi partial derivatives, then u and v are funciionally 


dependent when, a fid only when 
the xy-'plane. 

Example. Tlie functioiis 




0 over some region of 


,/ = f.Ax/v^ f, _ j. 


are iiujctionally dcpcad<Mit, for 




3 ■ y \ 


It turns out that v — log 8 leg l^g n — 0. 

When Theorem 21.1 is extended to n variables, we obtain 
Theokem 21.2. If 

Ui = Xi, • • ■ , Zn), U-i = /2(xi, X-I, • ■ • , X„), 

• • • . M» = /n(.ri, X<1, ■ ■ ■ , X,), ( 7 ) 

where all the functions /,■ have amtinuous first partial derivatives, 
then Ui, •••,«» are functionally dependerd when, and only when. 


j( ^ih. y t4n \ 

\Xi, • , x j 


0 over some region D of the space of points 
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If there exists a functional relation 

* * • , Wn) = 0, 

• • , are never all simultaneously 0, then 
dyf/ duj. ^ 


such that 


dUi dXi 
d\f^ dui 


dyp dUn ^ Q 
dUn dXi ^ 


+ 


+ 


d\l/ dUn 


dUi dXn dUn dXn 

and elimination of the derivatives d\f//du\, 


0 , 


( 8 ) 


, dipldun from 


( 8 ) 


leads to the result that j(— Lifl" j ^ q. 

• * * , Xn/ 


Conversely, suppose J = 0 throughout some region Z), and 
suppose some derivative of one of the u's is not 0 in D, say 
dui/dxi. Then the first of the equations (7) defines Xi as a 
function of Ui, X 2 , • • • , Xn in D, say Xi == (p(Uy 2 : 2 , * * * , Xn)- 
Then by (7), 

U 2 ~ f2[<p(.Uly ^2) * * * > ^n)f ^2y * * * > ^»]> * * * > 

Wn ~ fnl.^iy'ly ^2f * ' ’ y ^2y * * * y ^^n]* 

If we follow the same procedure as in the proof of Theorem 21.1, 
we find that 

J 


r/«2, • 

• • 

1 

e 




, XnJ Ml 

dui 

dxi, 

0 in D, 

^Ui, 

* * * ,Wn 

) .. 

K^2y 


L 


in D. thus our 

problem is reduced to the case of n — 1 functions in n — 1 
variables. The theorem follows at once by induction. 


EXERCISES XXII 

1. Determine which of the following sets of functions are functionally 
dependent : 

(a) a; = w — t> + 3, 2 / = w* — 2uv -h r* -f 7. 

(b) a; = 3w -f- 4t; — 2 / = 2u — V + Sw^ z = 6w 4* — 2iv — 1. 

(c) u ~ sin {x — y)y V ^ cos^ {x — y), 

(d) x = w* -f 2/ =* w* — 1 ^*. 

2. Carry out in detail the proof of Theorem 21.2 for the case n « 3. 

3. If tp is a function of u and v such that v* — w^) « 0, show 

, Bw , dw 
that vtv — 4 - uw — ■“ uv. 
du dv 
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4. Consider the pair of lines 


w = aia; + biy 4- ci = 0, 
V = a^x + 622/ + C2 =0. 


(a) 

(b) 


Prove that 


Prove that 


-fe) 


7 *^ 0, the lines intersect in exactly one point. 

— 0, with at least one of the elements of / in 


each row not zero, the lines are parallel. 

(c) Find a criterion for distinguishing between the case where u and v 
are coincident, and the case where u and v arc parallel but not coincident. 
5. Extend Ex. 4 to the case where there are three planes 


71 == aix -f- biy -f Ciz di =0, 

V — aix + hzy -f- C 2 Z 4-^2 — 0, 

TV — asx 4 - bzy 4 - czz 4-^8 = 0 . 

22. Normal Derivative. In formula (A') of Sec. 18, namely, 

= Vo) cos a + fy{xo, yo) sin a, (A') 

Xo,vo 


dfjx, y) 
ds 


represents the value at (xo, i/o) of the rate of change 


df(x, y) 

Ja:o,2/o 

of S{x, y) with respect to the distance s trails versed by the point 
{Xj y) while moving along the curve C with equations x = p{s), 
y = was pointed out at the beginning of Sec. 16 that, 


at the fixed point (xo, yo), 


df{x, y) 
ds 


may have different values 


according as the point (x, y) moves along different curves C, 5 
of course always being measured along the curve traversed by 
dfix, y) 


(x, y). Since 
through (xo, yo), 


ds 
dfjx, ij) 
ds 


has a definite value for each curve C 


xo,yo 


is vl function of the curves C through 


(xo, yo)- But we can say even more than this. 

In formula (A'), the coefficients /x(xo, yo) and fy{xo, yo) are in 
no way related to the curve C, for they are determined entirely 
by the function / and the point (xo, yo)- Hence, for a given 
function / and a given point (xo, yo), the only variable in (A') is 
^dfix, y) 


a, that is, the value of - 


ds 


at (xo, yo) depends only on a. This 


fact is of such fundamental importance that we shall elaborate 
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upon it. Let C and C any two curves in the x^-plane througli 
the point (jo, yo) and having there the common angle of inclina- 
tion a, and let .s and s represent the ar(^ lengths along C and C. 


Formula (A') shows tliat 


dfjx, y) 
ds 


(xiuals 


y) 

ds 


where (.r, //) moves along C in and along C in 


J-o./Zn 

In 



ds ds 

other words, the value at (x-o, ^o) of the rat(‘ 
of change of f{x, y) with respect to are 
length is the same for all curves ha^ ing 
the same direction at (xo, yo). This rmnrfunt 
df(x, y) 


value of 


ds 


for all curves C witli 


direction a at (xo, yo) is called the spaca' rat(‘ 
of change of / at (xo, yo) in the direction a, or, in more techni(‘al 
language, the directional derivative of/ at (xo, yo) in th(^ dire(*tion 
a. To determine the directional derivative of f at (xn, yo) in any 

(fiven direction a, it is necessary merely to find 

formula (A') for the proper value of a. 


Since, for a given function /, the valu(‘ of 


y) 

ds 


at tfie fix(‘d 


point (xo, jjo) depends only on a, 


dfix, y) 

ds 


is a function of the 


one variable a and may he denoted by f^fa), the subscript ,s‘o 
indicating that /has been differentiated with r(‘spe(*t to s and the 
derivative evaluat(‘d at (xo, ?/o). We know from elementary 
calculus that /« (a) has a maximum at a = if ao is a solution 


(J 

of the equation ^ ^hat 

formula (A'), 
d 


< i). By 


da 




-fx(jro, jjo) sin a +/,,(x„, yo) cos or. 


( 1 ) 


The various solutions ao of the equation ~ ^ are evi- 

dently given by the formula 


tan ao = 


fvi^oi yp )^ 

fxixo, yo) 


( 2 ) 
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the case where «o is an odd multiple of tt/ 2 being treated in the 
usual formal way. Furthennon*, 

<-o.s «„ -f yi)) sin a,i. (3) 


Tf this expression has a negative value, oo maximizes ; if this 
expression has a positive valu{\ ao minimizes /j, (a). The ease 
where (3) has the valu(‘ zero is taken up in Fx. 5 below. 

E(|uation (2) always has (*xa(‘t}y two solutions a-, arui 
between 0 and 27r rad., and a/) = oo ± tt. Since 


and 


cos = cos (ao + tt) " —cos ao 
sin a'o ~ sin (an i tt) -■= — sin cvo, 


th(‘ values of (3) for ao and a'o ar(‘ niun('rically ecjual but of 
opposite sign. Hcnice either ao or aj^, say ao. is a value of a 
for whi(th lias a maximum and tin* otlaa’, ao, is a ^'alue of a 

for which /^^(a) has a minimum |unl(‘ss (3) lia> tla^ xalue zero 
for both ao and ao|. /*^.(«) has no otlnn’ maximum or ininimum 
value for a between 0 and 27r. 

DuKiNlTiON 22.1. Lrl ao denote the nniqoc direction at {xo, //o) 

in which i^ n maxitnnin>, let T he any carve in the 

xy-plane through (xn, i^o) leith slope tan a,, there, and let n, instead 
of s, denote the arc-length of such a curve C. Then the symbol 

df(.v 7 /) 

' T ’ ■ indicates by the letter n that the point (.r, //) /noves along 

oU To,jru 

some curve C having slope tan ao at (.ro, ?/oj ; is called 

an .r),v» 

the normal derivative of f at (j^o, 2/o). 

O- ■ ■ 2 /)] •. 1- n .1 

Since ao maximizes , / , d lollows that . is 

J’a.Uo an 


, it follows that 


df{e, y) 


.1 • 1 i- y) 

the maximum value ot " 

ds 


The reason tor calling 


df(x 7 /) 

J ^ le.l f h(v ‘^normal ” derivative lies in the following t heorem 

da' Jr 0,1/0 

which will be proved in Ex. 7 below. 
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Theorem 22 . 1 . If /(x, y) is a given function, if (xo, ^o) is a 
given point, and if ao is determined by equation (2), then a line with 
direction angle ao is normal to the curve f{x, y) == k, where 

^ = /(^o, 2/o). 

In successive columns of the following table are shown the 
various possible combinations of signs of /x(xo, ?/o) and/y(xo, y^). 
When these two quantities are both positive (second column), it 


fAxo, 1/0) 

+ 

■f 

- 

- 

Mxo, Vo) 

•f 


- 

-f 

OtQ 

I 

II 

Ill 

IV 


follows by (2) that tan ao is positive, and hence that ao is in the 
first or third quadrant. By the above definition, ao maximizes 
/,^(a). Hence (3) represents a negative number, that is, 

fx{x^, ^o) cos ao + fy{X(^, yo) sin ao 


is a positive number. Since /x(.ro, ?/o) and/y(xo, ^o) were supposed 
positive, the signs of cos ao and sin ao show that ao cannot be in 
the third quadrant. Tiiereforc ao must be in the first quadrant 
as indicated in the table. It is left to the student in Ex. 4 below 
to carry through this argument for the remaining columns of the 
table. 

It follows from the table that sin ao and cos ao always have the 
same sign as fy{x(^, yo) and /*(xo, 2 / 0 ), respectively. From this 
fact and (2) it follows that the formulas 


cos ao = 
sin ao = 


fxjXo, t/o) 

Vlfxixo, ya)Y + yo)V 
Mxo, yo) 

V[fx:ixo, yo)Y + [/»(a:o, 1 / 0 )]' 


(4) 


determine cos ao and sin ao in sign and magnitude. Substitution 
of these formulas in (A') leads to the result that 


dfjx, y) 
dn 


= V\fx{Xo, yo)]* + Iftixo, ^0)]*. 

JXQfVa 


(5) 
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dfix I 

It is seen from (2) and (5) that ■ - ■ is represented in 

Ja;o,yo 

direction and magnitude by the vector whose x- and y-compo- 
nents are/af(a;o, 2/o) and/y(xo, 2/0). In vector analysis, this vector 
is denoted by grad / and is called the gradient of /. 

EXERCISES XXni 

df{Xy 2/)l 

1. (a) Find — when /(x, y) ^ x* — Zxy and the point (x, y) 

ds Jl,2 

moves along the curve C with equation y — x^ — x 2. 

Suggestion, To evaluate cos a = dx/ds and sin a = dy/ds^ find 
tan a = dyjdx from the equation of C. 

(b) Repeat (a) when the equation of C is y = 3 — (1/a;); when the 
equation of C is 2 / =■ 2 -f log x\ when it is known of C merely that its slope 
at (1, 2) is 1. 

2. Find the direction ao of the normal derivative of /(a;, y) ^ — Sxy 

at (1, 2), and find both by (5) and (A')- 

dn Ji,2 

3. Find the directional derivative of /(a?, y) = \/x — y at the point 
(2, —2) in the direction a = 150®, Find the direction of the normal deriva- 
tive of this function at (2, —2) and find — — 

on J 2 , — 2 

4. Show that the signs of/*(xo, t/o) and/y(xo, 1 / 0 ) determine the quadrant 
in which ao lies as indicated in the above table. 

5. Show that (1) and (3) can both have the value zero only when 


/xCxo, yo) =fy{Xoy yo) “ 0. 


(★) 


[Set (3) equal to zero and eliminate ao from the resulting equation and (2)]. 

In case (1) and (3) are both zero, so that (^) holds, = 0 in 

Jxo.Vo 

every direction, and ao is indeterminate. The full significance of condition 
(^) is discussed in vSec. 25. 

6. If in formula (2) we think of (xo, yo) as an arbitrary point, then we 
may omit the subscripts and the formula 


tan ao 


y) 

Mx, y) 


determines ao at each point (z, y). In this formula, z and y are independent. 
But suppose we determine y as such a function of z that the graph of y 
is a curve C whose slope at each point (z, y) on it is tan oo. Two things are 
evident: (1) y must be such a function of z that 


dz /,(z, y) 


( 6 ) 
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«ince dy/dx represents the slope of C and sineo tan ao - y)/fxix, y). 
Conversely, every* sohition ij of Eq. (6) has for a graph a curve with slope 
etjual to tan ao at each point on it. It therefon? follows that the set S of all 
solutions of (6) detini's exactly the set of all cuiwes with slopes tan cto at each 
tx)int on them. (2) At each point (r, //) on any particular curve C of the set 
E th<i directional derivative of / is a maximum in the direction of C since 
the slojie of C at (x, //) is tan oto. Hence n may b(' used to denote the arc 
length of C and d/(x, y)/(ln is the normal derivative of / at each point of C. 
[Note that this last asscirtion was true in Definition 22.1 for only the par- 
ti(nilar point y/ni on C.\ Thus the curves of the set E comprise all the 
loci that may la* traced out by a point P moving so that the value of / at P 
is always changing at th(^ njaxiinum possible* rate. 

Methods for integrating Kq. (6) will be given in Chap. III. How- 
ever, there is one parti(‘ularly simpli; case where the integration may b(^ 
eff(ict<jd at onc('. If dy/dx — ip{x)/4^(y), write this relation in the form 
^{y) dy = (p(x) dx and integratet hot h sides. Integrate Eq. (6) by this 
method in the following (\‘ises and state th(^ significance of the solutions: 

(1) f(Xj y) ~ xy. [The sohith)n of (6) in this case is x‘^ — ^ c, wfu^re 

c is an arbitrary constant. For each value of c this equation defines a curve 

dpx, 

C such that, at an\ point Pit\(\ 

ds 


is a inaxinmm in the direction 
r 


of C.\ 

(2) fix, y/) = -t- Ip. 


Eolution. log y = log x + log c, when* fla* constant of integration is 
written log c. This solution reduces to // - cx. 

(3) Six, y) - +- 

(4) /(a:, y) ^ log (r - y). 

Check the int(‘rpr(itation of part (1) in the following mariner: Let c = 3. 
Find the slope of r- — y- - 3 at (2, 1 ), find tan oo at (2. 1) by formula (2) 


of Sec, 22, and compan^ results. 


Fiiul 


dfix. //) 
dll 


bv (5} of Sec. 22, find 

2,1 


dfiXyj) 
ds J2,l 


by tA' when (j. y) movies along the curve x^ 


-- 


3, and 


compare result>. 

7. (a) Find a formula for tlu* direction a.^ in which ^ 

ds 


Show that tan ai is the slope of the curve /(:c, y) ^ k at the point (xo, /yo). 
Show that the directions cto and ai are at right angles. Prove Theorem 22. 1. 

(b) Check Theorem 22. 1 by plotting on the same axes a few of the curves 
C of Ex. 6 and a few of the curves fix, y) — k in the case where fix, y) is the 
function of part (1 ) of the preceding exercise, liepeat this check by taking 
/(x, y) as the functions of parts (2) and (4) of the preceding exercise. [To 


*lt will be .shown in Chap, III that Eq. (6) has a one-parameter family 
of solutions. 

tSee Chap. II. Fart A. 
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plot log (x — y) = ky write this equation in the form j- — // = e* = k'y and 
choose various values of A:'.] 

(c) Why does the equation -f- *• — k represent the same set of 

curves as the equation x* + ~ k? [Noiv ihe last sentence of part (h).] 

Why are the solutions of parts (2) and (3) tlie same in Ex. 6? What would 
have been the solution to part- (4) of Ex. (i if fix, y) had been sin (x ~ 
Vx”- y? ^(x — y), where <p is an arbitrary function? State a general 
theorem which is (‘xcuuplificd by the answers to the preceding questions, 

8. In Exs. G and 7 it was shown that at any point (x, y) the direction 
along which a function /(x, y) changes most rapidly is always orthogonal 
to the direction along which /is constant. This result has many important 
physical applications, a few of which we now state. At any point in a Tnat(‘- 
rial substance the flov\' of heat is always in the direction along which th(' 
temperature changes most rapidly; hence the flow of heat in a thin flat sheet 
of material substaiKje is always along the set of curves orthogonal to the set- 
of curves of constant temperature (isotherrnals). At any point of an electric 
field the force acting on a charged particle is always in the direction along 
which the jK>tential of the field changes most 
rapidly; hem^e in a plane cl(^(dric field the forc(‘ 
acting on a charged particle is always orthogonal 
to the curves of constant })otential (equipoteiitial 
curves). If something of variable concentration 
is diffusing through spac(^, such as a .solid as it 
dissolves in a liquid which is not being stirred, the 52 . 

flow at any point is always in the direction along 

which the density changes most rapidly; hence the paths of diffusion in a 
thin flat layer of material are orthogonal to the curves of constant density. 

Suppose the functions /(x, //) of Ex. G represent temperature, potential, 
and concentration in connection with physical situations of the sort just now 
desc!ribed. Give the physical interpretations of the (nirv(‘s plotted in Ex. 7b, 



9. Show that — I “ T" ) " here vi is the angle between the 

directions along which df /ds and dj/dn are taken. (If d} /da is teken in the 
direction ae, then ^ = ao — a. Expand cos and (*valuate dffdUy cos ao, 
and sin ao by formulas (4) and (5) of Sec. 22.) 

Note that if ^ — 90^, we obtain the result found in Ex. 7a. Also note 
that df /ds is a maximum when ^ = 0. 

Check the above formula by means of the results of Exs. 1, 2, 3 above. 
The above formula in ay be ^‘derived” geometrically by drawing the 
graphs Cl and C 2 of the equations /(x, ?/) ~ Ai, /(x, ?y) == itz, where k% — k\ 
is numerically small, taking PQ orthogonal to C,, noting that (see Fig. 62) 


k2 — ki 



PQ - 



PQ' 


approximately^ and assuming the sector PQQ' to be approximately a right 
triangle so that PQ « PQ' cos 
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10. Show by the preceding exercise that the sum of the squares of the 
directional derivatives of /(aj, y) at a point P along any two perpendicular 
directions is always the square of the normal derivative of /(x, y) at P. 

11. Find the directional derivative of /(a;, y) along the curve x « p(w), 
y « q{u)j where u ^ s. 

12. Find a formula for the normal derivative in polar coordinates. (See 

d/(r, e) df 1 df 

Ex. XIX, 32.) Show that ■ — - — = — cos sin where ^ is the 

as dr r 00 

angle between the direction in which df/ds is taken and the direction 0 , 

13. If T represents a temperature distribution over a plane area, then 
dT jdn is called the temperature gradient. Find the temperature gradient at 
(1, ir/4) when 7’(r, 0 ) = (sin 20 )/r^. In what direction is it taken? 

14. Derive the formula 


df{x, y, z) 
ds 


\Z0,V0,Z0 


2/0, Zo) cos a -^fvixo, 2/0, Zo) COS 

+ /*(xo, 2/0, Zo) cos 7, (7) 


where x = p(«), 2/ — ?(«)> 2! * r(s) are the parametric equations of a curve 
in space with arc length s, and where or, /3, y are the direction angles of this 


curve at the point (ojo, 2/oj 2o). Show that 

ds 

as determining a directional derivative in space. 


Jzo,2/Ot20 


may be regarded 


15. Find the direction along which 


df{x, 2/, g) 
ds 




is a maximum and 


find this maximum value. 

Solution. It will be shown in Sec. 25 that the coordinates ao, /3o, of a point 
where a function g{a, /3) has a maximum are determined as a solution of 
the pair of equations ^a(a, $) * 0, g^(a^ = 0. (We omit all reference to 

second derivatives for the sake of simplicity.) Let us apply this result to 
(7), regarding 7 as a function of a and /3 determined by the relation 


cos* a -f- cos* /3 -f- cos* 7 = 1. 


(8) 


Differentiation of (7) gives 



Oy 

-fx(xoj 2/0, Zo) sin a — /*(xo, 2/0, Zo) sin 7 

da 

2/0, Zo) sin ^ - /,(xo, 2/o, Zo) sin 7 

Op 


( 9 ) 


Befofe we set these expressions equal to zero, let us simplify them. Differ- 
entiation of (8) with respect to a and p gives 


—2 cos a sin a — 2 cos 7 sin 7- 


—2 cos 0 mn p — 2 cos 7 sin 7 


£7 

00 


0, 


0 . 
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If we solve these identities for sin y^dy/da) and sin yidy/d^), substitute in 
(9), and then set (9) equal to zero, letting (ao, To) denote a solution of 
the equations so obtained, we find that 

fx(xo, 2/0, Zo) ^ /v(xo, 2/0, So) 

cos ao = r COS To, COS Po = — COS To. 

fziXoj 2/o, Zo) ft\XQf 2/o, Zo) 


These formulas, when substituted in (8), show that 
cos ao = cos |8o 


Vh +fy+n 


Vn +fi +ji 


cos To == 


ft(.X 0 f 2/o, Zo) 


( 10 ) 


Vf:+/‘+fi 

where (xo, 2 / 0 , so) has been omitted from the denominators for brevity. 
Formulas (10) determine by means of the direction angles ao, i3o, To the 

‘ifl 


direction in which — I is a maximum. If we substitute (10) in (7), 
? Jxo, 1/0,20 

we find that the normal derivative is given by the formula 


dnjxo 

where ^1 
dnj 


= \^lf:r(xo, yo, So)]* + lfv(xo, 2/o, So)]* + [/f(xo, 2/o, So)]*, (11) 


is the maximum value of 


X0,1/0,Z0 


ds 


and where n has the same 


significance as in Definition 22,1. 

Compare these results with those obtained above for a function of two 
variables. Define grad /. 

16. By reasoning as in Ex. 6, derive and interpret the systems of equations 


^ - /»(^> 2/> g) ^ ^ fv(^i Vy ^) ^ ^ g) 

~ Vfi+fiTn ~ Vfi+lf+n ” Vfi +fi+fi 

and 

^ = /v(^t y, g) ^ ^ ^ Mx, y, z) 
dx fx(xj 2 /, z) dx fx{x, 2 /, z) 

What is meant by a solution of the system (12)? How does such a solution 
define a curve in space? What is the significance of the curves determined 
by (12)? 

Methods for integrating (12) will be given in Chap. III. Show that 
y tm aXf z ^ bx, where a and h are constants, is a solution of (12) when 
f(x, 1 /, z) * x* -h y* + 2 *. 

17. Show that ~ where ^ is the angle between 

dSjxo,Vo,xo dn JxQ, yo,tQ 

the directions along which df/ds and df/dn are taken. Extend the result 
of Ex. 10. 
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Suggeiitum. Recall that cos ^ — cos a cos ao + c^os jtf cos + cos y cos y^i. 
See Ex. 9. ** 

IvS. Show by Ex. 17 that the surfaces /(x*, t/, z) k are orthogonal to every 
curve represented by a solution of (12). Note that the numerical example 
of l^lx. lf> illuvstrates this result. Extend the discussion of Ex. 8 to physical 
situations in space. 

19. fliustrate all tin* results of Exs. 14 to 18 by means of the function 
/(.T, y, z) = xyz. In Exs. 14 and 15, take (xo, ijo, zo) as the point (1, 2, 3); in 
Exs. 14 and 17 takti a (i — n/i, 7 — ir/2. Integrate equations (12), 
using Ex. t). (1) as a clue to guess th(^ solutions. 

20. I'ind a formula for th(‘ normal derivativci of a function defiiiod over 
three-dimensional spa(Hi in polar coordinates. (See Ex. XIX, 32.) 

21. Find a formula for the normal derivative of a function defined in 
cylindrical coordinates (r, <^,2), where x = r cos </>, y — r sin 4>, z — z. 

22. Extend all the above results to functions of n variables. 

23. Point Functions. Invaiiaitce of Directional Derivative. 

In this section we shall show that the directional derivative is an 
invariant. However, before considering this matter we must 
first distinguish between a point function and a function of 
several variables. 

If a physical situation determines at each point of space the 
value of some physical quantity Q, such as temperature, density, 
potential, stress, acceleration, • • • , then we may indicate the 
direct connection between the values of Q and the actual points 
P of space by representing the value of Q at P by Q{P), The 
notation Q{P) stresses the fact that the values of Q are correlated 
directly with points P quite independently of any coordinate 
system which may b(? used to locate P, and without the aid of 
any formula. 

Definition 23.1. //. by any nueans, the values of some quantity 

J are determined at, and wnrlaied directly with, the actual 'points of 
some portion of spac^, thenf is called a point function. 

The following examph\s illustrate this idea : (1) If at each point 
P near a certain magnet tlie field has a definite strength F 
measured in some system of units, then F is a point function and 
we denote the value of F at P by F{P). (2) I^et <7 be a family 

of curves in space such that exactly one curve of the family 
passes through each point of space, and such that each curve has 
a definite curvature K at each point P on it. Then K{P) is a 
point function defined by this family of curves. The value of K 
is quite independent of any coordinate system used to locate P. 
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We should note that the concept point function is quite in 
contrast to that of a function / of three variables (such as a 
formula) where the value of the quantity / is determined for 
each set of values of the three variables. Thus, the value of / 
for the values a, b, c of thn^e variables is denoted by /(a, b, c). 
This symbol in no way implies that a, b, and c are the coordinates 
of a point with references to any coordinate* systenn; or if o, 5, c 
are the coordinates of a point, the syml)ol in no way indicates 
the particular coordinate* syst(‘in in mind. The* ae^lual symbols 
used for the three variables under consid(*ration are irn*]evant ; 
for whether we write/(x, y, z). or/(w, r, w), or /(f, rj, f) is immate- 
rial, since these sjunboLs all d(*»U)t(^ the sane* nundH*r when 
(x*, y, z), (?/, V, w), and (f, r?, f) denoti* tin' same s(‘t of numbers. 

Now suppose that f(F) is a ^-iven })oint function and suppose 
that we introduce a rectangular (‘oordinatc* system (x, ?/, z), a 
polar system (r, <j), B), aiid some other syst(*m (X, /x, v) for repre- 
senting points P, wli<*re now, in ('ontrasl wilh tin* preceding 
paragraph, we use a d(*finit<* s(*t of l(*Hers to refer to a definite 
coordinate syst(‘m. If Jr is tlu^ function of thr(*(‘ variables 
(formula) such that/(y^) = /r(x, ;//, z) when F and (.r, //. z) denote 
the same point, then Jr is said to represent the point function / 
in the (x, y, z) coordinate system. Similarly, if/,, and /. are the 
functions of tliree variables such that J{F) — fp{i\ 0, 6) and 
/(/^) ~ frO^^ M, r) when F and (r, 0, B) or F and (X, fi, v) denote 
the same point, then /,, and /,. represent / in the (r, 0, B) and 
(X, /i, u) systems. It is evident that /r, /p, and fc are all different 
and that none of these functions can be identified with / itself ; for 
examph*, if Jr represcaits the temperature at P, no formula for 
the? temperat^ure of a (*(*rtain substance can bo identified with the 
temp(^rature itself. Furthermore, Jj, can be determined from Jr 
by the equations relating x, y, and z with r, 0, and B; Jc may be 
obtained in a similar manner from either Jr or Jp. However, it 
is inconvenient to, retain the vaiious -subscripts on the letter/ 
and it is customary to omit them. But then we have the 
paradoxical situation that 

/(P) = /(X, y, z) = J(r, 0, B) ^ /(X, m,. (1) 

in which (x, y, z), (r, 0, 0), and (X, y, v), while representing the 
same point, do not represent the same set oj numbers (see the 
preceding paragraph) and in which the letter / denotes four 
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different functions, namely, the original point function/ and three 
different functions of three variables. In particular, /(a?, y, z) 
denotes fr{x, y, z). However, the notation f{x, y, z) admits the 
reading “the value of the point function / at the point (a:, y, z) 
just as /(P) denotes “the value of / a,t P” In this sense, f{P) 
and /(x, y, z) mean exactly the same thing, i.e., the value of / at 
a certain point, the only difference between the two symbols 
being the notations used to denote a particular point. Hence 
each of the last three symbols in (1) is used to denote the value 
of both the point function / and a function of three variables. 
The advantages of this double use of notation are (1) the use of 
the same letter / in the symbols /(x, ?/, z)y <^, 6) and/(X, /x, v) 
emphasizes the fact that the various functions of three variables 
denoted by these symbols all represent the same point function 
/, and (2) it avoids the necessity of specifically introducing 
different letters to denote these different functions of three 
variables. 

We are now in a position to consider the invariance of a direc- 
tional derivative. Let /(P) be a point function defined in space 
and let C be a curve in space with arc length s. If we think of 
P as moving along C, then df{P)/ds represents the rate of change 
of / along C with respect to s; in fact, 

Cl'S Jpo 

where P approaches Po along C and where As is the arc length 
along C between Po and P. Thus, once the unit of length is 
determined, df{P)/ds has an absolute significance independent 
of any coordinate system. Hence df{P)/ds is a point function. 
But to calculate df{P)/ds it is necessary to introduce coordinates 
and u^ formula (A') or some other such formula. The following 
question inevitably arises: If we introduije two different rec- 
tangular coordinate systems (x, yj z) and (Z, F, Z) to calculate 
d/(P)/ds, will we necessarily obtain the same result? Obviously 
not, for the two systems may be based on different units of length. 
Will the calculated value of d/(P)/ds depend on any other 
feature of the coordinate systems used, such as the origin selected 
or the orientation of the axes? 

To . answer this question, consider two rectangular systems 
(x, y, z) and (X, F, Z) based on the same unit of length and with 
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a common origin. Then formula (T) of Ex. XIX, 36, gives 
the relations between (a;, j/, z) and (X, F, Z). Let the direction 
angles of the curve C of the preceding paragraph at the point Pq 
be a, jS, y with respect to the (x, t/, z) system and let these angles 
be Ay By C with respect to the (X, F, Z) system. It is left to 
the student in Ex. 7 to show that 

fx{Po) cos a + fy(Po) cos p + fziPo) cos y 

= fxiPo) cos A + fr{Po) cos B + /z(Po) cos C. (2) 

It is also left to the student to show that this relation holds when 
one coordinate system is a translation of the other. It follows 
that this relation holds for any two rectangular systems based 
on the same unit of length. 

Because the quantity fz(P) cos a + fv(P) cos P + /*(P) cos y 
has the same value for all rectangular systems based on ^ the same 
unit of length, a, jS, and y always being determined with reference 
to the coordinate system denoted by (x, i/, z)y we speak of this 
quantity as an invariant with respect to such systems. (Is it an 
invariant with respect to all rectangular systems?) It is one of 
the fundamental objectives of mathematical analysis to discover 
invariants since these quantities in physical or geometrical 
applications have absolute physical or geometric interpretations 
which are independent of the coordinate system used to express 
them. 


EXERCISES XXTV 

1. Given a point function /. Why has the symbol /(I, 2, tt) no value? 
How may it be given infinitely many values? What is the significance of 
this symbol when / is a given function of three variables? In this case can 
it have more than one value? Does its value depend in any way upon the 
interpretation of the three variables as coordinates of a point? 

2. Given a formula fv in three variables (or more generally, a function fv 
of three variables). When and how does fv define a point function /? 
Exactly what does / denote? (Of course, / denotes the point function deter- 
mined by Jv. But answer the question without using the word function 
and do not suppose that fv represents a physical quantity. See footnote, 
p. 115.) 

3. Suppose that the notations (p, g, r) and (u, Vy w) refer to two given 
coordinate systems. If / is a function of three variables, then /(p, g, r) and 
f{Uy Vy w)y whUc rcprcsenting the same function of three variables, may be 
regarded as defining differerd point functions. Under what conditions with 
regard to the points (p, r) and (tt, t>, w) will these two point functions 
have the same value? 
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4. in a certain coordinate system the coordinates (w, Vy w) of each point 
P are related to the rectangular (coordinates (x, y, z) of P by the equations 


~ x{x -{- //), V — (x + y){x -f z), w — x{x -|- z). 


Do the functions 


{rl - 0 


and 


y 


X 


represent the same point function ? 


5. Given a point function/ defined in space and a curve C in space repre- 
sented in two different ways by parametric, equations involving two differenf. 
parameters u and Compare /(w) and/(t^')- 

6. Given the surfa<ce S whos(‘ parametric (ccpiations in a rectangular 

coordinate system are x - v), y = t»), and ^ v). Let / 

be a point, function. Discuss fully the notations /(?/,, v) and/(w/, e'), where 
u* and v' provide a seccond representation of S. 

7. Prove formula (2) in 8(^c. 23. 


Hint. 


Note that fxiPo) 


ry(.Y,_F, Z) 


Po 


But/(X, y, Z) ^f(x. //, 


when ('A\ Y, Z) and (x, //, z) represent the same point since / is c point 


function. Hence 


d/(X, F, Z) 

Yx 


af{x, //, z) 
dX 


This last derivative 


Po 


may be evaluatcnl by formula (B). The quantities /^(/'‘o) and//(Po) ani 
treated similarly. The combined coefficient of /r(Po) reduces t.o cos a by 
(18) of Ex. XIX, 36. 

8. Show that the normal derivative and the direction in which it is taken 
are invariants with r(\sp(‘ct to rectangular coordinate systtnns bascid on the 
same unit of length. 

Hin^i. To show thc^ invariance of the normal derivative, note Ex. XIX, 
36. To shoAv the invariance of the direction of the normal derivative, 
express cos i4o, c.os /y„. and cos Co in the (X, F, Z) system, evaluate cos ao, 
cos do, and (;os 70 in terms of Ao, Bo, Co, and the direction angh^s of th(» 
(z, 2 /t axes wHh reference to the (X, F, Z) system, and show that the 
results reduce to the usual formulas for cos ao, cos do, and (^os 70 in 
the (Xj yy z) system. 

9. If /is a point function, if C.is a curve in space, and if -a is a parameter 
determining the position of the point P on C, show that df(P)/du is an 
invariant when calculated in any coordinate system. 


24. Differentials. Let /(a:, 2/, • • * ) be a function of a finite 
number of independent variables Xy y, • • • . Since each of the 
variables x, ?/, • • • is independent, Ax, Ay, • • • may be 
assigned arbitrary values; that is, Ax, Ay, •• • are independent 
variables. * 


* We do not assume that Ax, Ay, • • • are small or are approaching zero. 
In certain applications it is necessary to assume that these variables are 
arbitrarily large. 
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df = /a(x, y, Ax +fy(x, y, ' ) Ay ‘ . (1) 

(cf. Sec. 8). It should be noted that the value of df depends, 
not only upon the values of Ax^ Ay, • • • , but also upon the 
values of x, y, ' • • at which the partial derivatives of / are 
evaluated. Thus, the value of df at the point (xo, t/o, * * * ) 
df = fz(xo, 2 / 0 , * • • ) Ax + fpixo, 2 / 0 , • • • ) Ai/ + * * • . 

If f{x, 2/, • • * ) is merely the quantity x, then it follows by (1) 
that dx = Ax. Similarly, dy = Ay, • • * . Thus the differ- 
ential of an independent variable is the same as its increment. 
Hence we may write (1) in th(^ form 

df = M-f, y, ■ ■ ■ )(l.r + fy{x, y, ■ ■ ■ ) dy + ■ ■ ■ . (2) 

where x, y, • • • are independent variables. Now suppose that 
X, y, ' ‘ ' are not independent but functions of a finite number 
of independent variables u, It follows directly from 

(2) that, f(x, 2/) * • * ) bein^ regarded as a function of the 
independent variables u, r, • • • , 

df = f- dll + f dv + ■ ■ . 

dU dv 


But the coefficients of du, dv, 
formula (B). Hence 


, may b(‘ evaluated by 


df 


[to 


^ I ^dy 

du dy du 


+ 


du 


dfdx dfdy 
dx dv dy dv ^ 


dv 4- 




) 


_ ^/to 

■ -■ ' Bv 

+ d 

^ dy\du ' dp 

It follows by another direct application of (2) that 


du + ~ dv 


) 


+ 


( 3 ) 



168 HIGHER MATHEMATICS [Chap. I 

It is evident that (3) reduces to (2) by virtue of these relations. 
This proves 

Theorem 24.1. ///(x, 2/, * • • ) is a differentiable function of 
a finite number of variables x,yy • • • , then, whether Xjy^ ••• are 
independent or not, 

df = /»(x, y, • ’ • )dx + Sy{x, y, dy . 

Higher Differentials. For certain types of work, some people 
prefer to use differentials. We shall let d^f, d^f, • • • , d^f 
denote differentials of / of the second, third, * • * , and nth 
order, respectively, where 

d^f = d{df), d?f = d{d}f), • ^ ^ ,d-f = d(d-^f). 

If / is an independent variable, we define 

d^f = 0, d'/ - 0, • • • , d-f = 0. 

Consider a differentiable function / of the two variables x and 
y. Then 

dV = d(df) - <b + I dy + ^ dm. (5) 

Since 

<{1) - s(|) * + 4(1) ^ * 

Eq. (5) may be written in the form 

= §1 (da;)2 4. 2^^ dxdy + (dy)^ + ^ ^ 

ax* ^ ’ ^ dxdy ^" dj/* ^ dx dy ^ 

Similar expressions may be found for d^f, • • • , d^f. If x is an 

independent variable d^x = 0; likewise if y is independent, 

dV « 0. 

EXBRCISES XXV 

1. If f(x, y) - X* — 3xy, find df when x - 2, y «* 3, Ax ** 0.05, and 
Ay » —0.02. Also find A/, where A/ * /(x + Ax, y 4* Ay) — /(x, y). 



Sbc. 24] 


DIFFERENTIAL CALCULUS 


159 


2. If 6 = — - a, and if A, Bj and a are measured to be 30°, 45°, and 250, 

sm A 

respectively, find the error dh in the calculated value of h due to errors 
dA =» 0.002 rad., dB == —0.003 rad., and da =« —0.005. 

3. (a) If a = \/ 52 -f c® — 26c cos A, and if 5, c, and A are measured to 
be 12, 15, and 30°, respectively, find da when dh = 0.1, dc = —0.2, and 
dA = 0.04 rad. [These measured values of 6, c, and A are to be used in 
parts (b) and (c) of this problem.] 

(b) Find the maximum value of da when dh =* ±0.1, dc = ±0.2, and 
dA = ±0.04 rad. by selecting the signs properly. 

(c) What is the largest value dA may have in order that da may not be 
greater than 0.01 when dh = dc 0.001? 

(d) Find dA when 6 = 12 + 0.002T2, c - 15 - 0.05T, and a » 20, 
where T represents temperature in degrees centigrade, given that T is 
originally 0 and that dT = 10. (First compute da, dh, and dc.) 

4. If 2 = x* — y^, where x u v, y — 2u — v, find dz when w = 1, 

V — —2, du — 0.1, and dv = 0.05 by two methods: (a) by computing dz in 
terms of dx and dy, and (b) by substitution of x and y directly in the formula 
for 2 . 

6. Liet us consider equation (2) when there are only two variables x and y. 
On the graph of f(x, y) show the geometric representation of /^(xo, 7/0) dy, 
fx{xo, 2/0) dx, and /x(xo, 2/0 + dy) dx. (Remember that, in the notation of 
Ex. XVII, 4, fxixo, yo) = tan <p and /v(xo, yo) = tan ^.) What quantities 
are approximated by 

fv(xo, yo) dy, fxixo, yo + dy) dx, and fy(xoy yo) dy +/»(xo, yo + dy) dx 

when dx and dy are small? (See Sec. 8.) How does df differ from this 
last quantity? What three sources of error are involved in the use of df as 
an approximation of the quantity /(xo + dx, yo -h dy) — /(xo, 2/0)? Show 
that the point (xo dx, yo -f dy, /(xo, yo) + df) lies in the plane tangent 
to the graph of / at [xo, 2 / 0 , f{xo, yo)]. ^ 

6. If / is a point function, is the differential df a point function? Is it a 
function of six variables? If it is neither of these things, what is it? Can 
df be described in any sense as an invariant? If so, prove. 

Hint. Consider df as being evaluated at a poirU pair (P; P')r where P is 
in the space (w, v, w) and P' is in the space {du, dv, dw). What are the equa- 
tions for the change of coordinates in the two spaces? 

7. Prove: If df is known to be equal to 

df — Xi dxi + X% dxi + • • • + Xn dxny 

where Xi, • • • , X„ are functions of xi, • • • , Xn, then df/dxi = Xi, where 
the partial derivative is taken holding all the x^s fixed but Xt (t *= 1, • • • ,n). 

8. Let X « r cos B, y ^ r sm d. Calculate dx, dy, d*x, d^y for: (a) the 
case when r and B are independent variables; and (b) the case when r * s" 
and B =» log (4s + 3i), where s and t are independent variables. 

9. Develop an expression for d*/ in case / is a function of two variables 
X and y; for d^f. 
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10. Show that \i y — <p(x), x — r <‘os 6, y = r sin d, with 0 the independent 
variable, then 


d'^y ?*2 dd^ + 2 d6 dr^ — r d'h dS 

dx^ (cos 6 dr — r sin 0 d,0Y 

26. iTaylor’s Theorem. Maxima and Minima. Let/(x, y) be 
a function of x and y fiaving partial derivatives of all orders up 
to and including order n + 1. Let 0(0 — /(a + b tk). 
(See Ex. XIX, 39.) By Maclaurin’s theorem, 


0(0 = 0(0) + 0'(O)/ + 




But 


21 


t' + 




ni 


' + (i'+'ljf'’"' "<«<!■ (» 


(t>'{t) = hfi + kf„, 

= h%^ + 2hkfjru + k^fvv 


= Ih-^ + 

V dx ^ dyj^' 


where ih^ + 

\ ax ^ dy) 


is to be expand(Hj formally as a polynomial 


and the result applied as an operator to/. Jt is seen that 



0(->(O) 




a, 6 


If we now set < = 1 in equation (1), we find that 


/(a + h,b + k) = fia, b) + [h^a, b) + kf„{a, 6)] 

4- b) + 2hkf^y{a, b) + *>) j 


+ • • • + -[h^ + k^\ /] + Rn 

n!\ dx By/ Uh 


( 2 ) 


where 


Rn = j- /] ' 0 < < 1. 

(n + 1)!\ dx dy/ ja-}-ehyb^dk 

Formula (2) is called Taylofs theorem for a function of two 
variables. The special case resulting when a = 6 = 0 is called 
Maclaurin*s theorem. 
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The function f{x, y) is said to have a relative minimum at 
(a, b) if, for every point (x, y) in some neighborhood about 
(a, h), /(x, y) ^ /(a, 6). A relative maximum is defined in a 
similar way. It is evident that/(x, y) can have a relative maxi- 
mum or minimum at (a, 6) only if/(x, 6) and /(a, y) have relative 
maxima or minima at x = a and y = b, respectively, that is, 
if /x(u, 6} = fy(a, b) — 0. Hence, all the points (a, b) ai which f 
has a relative maximum or minimum are found among the solutions 
of the equations 

fx(x, y) = 0 , fy{x, y) = 0 . 

(We omit the discussion of technicalities in this paragraph.) 
Suppose now that the point (a, b) is such that 

ix{a, b) = fy(a, b) = 0. 

To determine whether or not / has a relative maximum or 
minimum at (a, b), let us write (2) for the case n = 1: 

/(a + h., h k) — f(a, 6) + 0 + + ^h, b ^k) 

2hkfxu{a -f- Ohy b + $k) + k^fyy{a -|~ Bh, b ^fc)J. (3) 

It is evident that / has a relatives minimum at (a, b) if there 

exists some neighborhood N' of (a, b) such that, for each point 
(a + hy b + k) in N other than (a, i>), the last term of (3) is > 0; 
a similar statement holds with regard to a relative maximum 
of / at (ci. b). 

A corn/enieiit test for determining the sign of the last term of (3) 
is obtained by observing that, if Q{h, k) = Ah^ 2Bhk + Ck^, 
then 

Q{h, k) = + Bkr + (AC - B^)k‘^\. (4) 

The form of (4) shows that if AC — B- > 0, then QQi, k) has 

the same sign as A regardless of the values of h and k unless 
/i = fc = 0. Incidentally^ if AC — > 0, A and C must have 

the same sign and neither can be zero; hence 1/A is finite in (4). 
Let us apply this result to the last term of (3). If 

fxx(a, b)fyy(a, b) - [f^ia, 6)]* > 0, (5) 

and if /m , /»», and are continuous at (a, b), then 
fxx{a + 0h,b + Sk)fy„(a + 9h, b + 6k) 

- [/.*(a + 6 + > 0 
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over some neighborhood N of (a, 6), and the sign of the last term 
of (3) is the sign of /xar(a, h). This proves 
Theorem 25.1. If /(x, y) has continuous second derivatives^ 
= fv{(^j (^) holdsy then f has a relative 

minimum at (a, h) if h) > 0, and f has a relative maximum 
at (a, h) if fxxia, b) < 0. 

EXERCISES XXVI 

1. Expand by Maclaurin’s theorem: 

(a) sin (xy). (b) e* cos y. (c) \/x — y. (d) log (x -f 2/). 

2. Derive Taylor^s theorem for a function of x, y, and z. 

3. Examine for maxima and minima : 

(a) x^y -f xy^ — x. (b) x'^ y^ x y. (c) x^ -j- — 2xy -h hy^ — 42/*. 

4. Find the shortest distance between the lines 


(2/ = X -f 1 
(z ^ 2x 


and 


y ^2 - X 
z ~ 2 x 


6. Apply Theorem 25.1 to Ex. XXIII, 15. 

6. If w ** /(x, 2/; «)> where x, 2/? z are connected by the relation 


</)(x, 2/, z) = 0, 


show that, to determine the maxima and minima of /, the relations 




* 0 


may be replaced by the relations 


y, z) 


= 0, 

/x 

=0, 

fv 

/. 


<f>x 


4>y 



=* 0 . 


( 6 ) 


Sxtggeslion. Evaluate 


) andj^) 

'/ y ^y/x 


by formula (B), and in the results 


substitute for 


ax 


,) and^) 
'/ V ^y/ z 


the values of these quantities found by means 


of the relation ^(x, y, z) =« 0. 

7. Show that equations (6) are obtained when one seeks the maxima and 
minima of ^7 » /(x, y, z) -f X</>(x, y, z), where X is a constant to be deter- 
mined by the relation dU jdz * 0. 

The device of finding the maxima and minima of u in Ex. 6 by introducing 
the function U and the constant X is called the method of Lagrange*a 
mifMtpliers. 

8. Extend the results of Exs. 6 and 7 to the case where u * /(x, z, w) 
with ^(x, y, s, w) « 0, ^(x, Vy Zy w) « 0. 

9. Find the “stationary” values of u when u « xyz with x + y + « 1. 
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INTEGRAL CALCULUS 
PART A. INDEFINITE INTEGRALS 

1. Introduction. In this chapter we shall first briefly review 
some of the elementary methods for finding indefinite integrals, 
and then we shall give an introduction to line, surface, and 
volume integrals. Following this we shall develop the theory 
of Riemann integration. Finally we shall take up the question 
of evaluating improper integrals. In Part B of this chapter we 
shall place particular emphasis upon the physical applications 
of definite integrals. 

The Indefinite Integral of a Function f(x). We say that a 
function* F{x) is an integral of a function f{x) if DJFix) = f{x). 
Thus, x^ + 7, 7?, and — 2 are integrals of 
Zx^ since Dx{x^ + 7), and Dx{x^ — 2) 
are each equal to Again, log x and 

log bx are integrals of 1/x since D* log x and 
Bx log bx are each equal to 1/x. 

An integral of /(x) is sometimes defined to 
be a function F{x) such that dF{x) = f[x) 
dx. In this sense, x? is an integral of 
Zx^ since d(x^) = Zx^ dx. This definition of an integral is 
evidently equivalent to the one given above. 

If F{x) is an integral of f(x) and if Co is any real number, then 
F{x) + Co is also an integral of f(x). Thus, if f{x) has an 
integral F{x), then fix) hoe infinitely many integrals. However, it 
is not generally the case that all integrals of fix) are obtained 
by giving C all real values in the formula Fix) + C. For 
example, if fix) = — a;/\/l — x*, this function being defined 
only over the interval — 1 < a; < 1, then one integral of fix) is 

* In this section we consider only real single-valued functions of a real 
variable. 
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the function F{x) = VT — x^, where — 1 < a* < L Another 
integral of f{x) is the function G{x) such that (see Fig. 53) 

f V 1 — X- when — 1 < x < 1 , 

X when x is rational with |x( ^ 1, 

0 for all other x, 

since Dj[t{x) = /(x) in the interval — 1 < x < 1 and since G{x) 
is discontinuous, and hence nondifferentiable, outside this 
interval. (Cf. Cliap. I, Theorem 5.1.) In fact, G{x) could have 
been defined as any nondifferentiable function outside the interval 
”1 < X < 1. It is evident that G{x) is not representable as 
F{x) + C for any value of C. But for our present purpost^s the 
nondifferentiable part of G(x) is of little interest and we shall 
consider only those integrals F{x) of a function f{x) which 
have the same* domain of definition as f{x). Thus, we shall 
consider integrals of —x/^/l — x- like \/l — .r- 4- Co, but 
not like G{x). 

Definition 2,1. We denote an arbitrary inte\frai of f{x) 
[having the same doinain of definition as f{x)] by I^.f(x): we call 
Ixf{x) the indefinite integral of f{x). 

If f{x) has at least one integral, then f{x) is called irdegrable. 
Theorem 2,1, Let f{x) he an integrable function of x whose 
domain of definition is a single interval /, fmite or infinite in length. 
If F{x) is any integral of f{x), then 

lj{x) = F{x) + C, ( 1 ) 

where ( 1 ) is to be inter'preted as asserting that any integral whatever 
of f(x) is representable as F{x) + C by proper choice of the number 
C, {i.e.j that every integral of f{x) may be obtained, by giving C all 
real values in the formula F{x) + C). 

* This restriction, while satisfactory for those functions ordinarily met 
with in practice, would be unsuitable in a technical treatment of this subject. 
Thus, let F{x) be the function such that F(x) = x* when x is rational and 
F{x) = 0 when x is irrational; let f{x) — DxF{x). Then /(x) * 0 when 
X ** 0 and f{x) is defined nowhere else. (Cf. Chap. I, P]x. II, Ij and 11.) 
While /(x) has at least one integral, e.g., F{x)^ it is seen that /(x) has no 
integral <?(x) with the same domain of definition as/(x), for the domain of 
definition of /(x) is the single point x = 0 and no function G(x) defined 
only at X ** 0 can have a derivative. Hence the above restriction removes 
from consideration all integrals of /(x). 
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Let G(x) be an arbitrary integral of f{x). It is readily seen by 
Theorem 10.3 and Ex. XI, 5 of Chap. I that G{x) — F{x) = Co, 
so that Gix) ^ F{x) + Co. Hence G{x) is obtained by giving C 
the value Co in the formula F{x) + C. Since G(x) is an arbitrary 
instance of Ixf(x), (1) holds. 

The fact that F(x) was an arbitrary integral of f(x) in Theorem 
2.1 implies that, if G(x) is any integral of f(x) other than F(x)y 
then Ixf(x) == G{x) + C. Likewise, since log C takes on all real 
valuers when C takes on all positive values, Ixf(x) = F{x) + log C. 
It is evident that infinitely many other formulas for representing 
Ixf(x) may be constructed. No inconsistency arises when we 
write 


Txf{x) = F{x) + C, Ixf{x) = G(x) + C, Ixfix) = F(x) + log C, 
etc., if we do not regard lxf{x) as being or denoting any of the 
formulas F{x) + C, etc., and if instead we interpret each of 
these relations as indicated in Theorem 2.1. To obtain any 
particular integral of/(.T), diffenmt values of C must, of course, be 
used in the various formulas F{x) + C, F{x) + log C, etc. 

Examplt; 1. If /(x) = then f{x) is defined over the single 

interval - 1 < x < 1 and, by Theorem 2.1, 

I, + C 


since -- ■v/i - is an integral of /(x). 

Example 2. If /(x) — cos 2x, then f{x) is defined over the entire x-axis 
and lx cos 2x - i sin 2x -f C. 

We give three examples to illustrate the fact that Theorem 2.1 is false 
whenever the domain of definition of f(x) is not a single interval (see Ex. I, 

3). 

Example 3 . If f(x) = — 1 /x*, then /(x) is defined for all x except x = 0, 
and the domain of definition of /(x) is not a single interval. One integral 
of fix) is the function F(x) = 1 /x, and another integral of /(x) is the function 
C(x) such that 


or more generally, 


Gix) 


- when X > 0, 

X 

~ 2 when x < 0, 

X 


G(x) 


~ Cl when x > 0, 

X 

- -f (72 when x < 0, 
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where Ci ^ €%. There exists no single number Co such that 

G{x) « Fix) + Co. 

Hence Gix) is not among the functions represented by the formula Fix) -f C 
and it is not the case that Ix i — l/x^) = (l/x) -h C. 

Example 4. li fix) = esc* ttx, then /(a;) is undefined for integer values of x. 
While an integral of fix) is — (I/tt) ctn ttXj it is not the case that 

It CSC* TTX « — ctn TTX -f C, 

TT 

for an integral of fix) not represented by this formula is the function 
Gix) = “ (I/tt) ctn irx -f- [x]y where [x] denotes the greatest integer not larger 
than X. 

Example 5. If f(x) ^ then fix) is undefined at a: - 0 and 

an integral of f{x) not represented by the formula + C is the function 
Gix) such that Gix) = when a; > 0 and Gix) — -|- 1 when 

a; < 0. This example illustrates the fact that Theorem 2.1 may fail even 
when fix) does not become infinite and has a limit at every point x ^ a. 

To integrate fix) is to find a representation of Ixfix), In the 
symbol hfio^), fi^) is called the integrand. When integrating 
fix) by Theorem 2.1, the constant of integration C should always 
be included, for it is by evaluating C properly that we obtain 
an integral which has a specified value for a given value of x, 
(This will appear later to be of great importance in the applica- 
tions of integrals.) For example, to find the integral of 
which has the value 5 when x == 2, we first find h + C, 

and then we determine C from the equation 2® + C = 5. The 
function — 3 is the desired integral. 

yS. Properties of Indefinite Integrals. In this section we shall 
dist a few of the elementary properties of indefinite integrals. 

L If fix) is an integrdble function of Xj then Dx[Ixfix)] = fix). 

This follows immediately from the concept of an integral and 
Definition 2.1. 

II. If fix) and gix) are integrdble and have for their domain of 
definition the single interval 7, then the function ipix) = fix) + gix) 
is integrdble and* 

* Since the integrals in (1) are indefinite, a constant C should be added 

to the right member of (1). But it is customary to omit this constant 
and to interpret the symbol = as meaning ** differs by only a constant 
from.'^ This comment also applies to other equations involving integrals, 
such as (4), (5), (8), and (11) below. 
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I^[/(a:) + fif(a:)] = (1) 

Let F{x) and G{x) be integrals of }{x) and g{x). By Theorem 
2.1, Ixf(x) = F{x) + Cl and g(x) = G(x) + C 2 . Hence 

+ L (2) 

where Cz = Ci + 0%. But 

DAF{x) + G{x)] = DJF{x) + DJ}{x) = f{x) + g{x). 

Hence [F(x) + <j(x)] is an integral of [/(x) + g'(x)] and, by 
Theorem 2.1, 

L f/(^) + six)] = Fix) + Gix) + C,. (3) 

Since the right members of (2) and (3) differ by only a constant, 
(1) holds. 

III. If f(x) is an integrable function whose domain of definition 
is a single interval and if k is any constant^ then kf(x) is integrable 
and 

Ijfc/(:r)] = fc[I^/(x)]. (4) 

This property may be proved in the same manner as the 
preceding property. 

Example 1. By (1) and (4) it follows that 

I (4x® 4- 5 cos Zx) *= I 4x® 4-15 cos 3x ~ 4 1 x® 4- 5 1 cos 3x 
Ax" 5 

*= -— 4- - sin 3x 4- C. 

7 D 

As indicated above, /« g{u) denotes an arbitrary integral of g{u) when u 
is independent. But if w is a function of x, say u ~ /i(x), then we regard 
/« g{u) as denoting any function of x that may be obtained by integrating 
g{u) with respect to u apd substituting u — h{x) in the result. Thus, if 
lu g{u) = G{u) 4- C when u is independent, then /„ g{u) — (x[/i(x)] 4- C 
when u = h{x). 

In the following three properties we shall assume that all of 
the functions involved meet the conditions of Theorem 2.1. 

IVa. If f{x) can he written in the form f{x) — g(u) • DgU by 
properly choosing u as a differentiable function of x, say u = h{x)^ 
and if g{u) is integrable^ then f{x) is integrable and 
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I fix) = I [^(M) ■ D.U] = I y{u), (5) 

where lu g(u) is interpreted as stated above. 

Let G{u) be an integral of Since n ~ h{x), 

I iiiu) = qfeWi + c. (6) 

Since />a<j[/?,(a;)] = DuGM ' g(:u) • D^u = f{x}, G[k(x)] is 

an integral of /(.r) and 

I^/(x) = r/(/,(x)j + C'. (7) 

Since tlie right niembers of (6) and (7) differ })y only a eonstant, 
(5) holds. 

Example 2. If fix) - f6x -f r))\/ 3x^ -f fxr -f- 4, wo take 
u ~ 3.r- f iix -f 4. 

so that = 0 ^ + o. Thon/(:r) = g(if) in (“>) Ixang; // ’"t liy ( 5 ), 

I /(^) = I = J ?d“ ^ -f t* == §(3x“ *f 5x -h 4)'^“ -f <7, 

* a* rr * u 

Example 3 . If fix) = wo take u =- x'\ so tli«t Dj-fj ~ 27 , Then 

I = I [i<'" />,«! d + c = ie’-- + C. 

IVb. Ijet X he a differentiable funefion of u, sag x ~ (p{u)^ 
'^ih u in turn a differentiable function of a\ say n = h{x). If 
f{x) is such thatf[ip{u)] • Du^{u) is integrable, ihenf{x) is integrable 
and 


\ji^) = Ij/(^) • l/t<p(u)l ■ D„,f>{u)\, (8) 

where the right member of (8) is interpreted as indicated above. 

Let ^{u) be an integral of f[(p{u)] • Du(p{u). Since u = h{x), 

. I J fly>(n)] • DMn) ! = + C. (9> 

By Theorem 5.8 of Chap. I, 

a*'^[A(a:)] = a„4>(w) • D^u - f[ipiu)] ■ D»x ■ DtU = fix). 
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I fix) = 4-[ft(x)] + C'. (10) 

Since the right members of (9) and (10) differ by only a con- 
stant, (8) results. 

Example 4. If fix) = 's/ — x^, it is not evident how /(x) may be 
expressed in the form (5). There is no general rule for determining <p(u) 
in (8), but we try x = a sin u as <piu) since f(x) simplifies upon making this 
substitution. As DuX ~ Du<p(u) = a cos u, it follows by (8) that 



J iV " a 

n 

ii 

9 A 


* — sin 2 H • a cos u\ — 
(1 + cos 2u 


I 


T x's/a^ - 

Sin-i- -b -- 

a 


] 


+ C. 


It should be noted that, hi using (5), x need not be expressible in terms 
of 71, whereas in using (8), x and w must be expressible in terms of each other. 
This accounts for the fact that the hypotheses of IVa and IVI> are stated 
ilifferently. 

V. If J{x) can be written in the form f(x) — (j(x) ' ft(x), where 
q{x) is tniegrable and h{x) is differentiable, and if 0{x) is any 
integral of g{x), then 

I / = I (g ■ /*) = 6^ •/» - I {O ■ DJi), ( 11 ) 

provided thai G • Dxh is integrahle. 

The proof of this property is based on the fact that 

D,IG -h - I^ (f? • Drh)] = {D/I)h + G-Drh- dJ[ (G ■ DJi) 

= gk + GDJi - 0- D,h = gh = f. 

[We have written/, and h instead of /(a:), g{x)y and h{x) merely 
for simplicity.] 

We leave it to the reader to show that the generality of (11) 
is not increased by replacing G{x) by G{x) + C in its right 
membej; in other words, it is always sufficient to take as G{x) 
some one particular integral of g{x). 
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Not only can G{x) be any integral of g{x) in (11), but it is 
often possible to choose G{x) so that the last integration in (11) 
is simplified. This is brought out in 

Example 6. Find I* log {x +3). Unless we happen to know an integral 
of log (x +3), we should not take g{x) as log (x +3). Hence we choose 

g{x) = 1, h(x) = log (x 4- 3), 

so that 

0(x) - X kf DxHx) = — 

X + 3 

where k is some number to be determined. By (11), 

T log (a; + 3) ^ (a; 4- k) log (a; 4 3) - T ( — 

If we choose A: = 3, the integration of the last term is simple, and we find 
that 

log (a; 4- 3) = (x -f 3) log (a; 4 3) - a; 4 C. 

; Elementary Integration. Since = u”, it follows 

that* 



( 1 ) 

Again, since d J—— — = [A(x)]** • DJi{x), it follows that 

n 4” A 

I ^ { [h{x)]” • DMx) } = + c. (n ^ - 1) (2) 

When (1) and (2) are compared, it would seem that (2) is more 
generdl than (1). Hence in constructing a table of integrals it 
would seem that we should include (2) rather than (1). But it is 
sufficient to include (1) because (2) may be derived from (1) 
in the following way: Let u = h{x). Then by (5) of property 
IVa, 


{[M®)]“ • DM^)) = + C 


n + 1 


+ C. 


* In this section and in Table II we leave it to the student to modify 
integral formulas wherever necessary in the light of Examples 3, 4, 6 of 
Sec. 2 and Ex. I, 3. 
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This device is very important, and the student should become so 
familiar with it that he performs it automatically. For example, 


1 cos u = sin u + C 

* u 


becomes 


I [cos hix) • Dxhix)] = sin hix) + C, 

(3) 

and in general, 


giu) = Giu) + C 

(4) 

becomes 


{ff[A(a;)] • DMx)] = t?[A(x)] + C. 

(5) 


The student should write out Table II below in terms of h{x). 


Examples. By (2), 


I (cos* sin bx) = — i I [(cos 5a?)*(— 5 sin 6j)] 

X * X 

where 

h{x) « cos 5a;. 


cos* 5x + C, 


The coefficient —5 is introduced into the second factor of the integrand in 
order that this factor may be represented as Dxh{x). By property III, this 
coefficient is compensated for by introducing the coefficient — J before I». 
As another example, we have by (3), 

I.[ (cos j = 2 sin \/x + C, 

where 

hix) « V®. 


By (4), (5), and formula (3) of Table II, 

I (Se®*®** sin x cos a;) = |T (2 sin x cos x)] + C, 

*x ** 

where 

h{x) * sin* X, 

These examples show that, when the integral formulas are written in 
terms of h(x)t it is unnecessary to apply property IVa in each individual 
problem. 
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We write the following integral formulae in the historical 
notation i S(u) du instead of Iuf{u). These formulas may all 
be verified by differentiation. With regard to the formulas 
involving hyperbolic functions, see Sec. 5. 

Table II 



c 

4- n 7*^ —1. 


1. 

1 du = -- 

— 

2 


I 

/% 

+ 1 


3. 

11 

4- C 


4 

5. 

J 

^ cos u du — 

sill 

/I + C. 


6. 

J 

^ sec u du ~ 

log 

(8(^c u 4- tan u , 

1 4 

7. 

J 

l^sin ii du = 

— (a: 

)s u 4“ 



^ <;s(^ u dv ~ 

— log ((‘SC U + (‘ill 

(/) - 


tan u du ~ 

— log (‘OS U 4" 

10. 

-J 

f 

1 sec n tail u 

du ■ 

= sec u 4- 

12. 

J 

1 s(H’4 u du ~ 

= tan 

a. 4 C. 

14. 

15. 1 

C 1 

• ' „ du 

1 

Tail- ' - + C. 

.-^lO. 

J 

' a* -f u^ 

a 

a 


" J 


du = 

= Sin-' i'. + C. 


i 

> 


a 


18. 1 

1 - 

r du 

= ' Snc-' “ + 

r. 

J 

w'V — (I 

2 

a a 


/19. 1 

r ' 

du = 

■- + i-onh-' “ + C. 

J 

s/ ~ a- 


a 


’^20. 1 

r 1 

du 

= + " 

4 * 

J 

w\/ a* — u 

2 

a a 


^ 21. 1 

^ 1 

du ~ 

■ sinh~* 4 


J 

■%/«» + «* 


rt 


i 

1 


1 , . 


v'22. 1 

; du 

= — csch * ~ 

-t- ( 

J 

|*\/ 0* + u 

2 

a a 



. ^ (iu — 


log, u 4- C.. 
iog« 4 a. 


/" 

/'■ 

j 


14. I csc^ t.i (in = — (^tii i, -h C, 


1 I u 

— - (hi = - tanh"^ -j- C. 
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Many integrals may he reduced to the above forms by simple 
devic(*s. 


Exampif* 1. 1 


Mini ( 

J v« 


1 

- 2.r2 


dx. 


This integral may he i(‘duced to formula 17 by completing the si^uare 
within the radical after factoring out the coefficient 2 of x^. 


f i- yf 

J V 6 - 8a- - ?a“ V 2 J 


\/7 -"(x + 2)* 


y Siir‘ + C. 

V2 V7 


dx 


Example 2. Find ( fix. 

J + 7 


This int<jgial may be (‘valuated by breaking up tlu; numerator into two 
parts such that one part is th<‘ derivative of the denominator. 

f *+±.- 2'+'? ,„.'i f 

J J---' - 43: + 7 2j a* - 4.r + 7 2] J .r' - 43- + 7 

d 


^ dx 

x' - 40 * -f- / 


1 8 X — 2 

log i.r‘ — 4.T -f- 7) H- Tari“' -f- G. 

2 VZ V3 

EXERCISES I 

1 . Prove formulas 1 to 1 ."), 17 , 18 of Table II. 

2, Integrate by means of properties II. Ill, IV. arid Table II. 


(ll 

( 2 .) 

(3) 

(4) 

(5) 

( 6 ) 


.f( 

Jl 

/( 


a/5x - 7 d- 


2(1 

V3x 


d.x. 


'6ax 

{ 4 j - 9 )^ + ------ 

/)2 -f cV 


d.r. 


iog^ 7x 


+ cos’ 5x 1 


I dx. 


, . . . _ sin ox J ( 

3.r / 

j* |a:(of + h» 3 t*)*-'' + (n--' - dx. 

L + (tan 2 j: — 1 1® I dx. 


.f 

/( 


9t* + 16 

d- 

\/9 - 


V/Q _ 
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(7) 

(8) 
(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 
( 20 ) 
( 21 ) 
( 22 ) 
(23) 

(25) 

(26) 


* V 3** + 7 + 


9x‘ + 16; 


■ C / 4a:* — 6a: x \ ^ . 

J [-TTT + + ar" +To ) 

r/2a: - 1 a: + l\ , 

J(2:r+3+ 

(Inth. 

J IsVx + 1 J 


(Divide out the first fraction.) 


‘(x 4-3)(5x - 1) 


1 sin {x^^) 

7^ • aA 


dx. (In the first fraction let x = u*.) 


7(6)»* + 


.\/3a: + 4 


1 \ 

X* - 2x + 5/ 


{x cos ar® -f a; cos x^ sin x^) dx. 


(x®V 2x^ — 1 + sec* 3a;) dx. 


(esc 26 -h sin* Z6 + tan 76) dd. 


f Z6 1 \ 

tan* -r + sec b6 + — r I 
i 2 sin 40 / 


(tan Zx + ctn 3a;)* dx. 


(19) I ( cos* 3a; -f ■ 


^ — 1 _ gin 7 a; cos 7a;^ dx. 

j (x* + 2x + 7 VT^*) 

^ ^sin* ~ + sec^ - + cos* ^ dx. 


i)<fx. 


( 5 gun 7* sec* 7x — 7**) dx. (24) | (c”*^* ** sin 6a; - e*) dx 


ctn* 7x -h tan* 


2a; 2a;\ 

-secyj, 


J > 


[cv« 3a; cos 2a; + (cos 3a;)“^ sin 3a;] dx. 
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(27) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(38) 

(39) 

(41) 

(42) 

(43) 

(44) 
3. 


(ctn* 39 + esc’ 59 ctn 59) d0. (28) 


'2 + x — a’ 
2 , 


i’ dx. 


J ^ 3 x 2+ 4 


4x+7 


+ ctn 235 


c\/ — 9 


4- sin* X cos® x 


/( 2 x’+ 6 : 


6x + 25 


+ cos® Ax I dx. 


.. 1 — r i-, + X SCC^ X* ) dx. 

\xy/^x^ + 12x + 2 / 


sin* 3x COS* 3a; + 


^ ^sin* 3a; c 


- + a; sec^ a;* ) dx. 

2 / 

V 3 + 4x — 4x*/ 

1 cos® 5x\ , 

+ 1 dx, 

12x + 5 sin* 5x / 


tan® X sec* x + xV 9 — 4x* i dx. 


+ ctn® 2x I dx. 


^ ^ 1 ^ V * ^ ^ 

I ( 7 : i .,.":_ =rrrr^ + Ctn® 2x | dx. 

J Vvs - 4x - 4x* / 

<40, _ 

f( i +^jl^\dx. 

f y 1 — COS 2x cos* 2x j 

J / j_ cos* 3x sin* 3x I dx. 

J yi + cos X J 

]•<.«. 4 ^.+ 00 .. 5 . V^, 4 . 

- + 10®* + 7‘°*7 dx. 


— 4x*^ dx. 

/(. +<=sc’ 3 x^dx. 


ji (a/ 2ox - 


+ cos* 5x I (ix. 


+ 10 ®* + 7‘°*7 ** 


Generalize Theorem 2.1 in the light of Examples 3, 4, 5 of Sec. 2. 


6. Hyperbolic Functions. In the previous section we encoun- 
tered hyperbolic functions. Since these functions appear very 
frequently in the scientific literature and are quite useful, we 
shall devote a short section to them. We define the hyperbolic 
cosine, sine, tangent, secant, cosecant, and cotangent as follows: 
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cosh u 


sinh u 


tanh u 


+ cr 

2 


f,u ^ f.- a 


sech u -= 


4 - 


csch u 


ct nh u 




The following eleini'iitary identities n‘sult iininediaveiy from 
the definitions of the hyperbolic* functions : 

cosh- u — sinh- u ~ 1. 
sech- u + tanh- n = 1. 
ctnh*^ u — esch- u ~ 1. 

cosh {u + v) — cosh u cosh p ± sinh u sinh v. 

sinh {u ± t^) = sinli u cosh v ± cosh u sinh v, 

, , / . X tanh V + tanh v 

tanh {u ± v) = , , ™ • 

1 ± tanh u tan II v 

cosh 2u = cosh^ u + sinli- u = 2 cosh- u —1-2 sinh^ u + 1. 
sinh 2u = 2 cosh u sinh u. 

, ^ 2 tanh n 


tanh 2u 


cosh ^ = 


1 + tanh - u 
/cosh 1 / + 1 

I 2 '" ■"* 

/cosh u — 


, u , /cosh u — 1 

tanh 2= ±V„^,, V+1 

(‘Ovsh u + cosli V = 2 cosh | 


cosh u — cosh V — 2 sinh 


sinh u ± sinh t; = 2 sinh 


cosh u — 
sinh u 
u + v\ , 

" r 


/ 

u -f v\ 


sinh u 
(U)sii w + i 


Dx cosh u = sinh u D^u. 

Dx sinh u = cosh u DxU. 

Dx tanh u = sech'** u DxU. 

Dx sech II == sech u tanh u DxU. 
Dx csch ?i = ~ esch u ctnh u DxU, 
Dx ctnh u =* — csch**^ u D^u. 


( 3 ) 
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If w = cosh Xf then x is a function of u denoted by x = cosh'“^ u 
and X is called the inverse hyperbolic cosine of w; if w = sinh x, 
then X = sinh"~^ u\ the other inverse hyperbolic functions are 
defined in a similar manner. 

If X = coslj”^ u, then u = cosh x = — • Hence 

^ == — y e® = w ± \/u^ — 1, and x = log {u ± u- — 1). 

Thus cosh“"^ w = log {u ± \/u^ — 1), where w g 1. Similar 
computations with the other inverse hyperbolic functions lead 
to the follomng results: 

cosh“^ u = log (u ± \/u^ — 1), where u ^ 1. 
sinh“^ u = log (u + + 1). 

tanh^^w = ~ log 7 where < 1. 

2 1 — u 

, where 0 < w ^ 1. (4) 


C8ch-lM = l0gQ + ^i + l 

ctnh”^ w = ;^ log - — ■ where > 1. 

2 ® w — 1 


^ech-^^ = log(~ 


The student will better understand the significance of the inverse 
hyperbolic functions if he will compute cosh [log (u ± \/u^ — 1)], 

tanh log etc., directly by (1). (Cf. Exs. I, 5 and 6, of 

Chap. 1.) 

The following formulas result directly from (4): 

±1 


D» cosh~^ u = 
Da sinh~^ u = 
Da sech~^ u = 
Da csch”^ u — 


\/u^ — 1 
1 

\/u^ + 1 
Tl 

u\/l — 
-1 


w-s/ 1 + 


DaU. 

DaU. 

DaU, 

DxU. 




DaU « Da ctnh^^ u* 


( 6 ) 


Da tanh~i u 
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EXERCISES II 

1. Prove formulas 16, 19 to 22 of Table II. 

2. Using definitions (1) in Sec. 5, prove each of the identituis (2). 

3. Graph the functions in (1) and by means of these graphs sketch the 
graphs of the functions in (4). 

4. Prove formulas (3), (4), and (5). 

5. Construct a table of integrals for the hyperbolic functions to corre- 
spond to formulas 5 to 14 in Table II. 

6. In Table II express each integral involving an inverse hyperbolic 
function in terms of the equivalent logarithm given in (4). 

7. Show that 


e** = cosh u -f- sinh u, = cosh u — sinh u. 


Evaluate: 
8 . 


10 . 




dx. 


+ 3 
1 


Vsx* - 18a: + 14 


dx. 


9. 


11 . 


/ 

I 


1 


\/ — 4x -h 1 
15x - 9x^' 


dx. 


, dx. 


12. The circular trigonometric functions may bo defined as follows: 


cos 6 = 


sm & - 


2 

— e" 


tan 0 = 


2i 

-j- 


CSC 0 = 


2 

+ er 
2i 




(6) 


ctn 6 — 


i{e*^ + e~*^) 


Assuming that formulas (6) hold for any complex number 0, show that 


cosh (ix) — cos Xj 
sinh (ix) == i sin x, 
tanh (ix^ = i tan x, 


cos (ix) - cosh X, 
sin (ix) = i sinh x, 
f an (ix) = i tanh x. 


( 7 ) 


Show by (7) that the well-known trigonr)inetric identities result when 7i = ix, 
V = iy are substituted in (2). Show that 


cos 0 4" i sin d, 


— cos B ~ i sin B 


Relation between Circular and Hyperbolic Geometry. The locus defined 
by the parametric equations 


X = a cos 6, 
y ^ a sin 0, 

is the circle x® + « a*. If ^ 0, then xo == a and 2/0 = 0; if 0 — 0ij 

then xi ~ a cos 0i and 2 / 1=0 sin Let A and B be the points (o, 0) and 
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{xi, yi). The area K of the circular sector AOB is K ~ {fii/2) where Bi is 
measured in radians. Since 0\ ~ cos"’ (xi /a)^ it follows that 


2K 

Oi = — 


a 


Hence, ij a ~ 1, the parameter 0 in (8) is twiee the area oj the circular sector 
AOB. 

The locus defined by the pa?’atne<ri(* equations 


X = a cosh Uf 
// = a sinh u. 


m 


is one branch of the hyperbola x'^ — y'^ = a^. If w = 0, then Xo - a and 
Pq - 0; if w — u\, then X) = a cosh tu and //i = o Wi. Let A and B' be 




the points (a, 0) and (xi, yi). The area K of the liyp<*rbo]ie sector AOB' can 
be shown by the methods of Sec. 13 below to be 


loK 




Since wj = cosh"’ — •» it follows that 
a 


Ui 




cosh ’ 


Xi 


Hence, if a = Ij the parameter u in (9) is tiince the area of the hyperbolic 
sector AOB', 

The hyperbola x® - z/* == a® may be represented para metrically as 


X — a sec; 0, 
y = a tan B, 


( 10 ) 


where B is the same angle as in (8). By (9) and (10* it follows that 


cosh u = sec B, 


sinh V - tan (*, 
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where —^72 < 0 < ir/2. From these relations and (1) it is seen that 

sech u = cos dy csch u = ctn 0, 
tanh u = sin By ctnh u == esc 0, 

The relation sinh w = tan 6 determines 0 as a function of Uy i.e., 
B = Tan~^ sinh u. This function is called the gudermannian of u and is 
denoted by 0 — gdu. 

6- Integration by Parts. Formula (11) of Sec. 3 is called the 
formula for integration by parts. While we have already given 
an example to show the significance of this formula, we shall 
give another example to show how (11) may be repeatedly used 
to evaluate a given integral. 

Example. To find h {xH^^)y let g(x) - h(x) = x^. Then 
G(x) = Dxh{x) =* 2xy 


3 


(xe®*). To evaluate this latter integral, let 


g(x) = K(x) — X. A second application of (11) shows that 


X® 2x 2 

= — c’* e** H e** + C. 

3 9 27 



EXERCISES ra 

Integrate: 


1. J*x cos 2x dx. 

2. ^1^6 (3x 4- 1) dx. 

3. J* xe”®* dx. 

4. ^ e** sin 3x dx. 

C X^ 

r . 

5. dx. 

6. lx sin X «os X dx. 

J + 9 

J 

7. j xV^dx. 

8. J^x log 2x dx. 

9, ^ x€* sin («*) dx. 

10. J* X® sin |x dx. 

11. ^ X tan~^ 3x dx. 

12. J* sec® X dx. 

13. 1 cos’ll ax dx. 

14. P^dx. 

J 

J 
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7. Integration of Rational Fractions. In this section we shall 
develop a procedure for finding the integral of a rational fraction 
f(x)/g{x)f where fix) and g(x) are polynomials in x with g(x) ^ 0. 
Since this method depends on certain properties of polynomials 
and fractions, we shall begin with a r6sum4 of these properties. 

A 'polynomial of degree n in a: is a function P(x) of the form 

P{x) = ao + aix + a 2 .x^ . -j- anX^, (1) 

where n is a nonnegative integer, (Xo, Oi, • • • , Un are complex 
numbers,* and On 9 ^ 0. For example, x^ — 3x + 2, —5x, and 7 
are polynomials of degree 4, 1, and 0, respectively. We shall 
regard 0 as a polynomial of degree 0. A polynomial P(x) is 
said to vanish identically [P(x) = 0] if it has the value 0 for 
all complex values of x. Two polynomials Pi{x) and P 2 (x) are 
said to be identically equal [Pi(a:) ^ P 2 ix)] if their values are 
equal for all complex values of x. It is evident that the sum, dif- 
ference, and product of two polynomials arc again polynomials. 

A value r of :r for which the value of P(x) is 0 is called a zero of 
P(x) or a solution of the equation P{x) = 0. Thus, 3 is a zero 
of — 5x + 6. 

Theorem 7.1 {Factor Theorem). Let P{x) he a polynomial 
ao + axx -f • • • + UnX^ of degree n > 0. If r is a zero of 
P{x)j so that P{r) = 0, then x -- r is a factor of P{x)j that is^ 

P{x) = {x - r)Q{x), (2) 

where Q{x) is a polynomial of degree n — 1. 

Since P(r) = 0, 

P(x) = P(x) - P{r) 

= ai{x — r) + a 2 (x* — r*) + • • • + a„(x” — r"), (3) 

where a„ 9 ^ 0. Each term of the right member of (3) has x — r 
as a factor. [Cf. Chap. I, Sec. 5, formula (3).] Hence x — r is a 
factor of P(x), and P(x) may be written in the form (2). Since 
the term of highest degree in Q(x) is with a„ 7 ^ 0, Q(x) 

is of degree w — 1. 

As an illustration of this theorem, we know that x — 3 is a 
factor of X* — 5x + 6 because 3 is a zero of this pnlynn mifll 

• By a complex number we mean a number of the form a + hi, where 
a and 6 are real numbers and i* ■= — 1. 
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The converse of this theorem is also true, for if a; — r is a factor 
of P{x), then P{x) may be expressed in the form (2) and it is 
immediately evident that r is a zero of P{x). 

Theorem 7.2 {Fundamental Theorem of Algebra). Every 
polynomial P{x) of degree n > 0 hafi at least one zero. 

The proof of this theorem will be given in Chap, V. 

Theorem 7,3. If P(x) is a polynomial 

Qo + (l]X + • - • -f UnX'^ 

of degree n > 0, then there exists exactly one set of n complex num-^ 
bers, ft, ri, • • • , r„ such that 

P(x) = Unix — ri)(.r — r 2 ) * • • (x - Pn). (4) 

By Theorem 7.2, P(.r) has at least one zero rj, and by Theorem 
7.1, P(x) ^ (x — ri)Q(x). Repeated applications of Theorems 
7.2 and 7.1 to Q(x) lead to the n^sult (4). Moreover, P(x) 
cannot be factored in essentially any other way, for the right 
member of (4) shows that th(' only zeros of P(x) are the numbers 
ri, • - • , Tn, and x — r can be a factor of P{x) only when r is a 
zero of P{x) (converse of Theorem 7.1). 

Th(^ numbers ? i, • • • , r„ of the preceding theorem need not 
all b(^ distinct, as is illustrated by the polynomial x^ — 4iX + 4. 
As an immediate consequence of Theorem 7.3 we have 
Theorem 7.4. A polynomial of degree n > f) cannot have 
more than n distinct zeros. 

It follows from this theorem that if a polynomial P{x) has the 
value 0 for all values of x, then this polynomial cannot be of 
positive degree, i.e., it must bo merely a constant. This constant 
must evidently be 0. Hence we may state 

Theorem 7.5. A polynomial P{x) vanishes identically when and 
only when all of its coefficients are zero. 

If two polynomials 

ao + aix + * ' * + ctmX”' and &o + feia: + * • • + bnX** 

are identically equal, then their difference vanishes identically. 
By Theorem 7.5, all the coefficients ao — 5o, ai — 6i, * • in 

their difference are zero. Hence, corresponding coefficients of 
the two polynomials are equal. This proves 
Theorem 7.6. Two polynomials ao + oia; + * • • + 
and 6« + + * ‘ ’ + ore identically equal when and. only 

when m ^ n and ao = 6o, 0 \ = 5i, • • • , 
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The two following theorems will be particularly useful: 
Theorem 7.7. Let P(x) be a polynomial of degree n > 0 with 
real coefficients. If r\ = a + is a zero of P(x)y where a and ^ 
are real numbers^ then r^ ~ a — fii is a zero of P{x). 

In Eq. (1) set a; = a + ^i- We maj'^ express the result in 
the form 

P{a + ^i) — 0) + iSia, /£?), ( 5 ) 

where jB(a, /3) denotes the real part of P(a + fli) and where 
S{aj P) denotes the collected coefficient of i in P{a + fit) after 
P{a + pi) has been multiplied out and simplified. Since the 
coefficients of P(x) are real, /2(a, P) contains no odd powers of p 
and P) contains no even powers of p. Hence 

P(a — pi) = R{a, P) — iS(a, p). (6) 

If X = a + is a zero of P(x), then P(a + pi) = 0. By (5), 
RiUf P) == S(a, P) = 0. By (6), P(a — pi) = 0, so that a — Pi is 
a zero of P(x). 

Theorem 7.8. If P{x) is a polyjwmial of degree n > 0 with real 
coefficientSj then P{x) can be written as the product of linear and 
quadratic factors j where each factor has real coefficients and where 
no quadratic factor is factorable into linear factors with real coeffi- 
cients j i.e.j 

P{x) ^ o«(x - ri)(x — r2) * ' * (x — rk){x^ + Cix + di) 

(x2 + C2X + ^ 2 ) • • • (x'^ + cix + di), (7) 

where k 21 ^ n. 

To each real zero ri, • • • , Ck of P{x) corresponds a real factor 
(x — ri)j • • • , (x — of P(x) in (4). If a + pi is a zero 
of P{x) with p 7 *^ Oj then by Theorem 7.7, a — pi is another 
zero of P(x), and the product 

[x — (a + Pi)][x — (a — Pi)] = x"^ — 2ax + + P^ 

has real coefficients: Thus all factors in (4) having complex 
p 8 combine in pairs to give real quadratic factors of P(x), and 
P(x) reduces to the form (7). 

We are now ready to take up the integration of rational 
fractions. A function of x is called a rational fraction if it is 
expressible as the ratio /(x)/0f(x) of two polynomials /(x) and g(x) 
with g(x) 5^ 0. If the degree of /(x) is less than the degree of 
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g{x)y then the fraction f{x)/g{x) is called proper; otherwise the 
fraction is called improper. For example, 

3x2 + 7x + 1 
5x3 „ 9 

is a proper fraction, and 

x2 + X j x3 — 1 

3x2 _ 1 ana ^2 + 2x + 4 


are improper fractions. If fix) and gix) have no common 
factor (other than a constant), then the fraction fix)/g{x) is 
said to be in lowest terms. 

It is well known that by the process of long division every 
rational fraction Fix) /gix) can be expressed in the form 


gix) 


^ Pix) + 


fix) 

gix)' 


where P(x) is a polynomial and where fix)/gix) is proper. 
[Pix) s 0 if Fix)/gix) is already proper.] Hence, to evaluate 


/ 


' Fix) 

gix) 


dx when the integrand is a rational fractiony reduce the 


integrand to lowest termSy and if the integrand is improper y express 
the integral in the form 



where P(x) is a polynomial and where fix) / gix) is proper. 

We shall now show how the third integral in (8) may be 
evaluated by breaking up the fraction fix) /gix) into a sum of 
simpler fractions called partial fractions. 

Theoeem 7.9. Let fix) /gix) be a proper fraction. If gix) 
contains the factor x — r exactly m timeSy so that 

gix) = (x - r)’^Q(x), 

where m ^ 1 and Qir) 9 ^ 0, ihm fix) /gix) may be represented 
in the form 

f(x) ^ A h(x) , . 

g(x) (x — r)” (x — r)'"~‘0(x) ^ ^ 


where A is a constant, h(x) is a 'polynomial, and the last fraction 
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in (9) is proper. Moreover. A and h{x) can be determined in 
exactly one way. 

Consider the identity 


M ^ ^ 4- /( 3 ^) - AQ{x) ^ 

g{x) {x — r)^ {x — r)'^Q{x) ^ 


where -4 is a constant to be determined. By Theorem 7.1 and 
its converse, the numerator /(a:) — AQ{x) has {x — r) as a factor 
if and only if /(r) — AQ{r) = 0. Since Q{r) 9^ 0, the preceding 
relation holds when and only when we take A = f{r)/Q{r). 
Hence, when A is determined in this way, but in no other way, 
the factor {x — r) may be divided out of the last fraction in (10) 
and (9) results. [Note that if f{x) also has the factor x — r, 
then /(r) = 0 and ^4 = 0. Thus the operation (9) merely 
removes the common factor x — r from f{x) and ^(x).] 

It follows that if the operation (9) is performed on the fraction 


(x — r)"'~^Q(x)^ 


the result is that 


h(x) ^ B k{x) 

{x — r)^'*~^Q(x) (x — (x — r)^^^R(x) -■ 

Hence, if the operation (9) is repeatedly performed, we find 
that 


f(^) _ A 11 A 12 _L . . . 4 _ 

g{x) (x — (x — ri)”* x — ri 

, 421 1 ... I I ... 1 Aki 

(x — r 2 )’”* X — r 2 (x — r*:)"** 

+ . . . +A^ + h!^, 

^ X - rfc gi{x) 


( 11 ) 


where fifi(x) contains no real linear factor. Since the successive 
coej0Bcients 4</ are uniquely determined, f{x)/g{x) has only 
one expression of this sort. Moreover, the order in which 
Ti, r 2 , • • • , r* are chosen is immaterial. For example, suppose 
r 2 had been taken first. If we add all the fractions in the right 
member of (11) except 42i/(x — r 2 )"'s we find that 


f(x) _ A 21 j hx(x) 

g{x) (x - r 2 )'^» - r 2 )”‘i'"iQi(x)’ 


Since this result is of the form (9), An must be the number given 

by (9). 
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Example 1. Resolve 


By (10), 


(a: 


{x - 2)\x 4-3) (x - 2)2 
Q{2) 5 


into partial fractions 

2)2(x 4-3) 

A X — i4(x 4- 3) 

4_ 


and Q{x) — x 4- 3. But A 


(X - 2)2(x 4- 3) 
Hence 


where /(x) =« x 


X ^ i l( x - 2) 

(* - 2)Hx + 3 ) (X - 2 )= (x - mx + 3 ) 

_ 2 3 J 

“ 5(x -2)^^ 5 (x -2)(r + 3)' 


Another application of this procedure shows that 


1 

Wx 4- 3) 



L__ 

.tTs 


) 


Henfje 


^ . ?_ 

(x - 2)2(x 4" 3) 5(x - 2)2 25(x - 2) 25(x 4- 3) 

Theorem 7,10. Let f{x)/g{x) be a proper fraction. If g(x) 
contains the factor x^ + cx + d exactly m times, so that 

g(x) = ( 0*2 4“ cx 4- dy''Q{x), 

where x^- + cx + d does not have equal zeros, m ^ 1, and Q(r) ^ 0 
when r is either zero of x^ + cx + d, then f(x)/g(x) may be repre- 
sented in the form 

fix) _ Ax + B M?) /,o\ 

g(x) (x^ 4- cx + d)”^ (x^ 4- cx 4~ rf)*"*“^Q(x)^ ^ 

where A and B are constants, and the last fractioin in (12) is proper. 
Moreover, A, B, and h{x) can be determined in exactly one. way. 
Consider the identity 

f{x) ^ Ax + B / (x) -- {Ax + B) Q{x) . . 

g{x) (x^ 4- cx + d)*” {x^ 4“ cx 4~ Q{x) ^ ^ 

where A and B are constants to be determined. Let ri and r 2 
be the distinct zeros of x^ + cx -f d. By Theorem 7.1, the 
numerator /(x) — (,4x + B) Q(x) has x^ + cx + d as a factor 
if and only if 
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/(ri) - {Arr + B) Q{n) = 0, 

/(ra) - (Art + B) Q(rt) = 0. 

The only solution of these equations is 

A = /('•Q ~ /(^a) ^ riQjri) fjrt) - rtQ(rt) f(r i) 

(ri ~ rt) Q(ri) Q(rt) ’ (ri - rs) Q(ri) Q(r,) 

where the denominators of A and B are 5^ 0 because Q(ri) 9 ^ 0, 
Q(ft) ^ 0, and ri 9 ^ rt. Hence, when A and B are determined 
in this way, the factor + cx + d may be divided out of the 
last fraction in (13) and (12) results. 

It should be noted that x- A- cx + d has distinc^t zeros when it 
is one of the factors in (7), for 

X* + cx 4- d = — (a + /3f)I[.T — (a — fit}] 

with jS 7^ 0. Moreover, A and B are real, for let 

f(ri) = Ri(a, + fi.S](a, ff), Q(r,) = Rt(a. /3) + iSi(a, /8), 
where ri = a + fit. Then 


fir-z) = f(a - 0i) = Riia. / 3 ) - i8.{a. 8 ) 
and Q(r*) = Rt(a, 8 ) — iStia, 8 )- Since 


2i8A 


(rj - rt)A 


/(ri) _ /(rj) 

<2(>.) Q(r7)’ 


Ri "f* iSi R\ — iSi 2t(/22jSi — RiS^ 

Rt + iSt Ri — iBt Rt “h 'Si 


Since i divides out, and Ri, Si, Rt, St, and 8 are real with 8 ^ 0 , 
A is real. It may be shown in a similar manner that B is real. 

By Theorem 7.8, gi(x) in (11) may be broken up into quadratic 
factors as in (7). Hence the operation (12) may be repeatedly 
applied to/i(x)/gi(x) in (11) with the re.sult that 


/(X) _ .In 

g(x) (x - rO' 


+ 


+ 

+ 


+ 


(X — /•Jt)’"4 
jBijX ~f" C12 


(x - r,)’ 

+ ■ ■ 


^1 + 


+ 


A 


Ijm, 


X — Ti 

BiiX “f- Cii 


X — r*. (x* + c,x + di)"i 


(x* + Cix + di)”' 

BiiX + Cn 


"f" 

^ + cix + di 


(x^ + cix + di^i 


+ 


+ 


Bi,u^x + Cl,u^ 
+ cix + di 


+ • ' * + 


(H) 
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This representation of f(x)/g(x) is evidently the only possible one. 

The coefficients Aij, Bn, and C*,- in (14) may be determined 
in three ways: (1) By the method indicated in the proofs of 
Theorems 7.9 and 7.10. (2) By clearing (14) of fractions, equat- 

ing the coefficients of like powers of x (by virtue of Theorem 7.6), 
and solving the resulting equations. (3) By clearing (14) of 
fractions, substituting for x as many different values as there are 
unknown coefficients, and solving the resulting equations. 

VW 


After the coefficients in (14) are determined 


CM 

^ J g{x) 


dx may 


be found as the sum of the integrals of the separate fractions 
in the right member of (14). All of these integrals may be 
evaluated by the methods discussed in the preceding sections 
together with the formulas 


/ 

/ 


1 

(ax^ + bx + c) 


X 

{ax^ A- bx + c) 


n+l 


n+1 


dx = 


dx = 


2ax + b 

n(4ac — b^)(ax^ + 6x + c)” 

I 2(2n-l)a C 1 

n(4ac — b^)J (ax + bx + c)” 

-- (2c + bx) 

n(4ac — b‘^)(ax^ + bx + cy 
_ b(2n - 1) f 1 , 

n(4ac — 6^) J (ax^ + bx + c)^ 


Examination of the results of these integrations leads us to 
Theorem 7.11. Every rational fraction f(x)/g(x) with real 
coefficients may be integrated and the integral consists of the sum 
of only rational fractions, logarithms of rational fractions, and 
inverse tangents of rational fractions. 


C 2 

Example 2. Find I ^ dx. 

Since — 2x = x(x — 2), we may write 


2 A ^ B 

s — -j * 

x^ — 2x X X —2 


Clearing of fractions, we find that 

2 a A(x -2) (16) 

To determine A and B by equating coefficients, we fixst collect like powers 
of X, obtaining 


2 m (A ^B)x - 2A, 
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and then we set 


A + = 0, -2A - 2. 

It follows that A — —ly B — I, Or we may determine A and B by sub- 
stituting two different values of x in (15), the values 2 and 0 being the most 
convenient since they make one or the other of the coefficients of A and B 
equal to 0, We find that 

2 = 25, 2 = -2^, 

and as before, A = —1, 5 = 1. Hence 

Jx* — 2x J X j X —2 

= - log X + log (x - 2) -f log C = log 

X 

J 2x2 + 8x - 4 

dx, 

x^(x — 2) 


We may write 

2x2 + 8x - 4 __ .4 5 c 

x2(x ~ 2) x2 X X ~ 2* 

Hence 

2x2 + 8x - 4 « ^(x - 2) 4- Bx{x - 2) + Cx^ (16) 

^ (5 -f C)x2 4- (A ~ 25)x - 2A, 

and 

5 4 C = 2, A - 25 = 8, ~2A = -4, 


so that A = 2, 5 = — 3, C = 5. Thus 


J 2x2 4 8x - 4 
x2(x - 2) 


dz 


2 

3 log X 4 5 log (x — 2) 4 C 

X 



(x - 2)^ 
x^ 


4C. 


We might have determined A, 5, and C in (16) by setting x equal to 2, 0, 
and some other value, say 1. 

J - 2x» + 3x* - 2i + 1 ^ 

Example 4. Find J ^(ar+i yi 

We may write 


X* - 2x3 ^ 8a;2 2x 4 1 


A 5x 4 C 
X (x2 4 1)* 


4 


Dx 4 B 


x(x2 4 1)* 


x2 4 1 
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Hence 


- 2a:^ 4 3x2 - 2x 4- 1 - ^(^.2 4 . 4 - C) + x(x^ 4- l){Dx 4- E). 


We leave it to the student to show that A — B = C — D ^ E — —2. 
It follows that 



2x* -f 3x2 ~ 2x -r 1 



x(x* 4“ 1^* 




X* 4- 1 


dx 


loK X 


1 

27x2 +“l) 


- 2 Tan-2 x 4- C. 


EXERCISES IV 


Jivaluate. 
dx 


1 . 


3. 


7. 


h 

I 
f 
I 

f 2(3 

J (X~ 


4*8 

(2x« 4- a; 4- 3) 
4- D* 

5. r-^^dx. 

x(x-l)2 
dx 

€® 4- 1 
2(x ~ 6) 


dx. 


13. 


15. 


J (4t* - 

I 
/ 

/ 


p)^ + q 

&K* 


dx. 


4x 4- 2)2 
x2 4 - 3x 4- 3 


dx. 


2x3 4- 5x2 
dx 


3x 


dx. 


’ ?a ^ I, 


(x ~ a)*" 

{Hx 4- C) dx 
(x* + pa; 4- 0')’" 


4. 


6. 


r dx 

J 

f 
f 
I 
f 


8 . — 


4 dx 
x3 + 4x 

x2 - 2x 

(X - ])(X2 + 1)2 

5x2 _ 1 


dx. 


10 . - 


(x2 4- 3 )(x2 - 2x 4- 6) 
2x 4- 3 


dx. 


4 - x2 — 2x 


dx. 


12. 


14. 


JO. 


J x4 - 5x2 

I 
I 


ox 


4-4 

dx. 


dx. 


(9x2 _ 1(5)2 

B x 4- C 

x® 4 - px 4“ 5^ 


dx, p* — 4gf < 0. 


m > 1, p2 4^ < Q 


8. Integration by Substitution. To integrate by substitution 
we change the variable of integration by means of formula (8) 
in Sec. 3 (see Example 4 following this formula). While there 
is no general rule for determining x = (p{u) in (8), we list below 
a few substitutions which are effective in certain cases. 

Let JK(a, jS) be a rational fraction in a and /3 (i.e., the ratio of 
two polynomials in a and 0). Then, for example, i2(cos* x, sin x) 
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denotes the result of substituting a. == cos^x, = einx in 

then 


R(a, |8). In particular, if R{a, (8) = 
fi(cos^ X, sin x) 


a® — jS 


2j8*' 

cos'* X — sm X 
2 sin*"^ X 


To integrate: 


J cos z 


/2(co 8^ X, sin x) dx; let sin x = 2 , obtaining 




/£(1 - 2 ) d 2 . 

2. I sin X R(8in* x, cos x) dx; It;t cos x = 2 , obtaining 


/ 


/i(l - 2 *, 2 ) dz. 


3. J jB(8in X, cos x) dx; let tan | = 2 , obtaining 

4. J iictan I) dx; let tan X - x, obtaining ^ds. 

5. J R{Xy y/a^ — x^) dx; let X == a sin 2 , obtaining 


J 


i?(a sin 2 , a cos 2) a cos 2 dz. 


5. J' B(x, \/a' 


* + X*) dx ; let x = o tan 2 , obtaining 
^ i2(o tan 2 , a sec z) a sec-* 2 d 2 . 

7. y/x* — o*) dx; let X = a sec 2 , obttuning 


/ 


J2(a sec 2 , a tan 2 ) a sec 2 tan 2 dz. 
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These formulas all follow immediately from (8) in Sec. 3. For 
example, if sin x = z, then D^z = cos x, = 1/cos x, and 

J*cos X i2(cos^ X, sin x) dx = J cos x jB(cos2 x, sin x)DgX dz 

== J*^(l — 2^, 2) dz. 

In the above formulas, the substitution is made in such a way 
as to rationalize the integrand. The principle of rationalizing 
the integrand often leads to the proper substitution. For exam- 
ple, to evaluate J \/x + l \/x = z. Then x = 2 ^, 

DtX = 2z, and 

■ JiTi " rii) * 

= 2[2 - log (2 + 1 )] + c 
= 2[Vx — log (Vx + 1)] + C. 

Sometimes a purely artificial substitution is helpful, such as 

1 r-v/l — 3;2 

X = - in I 1 dx. In all but the simplest cases, the only 

z J X 

recourse is initiative and resourcefulness. 


■ dx. In all but the simplest cases, the only 


EXERCISES V 


(1 + x)^ + (1 + x)^ 


3. 

J dx 
x\/ a’x* — 6 * 


*\/9x* - ] 


X* dx 
(5 -h 

dx 

x(16x» + 9)^* 
xdx 

— X* 

* 

\/3 — 4x — 4x* dx. 


11. JVTT 


6*x* dx. 


-f cos 3x dx. 


J V2x(l - 2x) 

5 I I “b X 
J cos x(l 4“ sin x) 


J ( 16 *» + 9 )^' 

I o 4 “ 6 sin X 
2. I - d 
J cos* X 

■■ 

. Cx^ - . 
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(3i + 1)’* - (3x + 1)^ 


log* X dz 


x^-x^ 

1 +x^ ' 


a + b cos X 


a* 5^ 6*. 




o* ^ h\ 


“ J a 4- 6 sin X ” " ' J o + & cos x + c sin x 

[22. Hint: h cos x + c sin x = A cos (x — or), where tan a = 6/c, A 
/b'+c\] 


tan* 3x dx. 


Develop a method for integrating: 


cos X dx 
1 4- cos* X 


J R(x, ■%/ . 


ax* -i- bx c) dx. 


6. J Rixy yj ax 4" \/ ca; 4- d) dx. 


27. Evaluate 


(8 4- 12x -f 5x*)\/ 2x* + 6x 4- 5 


9. Integration by Tables, The indefinite integrals of many 
functions have been tabulated. The reader may utilize the 
preceding sets of exercises to obtain practice in the use of a table 
of integrals. 

No table can give the integrals of all functions. In fact, there 
are many functions whose integrals can not be expressed in terms 
of the elementary functions with which the reader is familiar. 

/ dx 

Vil ~ X^)(l - 9x^) 

in terms of ^‘elementary functions.^’ Integrals of this sort will 
be studied later on. 

10. The Symbol Iaf(x)]S- We define the symbol f(x)]S by 
the formula 


= Fib) - Fia), 


where F{x) is any function of x defined at x = a and x = 6. 

If F{x) and 6(x) are any two integrals of a function /(x) meeting 
the conditions of Theorem 2.1, then 


pw]; = c(.)]; 


since there exists a number Co such that Oix) se Fix) + Co and 
since G(6) - C(o) = fF(b) + C«] - [F(a) + Co] = Fib) - Fia). 
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Thus the number /''(a:)]S is the same for every integral F{x) of 

/(a:). 

Definition 10.1. If fix) meets the conditions of Theorem 
2.1, then we define the symbol Ixf(x)]a by the relation 

IJ(x) J' = Fix) ]' = Fib) - Fia), (2) 

where Fix) is any integral of fix). 

In view of the relation between the symbol /*/(a;)JS and the 
definite integral of fix) defined in Sec. 13, page 207 it is customary 
to use the notation dx instead of Ixfix)fa- 

Example. I = — = — — - = 21. The preceding diBCusaioii 

Ji 3Ji 3 3 

is illustrated by the fact that we may also write 

If « = <piu)y where u = a when x = a and w = ^ when a; = 6, 
then it follows by (8) of Sec. 3 that 


£ fix) dx [fix) 

Dux] du = £ [fl<p(u)]D„<fiiu)[ du. 


EXERCISES VI 

Evaluate: 



2 r 

Jo 1 -f-c* 

^x/2 

r 

3. 1 COB* X dx, 

•l/0 

4. 1 X COB irx dx, 

%) 0 

fH Ox 

^ • 

6. r 

7. Why are the symbols f ^ 

x~^ dx and f sec* x dx meaningless? 


11* The Indefinite Integrals of a Function of Several Variables. 

The concept of an indefinite integral may be extended to func- 
tions of several variables. We say that a real single-valued 
function F(x, y) is an integral with respect to xo{ a function /(x, y) 

^ ~ ~ dsc ~ integral of fix, y) with respect to y 
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is defined in a similar manner. We say that /(x, y) is integrable 
with respect to x (or y) if /(x, y) has at least one integral with 
respect to x (or y). 

If f{^) y) = x/y/l — — y^y this function being defined only 

when X* + 2 /^ < 1, i.e., only inside the circle + y^ = 1, 
then an integral of /(x, y) with respect to x is the function 

F(x, y) = —Vl — x2 — 2/2 + cos 2 / + 3 since — — = /(x, y), 

ox 

other integrals of /(x, y) may be constructed by extending F(x, y) 
in a nondifferentiable manner as in Sec. 2. However, we shall 
consider only those integrals of a function /(x, y) which have the 
same domain of definition as/(x, y). 

Definition 11.1. We denote an arbitrary integral of /(x, y) 
with respect to x [having the same domain of definition as /(x, y)] 
by //(x, y) dXy and we call J fix, y) dx the indefinite integral of 
/(x, y) with respect to x. 

The indefinite integral of /(x, y) with respect to y is similarly 
defined - 

Befon; we state the fundamental formula for representing 
indefinite integrals, we must introduce a concept which will be 
used again in Part B of this chapter. 



Fio. 56. 




An x-axial region R of the xiz-plane is a portion of the xy-plane 
such that, if Hs any line meeting R and parallel to the x-axis, 
the part of I in R consists of a single interval, finite or infinite in 
length. The term 2 /-axial is similarly defined. If R is both 
x-axial and y-axial, then R is called axial. Thus, in Fig. 56, 
Ay By and D are axial, but E and F are not axial, though E 
is x-axial and F is y-axial. 

Theorbm 11. L LetfiXy y) be a function integrable with respect 
to X whose domain of definition is an x^axial region D. If F(Xy y) 
is any integral with respect to x of /(x, y), then 
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J/(*, y) dx = F(x, y) + se(y), (1) 

where <p(y) is an arbitrary function of y defined over D, and where 
(1) is to be interpreted as asserting that any integral whatever of 
f{Xj y'^ with respect to x is representable as F{Xy y) + (p{y) by a 
proper choice of <p{y)^ 

It is seen that all the functions represented by the formula 

dF(x y) 

y) + viy) are integrals of /(x, y), for — = /(x, y) and 

= 0 whatever ^(y) may be. To show that the formula 
ox 

F{Xy y) + <p{y) represents all integrals of f{xy y) [having the same 
domain of definition as f{Xy y)], let G{Xy y) be any integral of 
f{x, y) and let y = i/o be the equation of any line I meeting D 
and parallel to the a:-axis. Since D is a:“axial, the part of Z in 
D consists of a single interval I. Since 

DJ^Xy 2/o) = D/}{Xy 2/o) 

in /, it follows by Theorem 10.3 and Ex. XI, 5 of Chap. I that 
G{Xy yo) = F{Xy yo) + C. Since this result holds for each line 
y yoy C has a definite value for each value yo of y. Hence C is 
a function of 2/, say C = H(y)y and we may write 

G(Xy yo) = F(Xy yo) + H(yo). 

It follows that G(Xy y) ^ F{xy y) + H(y)y where H(y) is a par- 
ticular instance of (piy)* Since G{Xy y) is an arbitrary integral 
offixy y)y (1) holds. 

A similar tneorem holds for / /(x, y) dy. Thus, 

- 7 ===:==^ ax = - Vl - X* - y* + <piy); 

Vl — — ^2 

-7======= ay = - Vl - - y^ + if'ix). 

vl — X* — j/* 

These integrals are computed by formula 1 of Table II while 
treating y or x as numerical constants. In general, / /(x, y) dx 
and J /(x, y) dy are evaluated by regarding x and y as independent; 
the methods of the preceding sections apply since the integrand 
is treated as a function of only one variable. 

The discussion in Sec. 2 regarding different representations 
of 14 {x) may be extended to the present situation. 




Ssc. 11] 


INTEGRAL CALCULUS 


197 


The following example illustrates the fact that Theorem 11.1 
is false when the region D is not a:-axial. Let D be the non-a:- 
axial region consisting of the two squares shown in Fig. 57 and 
let f(Xy ?/) = 0 at every point in D. One integral of /(x, y) with 
respect to x is the function F(x, y) such that F{Xj t/) = 1 at every 
point in Z>, F{x, y) being defined nowhere else. Another integral 
is the function (r(x, y) such that 


G{x, 



3 at every point (x, y) in D for which x < 0, 
y at every point (x, y) in Z) for which x > 0. 


It is impossible to determine a function (p{y) such that, for the 
entire region Z), (?(x, y) = F{x, y) + ^p{y). Hence it is not the 
case that //(x, y) dx = F(x, y) + (p{y). 

Properties I to V in Sec. 3 may be readily 
extended to functions of two variables. 

In contrast with the symbol / /(x, y) dx, 
we introduce the symbol / /(x, y) dx in 

Definition 11.2. If y is a function of x, say 
y = q(x ) , then / /(x, y) dx is defined by the relation 


m 


Fig. 67. 


jV(x, y)dx == Z f[x, 5(z)] dx, 


provided this loiter integral has meaning. 

Symbols like //(x, y) dy^ //(x, y) dti, and //(x, z) dx are 
similarly defined. In every case where an integral is written 
with d^ rather than with d, the integrand must be expressed as 
a function of only the variable of integration before the integral 
can be evaluated. Thus, if y = \/F+~l, then 




+ 1) dx = I' + f + C. 


It is evident that / f(z, y) dx and //(x, y) dy are entirely different functions. 
For example, if t/® » x, then /(x •+■ y*) dx = x® + C', whereas 


/ 


(x + 2/*) dy = 



Moreover, the functions x* -f- C and (2y*/B) + C are not reducible to one 
another by means of the relation y* » x. However, we may change the 
variable of integration by means of 
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Theorem 11.2. If x and y are differentiable functions of each 
other ^ say x = ^{y) and y = tp{x)^ then 

fsix, y)dy = f [f(x, y) Dxj/J rfx. (2) 

We leave the proof of this theorem to the reader. 

If F{Xj y) is an integral of f{x, y) with respect to x, then 
fl%)f(xy y) dx is the function of y given by the formula 

y) dx = F(x, y)X7Z = ~ 


Since il%]f{Xy y) dx is a function of y, it may (under suitable 
conditions) be integrated with respect to y; we denote this 
integration by /S flcilfix, y) dxdy. This S 3 nnbol is interpreted 
as though it were written V) ^Vy inner 

integration and substitutions being performed first. The 
symbol /J 5l%]f{x^ y) dx dy is referred to variously as a repeated, 
iterated, or double integral. Thus, 



Other integrals, such as /J fl\%]f{x, y) dy dx and 



are computed in a similar manner. 


EXERCISES VII 


1. Evaluate: I (a?* ~ t/*) dx\ I {x^ — y®) dy\ 


J*i + 1* + V* J xy^ log + y) dx-, J, 

^ sin”' (x -h y) dz. 


; J sin xy dx; J ; 


; I dy; 


; I «vx* -f 1/* -f z* dz; 


2. Show that if /(x, y) is defined over an x>axial region and is such that 
/*(x, y) * 0, then/ is a function of y alone. (See Ex. XVII, 13, of Chap. I.) 

3. Find / /(x, y) dx when (a) /(x, y) = xe* and y » x*; (b) /(x, y) « — ~ 

y X 

and y =* 2x* ~ 1. Find //(x, y) dy when/(x, y) » xy and y « sin x. 
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4. Find //(a;, y) dn when (a) /(a;, y) = a;® — xyandx = 1/w, 2 / » 2n -f 1; 

(b) /(a;, 2/) ^ — xy and a: = sin w, y = cos u; (c) fix, y) ^ x sm y and 

X = M*, y = 2n. 

5. If fix, y) - l/iy — x)^, then the functions 


E(x, y) = 


y - X 


Gix, ?y) = ^ ^ "" 


-f- 1 when X > 


y - X 


+ y when x < y, 


are integrals of fix, y) with respect to x, but there exists no function ipiy) 
such that Gix, y) = Fix, y) + <piy). Explain. Find representations for 
I fix, y) dx and I fix, y) ay. 

6. Find I fix, y) dx and f fix, y) dy when 

(a) fix, y) =* l/{x* — y^). (Consider the four parts into which the 
xi^-plane is divided by the lines x == ±y.) 

(b) fix, y) - l/(x® ~f" (For j' fix, y) dx consider the cases y 9 ^ 0 and 

y = 0). 

(c) fix, v) = x/y/ x^ - y'‘ - 1. 

(d) fix, y) is the function discussed in connection with Fig. 57. 

(e) Show how / fix, y) dx may be represented by properly breaking up 
the domain of definition of f{x, y) into x-axial regions. Show that Theorem 
11.1 is never valid when the region 1) is not x-axial. 

7. Define / fix, y, z) dx. Define an a:-axial region in 3-dimensional 
space. State and prove Theorem 11.1 for a function /(x, y, z). 

8. Prove Theorem 11.2 by means of property IVb in Sec. 3. Verify 
this result when fix, y) = ye^ and y ~ \/ x. 

9. (a) Under what conditions is it true that 

f)(r , y) du = J Ifix, y) D^u] dx = y) Dyu] dyl ( 4 ) 


Verify this result when/(x, y) = x* — xy and x = Iju, y — 2u -f- 1. 

(b) When is it true that f fix, y, z) dx — f [fix, y, z) D^z] dz7 Interpret 
and illustrate. 

10. (a) Define and illustrate integrals of more complicated types, such as 
S fix, y, z) dx, where x and y are independent but z ~ ipix, y). 


(b) 


r dz c 

Show that I fix, y, z) — dy - I fix, y, z) dz, where in both 

J L J 


integrals x is constant but where z = (pix, y) in the first integral and 
y = z) in the second. 

11. Show that the value of Sl\l)fix, y) dx is independent of the integral 
Fix, y) chosen in (3). State all the conditions that must be met by fix, y), y, 
and the ^^limits of integration” p(y) and qiy) in order that this result may 
be valid. 
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12. Evaluate: 


^2o 

(a) 1 \ 2ydy dx, 

Jo Jo 

r2a fv' 

(b) 1 2y dx dy. 

ni ni ry-z 

(c) 1 1 1 z dz dx dy. 

Jo Jv* Jo 

(d) J I 1 s , , ^2/ dz. 

Jl Jo Jo X* + y* 

pr/2 ^ 008 d 

(e) 1 1 p sin 6 dp dB. 

Jo Jo 

Fit 

(f) 1 1 , 1 ydzdydx. 

Jo J-V9^Jo 

^12 nx/2 ncoBd 

(g) 1 1 1 P® sin 6 dp dB dz. 

Jo Jo Jo 

pir/2 na 

(h) j II r(r cos B + 

Jo Jo Jo 

r sin 0 -4- z) dz dr dB. 


13. Suppose that / [/(a;, y) Dxy] dx = F{x) + Ci when y = <pix). Then 

DxF{x) “/(x, y) Dxy, where y = if>{x). (5) 

Again, suppose that J /(x, y) dy = ^{y) + when x = B{y), where B and ^ 
are both arbitrary and wholly independent of each other. It is evident that, 
in general, F(x) ^ ^[<p(x)] -|- C, for 4? varies with B, while F does not. 
Point out the fallacy in the following argument: After completing the integra- 
tion to determine ^{y), let us set y = vix). Then Dx^[<p{x)] = Dy4>{y) Dxy, 
where y is independent in Dy^{y), and where y = (p{x) in Dxy, But 
Dy^{y) ®= J{x, y) [just as in (5)], and in this result we may (as always) 
write y = ^(x). Hence 

Dx^*p{x)] == /(x, y) Dxy, where y = v?(x). (6) 

By (5) and (6), F{x) and <I>[v9(x)] have the same x-derivative, and bv Theorem 
10.3 of Chap. 1, F{x) ^ + C. 

12. Exact Differentials. While jf(x, y) dx is meaningless 
unless 2/ is a function of x, say y = yet it is sometimes 
possible to represent the quantity / f{x, y) dx + S v) by a 
formula even when ip^x) is not explicitly given. We wish to 
see when and how this may be done. 

It was shown in Sec. 18 of Chap. I that, if y is a differentiable 
function of x, say y = ^(x), then 

V) + Sy{x, y) D.y. ( 1 ) 

Since the two members of (1) denote the same function of x, y 
being given as a function of x, it follows that* 

• Tfaroo^iout this disouaaion we Msame that the oonditioiu of Theorems 
3.1 and 11.1 are always met. 
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J dx = J [/.(X, y) + fyix, y) D.y] dx 

= jfxix, y)dx + j [fyix, y) D,y] dx. (2) 

If the relation y = (p{x) determines a: as a function of y, say 
X = then the last integral of (2) may be written as 

y) dy 


by virtue of Theorem 11.2. Since * 
it follows that (2) may be written in the form 


f d/jx, 

J 'dx 


dx = fix, y) + C, 

* 


ffxix, y) dx + ^ fyix, y) dy = fix, y) + C, (3) 

where in both members of (3), y = <p{x) and x = \l/{y). In no 
event are x and y to be thought of as independent in the right 
member of (3). 


Example 1. If f{x, y) = xy, then /p(a:, y) = t/, fy(Xy y) = Xy and (3) 
becomes 


J ydx -h J xdy ^ xy -hC, (4) 

To evaluate the left member of (4), x and y must be functions of each other. 
Suppose y = x^, so that x = V^- Then the left member of (4) becomes 
(xV3) + (2y^/d) 4“ C. If in this formula we substitute y — x*, the result 
is the same as that obtained by substituting y — x^ in /(a;, y) = xy. If we 
had taken y == log x, so that x = then the left member of (4) becomes 
(x log X — x) + C, Substitution of y = log x in this result and in 
/(x, y) = xy leads to the same function of x, Thus^ no matter how y may 
be represented as a function of x in (3), direct evaluation of the two members 
of (3) always leads to equivalent results. 

As a consequence of (3) we have 

Theorem 12.1. The expression jM{x, y) dx + 5N{Xj y) dy 
may he evaluated by the formula 

J*Af(x, y) dx + J* Nix, y) dy = fix, y) +C (5) 

if and Ofdy if there exists a function f{x, y) such that 
fzix, y) = Af(x, y), /»(x, y) = Nix, y). 

* It must be remembered that //®(x, y) dx f(Xy y) -f C. 

//.(*. v) flx- /(x, v) + x(y). 


( 6 ) 

However, 
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For example, 


J 




+ y'^) dx + I {2xy + cos y) dy + mn y + (7, 


d /x^ \ 

for -- + xy'^ + sill y + C ) x’^ + and 

dx\ 4 / 


dy\4: 


+ xy- + sin y + C ] — 2xy + cos y. 




It is customary to write jM(x, y) dx + jN^x, y) dy merely as 
/Af(x, y) dx + N{x^ y) dy, it being implied that x and y are 
always inverse functions of each other in the two parts of the 
integral. We say that M{x, y) dx + N{x, y) dy \s bxx exact 

differential if and only if now prove 

Theorem 12.2. A necessary and sufficient condition that there 
exist a function f(x, y) such that 


J* ilf (x, y) dx + W(x, y) dy = /(x, y) + C 

is that M{x, y) dx + N{x, y) dy be exact. If M dx + N dy is 
exact, the function f(x, y) is given by the formula. 


fix, y) = f Mix, y) 


dx = m{x, y) + ^(y), 


whsre m(x, y) is any integral of M with respect to x, and where 

viy) = y) - dy, 

N — (dm/dy) being independent of x. 

To prove the theorem we seek the conditions under which we 
may determine a function /(x, y) such that (6) holds. We 
observe that every function /(x, y), such that/a,(x, y) s M{x, y), 
is represented by 


/(^, 2/) = J* M{x, y) dx = m(x, y) + ip{y), (7) 

where m is any integral of M with respect to x, and where it 
remains merely to determine tpiy) so that 


y) = y) + y)y 


( 8 ) 
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d<p(y) 

dy 


^ N{x, y) 


We assume that 


j Mix, y) dx, J 


dmjx, y) 

dy 

Nix, y) dy, and 
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(9) 

dMjx, y) 

dy 

It is apparent 


d^TJtix If) 

exisi , and that — exists and is continuous 
dx dy 

that (p{y) can be determined so that (9) holds when and only 
when N — (dni/dy) is a function of y alone. But N — (dm/dy) 
is a function of y alone if and only if 


a 

dx 


N{x, y) 


dm{x^ y) 

dy 


dN(x, y) d^m(x, y) 


dx dx dy 

(Cf. Kx. VII, 2.) By Theorem 17.1 of Chap. I, 


0 . ( 10 ) 


dhn{x, y) _ ^ dm{x, y) 


dx 


dM{x, y)^ Hence (10) holds when 


dy 


( 11 ) 


dx dy 

and only when 

d M{x , y) _ d N{x, y) 
dy dx 

It follows from (9) that ip{y) is determined as stated in the 
theorem. 

Example 2. lu the ca«e of / -f + (2^2/ T cos y) dy^ 

2y, and/fx, y) = f(x^ ?/*) dx = (x\^4) -f xy^ -f *p(y)y where 

^(y) - J* [(2x?/ -f eos y) — 2xy] dy ~ ^ cos y dy ~ sin y 4- C. 


Hence 


J t(3P* + dx 4- {2xy + cos y) d^] = ^ -f xy^ -f sin t/ -f C. 

Example 8. In the case of Jy dx x^y^ dy, 

My(x, y) s 1, N^{x, y) ^ 2xy^, 

My # and jy dx x^y^ dy cannot be evaluated by (3). 

Definition 12.1. Let (a, b) and (c, d) be two pairs of valties of 
X and y with a 9^ c and b 9 ^ d. If y — q{x) and x = q and p 
being mvJtual inverses, and if q is such that 

b = q(a), d = q(c), 


( 12 ) 
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[so that a = p(6) and c = p(d)], then 
[M(x, y)dx + N(x, y) dy] 

= £ M[x, g(x)] dx + j;" N[p(y), y] dy, (13) 
Because of condition (12), we may write (13) in the form 
[M{x, y) dx + N{x, y) dy] 

= M[x, g(a;)] dx + A^[x, gCa;)] Dxq(x) dx. (14) 

If M dx N dy is exact, there exists a function /(a:, y) such that 
f {M[x, ?(x)] dx + N[x, g(x)] Z>^(x) dx} = /[x, g(x)] + C, 
and 

f \M[x, q{x)] dx + N[x, q{x)] D^x) dx] = /[x, ^(a:)]]^ 

This proves 

Theorem 12,3. If M{x, y) dx + N{x^ y) dy is exact, then 

r'f [M(x, y) dx + N{x, y) dy] = f(x, ?/)l*"'’‘'”^ (16) 

«fa,o jx^a,y^b 

where f(x, y) is determined as in Theorem 12.2. 

Because the right member of (16) is independent of the choice 
of p and q we have 

Theorem 12.4. If M dx + N dy is exact, then 

r'^Mdx + Ndy 

Ja,b 

is independent of the path joining (a, h) and (c, d). 

It must be remembered that the preceding theorems are valid 
only when all the conditions of Theorems 2.1 and 11.1 are met. 
(See Example 4 and Fig. 103 in Sec. 18.) 

EXERCISES Vra 

Test the following for exactness and, when possible, evaluate: 

1. J (2x — y) dx + (3y* — x) dy. 
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2. I — ^ — dx -\ ^ — dy. 

J z + y X + y 

I 7 — ~;7 + 7 — ^ — Ti 
J (z - y)* {« - y)* 

6. + loK (* + y)l + [sin y + log (z + y)] dy. 

8. ^ [cos X 4“ cos {x -- y)]dx — [cos y + cos (x — y]) dy, 

9. J* (x -t xe**~'^^) dx + + ^e**"*'*) dy, 

10. Show that SM{x) dx -\-N{:y)dy may be evaluated by integrating 
each term separately as in Sec. 4 and adding the results. 

11. State the significance of the result of Ex. 1. Illustrate your answer 
by the method indicated in Example 1 taking: 

(a) y = x^. (b) y = \/^. (c) y = sin x. 

(d) y = e*. (e) -f 2/* = 1 . 

12. Evaluate y dx xdyhy (13), taking: 

(a) y = (b) y = 2x. (c) y = x^/2. 

(d) y = 2y/2x. (e) y ^ x 2. 

Why is this last result meaningless? (f) Show that /J’J y dx x dy is 
exact and evaluate by (16). Compare all of your results, (g) Evaluate 
Joio y dx — x dy hy (13) using the preceding formulas for y. Are your 
results all the same? Why? 

13. Evaluate by various methods, as in Ex. 12: 

(a) fill (x — y) dx 'i' (y^ - x) dy, (b) 2xy dx + x* dy. 

(c) 2/^ dx + x^ dy, 

14. If x, 2/, and z are determined as functions of each other, i.e., 

X “ Piiy) P2(3), y « $i(x) = qit{z)y and z = ri{x) = r 2 {y), show that 

J* P{x, y, z) dx 4- Q{Xy 2/, z) dy 4- R{Xy 2/, z) dz = /(x, y, z) C (17) 

when P m Q s /y, and R = /*. Show that the function /(x, y^ z) exists 
when and only when 

Py s Q,, P, 5s Qg 5 (18) 

and develop a procedure for finding /(x, y^ z) when (18) holds. The differ- 
ential P dx + Q dy + R dz is called exact when (18) holds. 


/ 

. f-^ 

J ** + !/' 


ye’o dz + ze*^ dy. 

z 


dz 4 - 


** + V' 


-^dy. 
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Define the symbol F dx Q dy R dz, stating the analogue of 

( 12 ). 

State and prove an extension of Theorems 12.3 and 12.4. 

15. Evaluate {x 2xz + 2yz) dx + {2y 4- 2xz) dy -f (a:* f 2xy) dz. 

16. Jlvaluate 

/I’.oio + y + dx + (x -f y 4- z)'-'" dy 4- 4 2/ z)^ dz. 

17. Evaluate 

/jsin {x -F z) (x y) cos {x -{- z)\ dx 4- sin (.r -r i) dy 

4- (J + y) cos (z 4 z) dz. 


02 

y^c 

£E3 


04 


^6 Og aiQ 




^07 0 (lg 




03 


5 8 10 

Fig. 58. 


PART B. DEFINITE INTEGRALS 

13. Construction and Evaluation of Definite Integrals. To 

construct the definite integral of a function f(x) over an interval 
a g a: g 6 we must first define the limit of a s(^quence of numbers. 
Let Gi, 02 , • • • , On, • * * be a infinite sequence of real numbers. 

We say that this sequence has the 
limit A if the successive terms of 
— the sequence become and remain 
~ arbitrarily close to It may be 
shown (cf. property G of Sec. 3, 
— Chap. I) that this definition may 
be expressed in the following form : 
Definition 13.1. Let Ui, ug, 
Gnf ■ ' be a sequence of arbitrary real numbers. If, for 
every positwe number e, however small, there exists a positive integer 
no such that 

|an — i4| < € for all n > no, 
then the sequence Ui, a 2 j * * • is said to have the limit A. We 
denote A by lim an. 

n-~* 90 

This definition may be interpreted geometrically as indicated 
in Fig. 58. The similarity of this definition with Definition 3.1b 
of Chap. I should be noted. See Chap. IV for a detailed discus- 
sion of the properties of sequences. 

Examples. According to Definition 13.1, we see that: 

1. The sequence 3i, 3i, 3i, 3L • , 3 4- (1/n), • ■ * has the limit 3. 

2. The sequence 2.1, 2.9, 2.01, 2.99, 2.001, 2.999. • • has no limit. 


3. If a is any constant angle, then the sequence 1, cos a, I, cos 1, 

2 


a a 

cos 1, cos - , 


has the limit 1. 
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4. The aequence 2^, 2^^, 2^, 2^, 2^^, • • • has the limit 1. 

5. The sequence 2^, 5, 2^^ 2^, 5, 2^^, 2^^ 2^, 2*^, 5, 2^, • • • has 
no limit. 

We may now define a definite integral. 

Definition 13.2. Let f(x) be a real single-valued function 
defined over the interval a ^ x ^ b. Perform the following 
operations: 

I. Subdivide the interval from x = a to x ^ b into an arbitrary 
finite number ni of nonoverlapping"^ subintervals /i, / 2 , • • * , /n^ 
of lengths Aio:, A 2 X, • • • j An x which need not be equal. 

II. In each interval li choose an arbitrary number Xi; thus, X\ 
is a number in h, X 2 is a number in 72, etc. 

III. Form the sum 

n\ 

St = 

i«l 

= /(a:i) Aix +/(a:2) A2a; + • • • ’\-f{xn)AnX. (1) 

IV. By repeated applications of steps I to III, construct an 
infinite sequence 

ni Ui 

Si = Xf^Xi) AiX, S, = '^fixi) • • • , 

t « 1 1-1 

rik 

Sk = A^a:, • • • (2) 

/-I 

in any manner such that 

lim bk = 0, (3) 

fc— ► « 

where 8k is the length of the longest interval in the sum Sk. 

If lim Sk exists and has the same value for every possible construe- 

k — > *0 

tion of the sequence (2) meeting condition (3), then this limit is 
denoted by ^\f{x) dx, i.e., 

f(x) dx = lim Sk- (4) 

o fc— ► 00 

We call SS/(x) dx the definite integral {or Riemann sum) of f{x) 

* It is permissible for two adjoining subintervals to have a common end 
point. An interval /* may include both, either, or neither of its end points. 
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with respect to x from x a to x = hy and we call a and b the limits 
of integration. We say that f(x) is summahle from x a to x = b 
if Slf(x) dx exists. 

In step IV it is to be understood that the numbers Xi and AiX 
in any one sum of (2) have no relation to the numbers Xi and 
AiX in any other sum of (2) ; in other words, the sums of (2) are 
constructed independently except for condition (3) on 6k. 

In Part C of this chapter we determine the class of functions 
f{x) for which Slf(x) dx exists; we mention in passing that 




Slf(x)dx exists when f{x) is continuous over the interval 
a S X ^ by and also in certain other cases. 

Perhaps the simplest interpretation of (1) is obtained with 
the aid of the graph of f{x). Suppose that the graph of f{x) is a 
continuous curve and that the region ABQP bounded by the 
graph of f(x)y the ordinates at x = a and x = by and the x-axis, 
has a finite area K. It is evident that f{xi) AiX represents the 
area of a rectangle of height /( 2 ;i) and base and that the sum 
(1) represents an approximation to the area K of ABQP. 

We shall now show that 

S^/(a;) dx = area K of ABQP. (5) 

Construct the sums 

m ni 

-Si = AiX, Si = '^fix',) A<x 

as in Definition 13.2, where in Si each Xi is chosen so that /(Xi) 
is the maximum value of / in the interval A<a;, and where in Si 
each x'i is chosen so that /(rj) is the minimum value of / in the 
interval A<®. Then (see Fig. 60) 

«i ^ area K of ABQP g 8i. 
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Construct in this manner two sequences /Si, S 2 , * • • and 
sifS 2 f • • • as in step IV of Definition 13.2. As mentioned above, 
Slf{x) dx exists because f(x) is continuous. The existence of 
Slf{x) dx implies that lim Sk and lim Sk exist, and that 

k—* « k—* *0 

lim Sk = lim Sk = S*” f{x) dx. (6) 

00 k—* oo ® 

On the other hand, Sk g area K of ABQP g Sk for each /c, and 

lim 8k ^ area K of ABQP g lim /S*. (7) 

[ k—* « A;— ► 00 

Equation (5) follows at once from (6) and (7). 

In Sec. 14 we shall give several examples to show how (1) and 
(4) arise in connection with the computation of various physical 
and geometrical quantities. 

Example 1. Find an approximate value of SJ dx. 

Divide the interval from a; = 1 to a: == 2 into 10 parts of length 0.1, and 

let Xi = 1.0, xi = 1.1, xz = 1,2, • • • , xio ~ 1.9. Then 

10 

« = 2^/(*.) Ai* = (1.0)*(0.1) + (l.l)HO.l) + • • •+ (1.9)»(0.1) = 2.185. 

t-1 

If instead we let Xi = 1.1, Xa = 1.2, • • • , ajio = 2.0, then 
10 

s = A<* = (1.1)*(0.1) + (1.2)*(0.1) + • • • + (2.0)>(0.1) = 2.485. 

We see from the graph of f(x) = x* and (5) that, because of the way the x’s 
were chosen in « and iS, 

2.185 g Si ^ 2.485. (8) 

Theorem 13.1 {Fundamental Theorem of Integral Calculus). 
Let f(x) be a real singlc’-valued function defined over the interval 
d ^ X If* Slf{x) dx and faf(x) dx exist, then 

^J{x) dx = ff{x) dx. (9) 

Subdivide the interval from x — aiox — h into ni subintervals 
/i, / 2 , • • • , In^ having a, xi, X 2 , • • • , Xn -i, 6 as successive 
endpoints. Let F{x) be an arbitrary integral of f{x), so that 

* We mention in passing that this condition is always met when /(x) is 
continuoxis over the interval a ^ x £ 6. 
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.Fix\ 

F( 3 ri)~ f{x\)A\xl 


DJP{x) = J{x). Construct the sum (1) by choosing the number 
Xi in the following way: By Theorem 10.1 of Chap. I, there exists 
fF(x) ^ value x\ of x, a < xi < Xi, such 
that 

if F(rr,) - F{a) = F\xr){x, - a). 

Take this value x\ as the number Xi 
in the sum (1). Since ^ f{xi) 
and — a — Aix, 

fixi) AiX = F(x{) — F{a). (10.1) 

With the aid of Theorem 10.1 we 
may determine in a similar manner 
values a^2, 0*3, • • • , Xn^ within h, h, 
' • , In Huch that 



Fig. 61 . 


f{x2) A 2 X = F{x 2) - F{xi), 

f{xz) A^x = F{xz) — F{x2)y * * * (lo.i) 

f{Xn) AnX = F{b) - F(Xn-,). 


If we add all the equations (10.1) and (10. i), we find that 


nj 

^f{Xi) AiX = f(Xi) AjX +/(X2) A 2 X 4* • * ’ +/(^nj) AnX 

= F(b) - F(a), (11) 

Thus we have constructed the sum (1 ) in such a way that we have 
been able to evaluate it. If we construct each sum in the 
sequence (2) in this same manner, always determining the points 
Xi by the theorem of the mean as indicated above, then every 
sum Sk in (2) has the value F{h) — F{a) as in (11). Hence 

lim Su = F{b) - F(a) = C f{x) dx. (12) 

By hypothesis, S^f(x) dx exists. By Definition 13.2, 

SS/(^) dx - lim Sk, 

k — *■ «o 

so that (9) follows from (12). 

It should be noted that the proof of this theorem is purely 
analytic and involves no reference to the graph of f(x) ; in par- 
ticular, no mention is made of the area of any figure. Hence 



Sec. 13] 


INTEGRAL CALCULUS 


211 


(9) holds no matter what interpretation, physical or geometrical, 
is given to f{x) and dx. However, the various steps of 

the proof may be interpreted geometrically with the aid of Fig. 61 . 

It was pointed out in Sec. 6 of Chap. I that, ii f{x) = DaF{x), 
then the slope of the tangent to the graph of F{x) at x = xq is repre- 
sented by the ordinate to the graph of f(x) atx = Xo- It now foUows 
by (5) and (9) that the area under the graph of f{x) from x a to 
X = b and above the x-axis is represented by the difference between 
the ordinates to the graph of F(x) at x = a a7id x = b. This latter- 
result provides a method for constructing the graph of F(x) 
from the graph of f(x): erect ordinates at various points between 
x ~ a and x — h, and estimate the areas Au 42, • • ^ of the 




successive strips bounded by these* ordinates and the graph of 
/(x). Choose the initial ordinate MP at x == a arbitrarily, and 
plot points Pi, P 2 , • • as indicated in Fig. 63 to obtain the 

graph of F(x). 

Theorem 13.1 provides a method for evaluating SJ/(x) dx 
in the event that /J/(x) dx exists. However, there exist func- 
tions /(x) such that SJ/(x) dx exists while /S/(^) dx does not exist 
(see Ex. IX, 7) and in such cases SS/(x) dx must be evaluated by 
special devices (see Ex. IX, 8). Conversely, there exist functions 
fix) such that flf(x) dx exists while SS/(x) dx does not exist 
(see Hobson, Theory of Functions of a Real Variable/' 3d 
edition, Sec. 348). Moreover, the definition of SS/(x) dx can 
be extended to point functions (see Sec. 15), whereas the defini- 
tion of faf(^) dx does not admit of such an extension. While 
it is common to denote S^/(x) dx by ftf{x) dx, it is seen that 
SS/(x) dx and fafi^) dx are essentially distinct in nature, and one 
should not try to merge them merely because they are sometimes 
equal in value. 
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Example 2. Find the area A bounded by the curves Y « 
and 2 / = X -f 7. 

These curves intersect at points with abscissas a; — 1 and a: * 3. By 
(5), (see Fig. 64) 

S 3 ^3 

We may simplify this computation by (15) of Ex. 3: 

A = {Y -y)dx= Sli (3 + 2x - x^) dx = V- 


EXERCISES IX 


1. As in Example 1, find approximate values of: 


(a) X® dx. (b) - dx. 

(d) Sj So 


(0 



sin X dx. 


Check your results by (9). Sketch the areas represented by these integrals. 



fix) 


1 ’• I I 

i . i . 

a c 

Fig. 65. 


2. In Definition 13.2 it was assumed that a ^ b. If a > 5, we may 
define Sq/(x) dx exactly as in Definition 13.2 if we interpret all the A{X*b as 
negative (inasmuch as x decreases in going from a to b). Show that 

S*/(®) dx = dx, (13) 

3. Let/(x) and g{x) be integrable and summable. Show by (9) that 

SV(x) dx + S6/(*) dx = SV(®) 'I®- (1^) 

S'" [/(®) ± ?(»)] dx = dx ± S'* dx. (15) 

§ kf(x) dx — f(x) dx, where A; is a constant. (16) 

[See Sec. 27 below for the case where f{x) and g{x) are not integrable.] 

4. Find the areas bounded by the curves: 

(a) F = X* and 2 / = 2 — x. (b) F « x* and y « x*. 

(c) F « x^and y « x. (d) F « x® and 2 / « 2x — x*. 

(e) xy ^ Z and x + 22/ = 5. 
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(f) 2x® — X 2 / + 6 « 0 and t/* = 15x + 79. 

(g) y = Sin“^ aJj 2/ “ ^/2, and x *= 0. (h) y* — 2j/ + x « 0 and x = — 3, 

[Take ?/ as the independent variable in parts (g) and (h).] 

5. Show that the area of the ellipse (x*/a®) + == 1 is irab, 

6. Find by a definite integral the area of a segment of a circle of radius a 
and altitude h. Check your result by the methods of elementary geometry. 

7. Show that the function 

f/ >1 _ ^ ^ when a ^ X < c and when c < x ^ h, 

fw ""jo when x = c 

has no integral, and hence that faf(^) dx does not exist. Show that 
Sa/(x) dx exists and equals h — a. (See Fig. 65.) 

8. It will be shown in Part C of this chapter that* 

S /(x) dx = § g{x) dx (17) 

if / and g differ in value at only a finite number of points, or if g is defined 
at only a finite number of points where / is undefined. It follows that, if 
we can construct a surnniable function g differing from / in Ihe manner 
indicated and such that fa g(x) dx exists, then we can evaluate Sa/(x) dxby 
(17) and (9). Thus, if in Ex. 7 we let g(x) = 1 for all x in the interval 
a ^ x ^ b, then 

S^/(x) dx = SJ g{x) dx - 1 dx - 6 - a. 


When possible, construct a suitable function g{x) and evaluate: 


(a) ^ X log 

<«.s 


0 

i^/2 


X dx. 

1 — cos X 


<‘>s; 


dx. 


dx. 


(d) 


-,r/2 sm-' X 

9. Show that Sj/(x) dx does not exist when 


0 \/ 1 — x 

X® 



1 when X is rational, 

0 when x is irrational. 


10. If /(x) = — log X, show that Sj/(x) dx does not exist. 

Suggestion. Let Nij 2^2, • • • be a sequence of positive numbers such 
that lim — > + «» . Remembering that lim ( — log x) — » -h « and that 

jfc —* 00 a ;— >0 

— log X ^ 0 when 0 < x ^ 1, show that Sk in (2) can be made>iV'* by 
properly choosing Xi. Since lim Nk lim <8* « and Sj/(x) dx 

00 fc—f 00 

does not exist. However, it will be seen later that the region bounded by 
2 / « — log X, X = 0, X * 1, and y = 0 has the finite area 1. This result 
indicates that Definition 13.2 is inadequate when /(x) becomes infinite. 
(We shall discuss this diflGiculty in Part D of the present chapter.) 


• Definition 13.2 may be extended to the case where /(x) is undefined at a 
finite number of points in the interval a;gx^6ifitis stipulated that the 
points Xi in (1) and (2) must be taken where /(x) is defined. > 
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11. We say that/(xj is unbounded in the interval a ^ x ^ b if there are 
points in this interval at which l/(a!;)| > AT, however lar^e N may be. Show 
that Sa /(a;) dx as given by Definition 13.2 never exists when/(ar) is unbounded 
and everywhere positive (or negative). 

Show that, if f(x) is everywhere positive (or negative), then S*/(x) dx, 
f(x) dx, and never exist in the sense of Definition 13.2. 

However, integrals of these types are very coinnion and useful when defined 
as in Sec. 31 below. 

12. Let /(x) be given by the following graphs. In c‘ach case, construct 
the graph of the integral F{x) of f{x) passing through (0, 1), Flstimate 
areas by means of small squares. 



13. Using Theorem 10.1 of Chap. I in the manner indicated in the proof 
of Theorem 13.1, but applied to the entire interval from x — a to .r — b, 
prove 

Theokkm 13.2 {Theorem of the Mean for Integrals). If f{x) 
is continuous over the interval a ^ .r ^ h, then there exifits a value 
f of X, a < ^ < b, such that 

(b - o)/(|) = 

Illustrate the meaning of this theorem with the aid of a sketch and (5). 

14, Elementary Applications of Definite Integrals. In this 

section w(^ give a number of examples 
to show how definite' integrals may be 
used to evaluate various physical and 
geometrical quantities. 

Example 1. Find the area bounded by 
the continuous curve r = f{d) and the radius 
vectors at 0 = a and B — 

^ Subdivide th(5 angle ^ — a into smaller 
^ angles* M. In each angle A0 take values 
Bi and B^ so that r» = f{6i) and *= f{Bl) 
are the maximum and minimum values of r = f(B) in the tth angle A9. 
Draw arcs of circles with center 0 and radii r. and r'^. Then 

* In this example we take the increments Ai$ as equal merely for the sake 
of simplicity. 
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Area sc^ctor OPtQt = \r} M 

Area sector OP'iQi - A0. 

n n 

Construct the, sums Sn — and Sn — A^. Since 

1=1 1=1 

f(e) is continuous, is continuous, S^ 5 |/( 0 )P exists, lim and lim s,t 

n — » 00 n,— * ac 

exist, and 

lim s« = lini Sn = HJid)]'^ dB. (1) 

n --* « «— ♦ “ “ 

On the other hand, «« ^ ar(‘a K(‘c,tor OAR ^ Sn lor each w, and 

lim Sn ^ area sector OAB ^ lirn Sn. (2) 

n — ► 00 n— > oc 


It follows by (1) and (2) that 

Area sector OAR ~ ^ .J|/(0) |" dt?. 


( 3 ) 


To illustrate ; The circle r = 2a cos 0 is traced out when B varies from 0 to t. 
Hence the area of this circle is SJ i(2a cos 0)^ do = 




Example 2. A solid S is such that the area of the cross section of it cut 
by any plane x — xo is A(xo). Find the volume of that part of S betwfien 
the planes x — a and x = b. 

Subdivide the solid S into lamiiias Li, • • • , L„ of thickness Ax by planes 
perpendicular to the x-axis. In each interval Ax choose x» and xj ao that 
A(xt) and A(x*-) are the maximum and minimum values of A(x) in the tth 
lamina. Suppose S is such that we can constmct cylinders C< and Ci of 
height Ax, having for cross sections the sections of S cut by the planes x = Xt 
and X = xj, and such that L* contains a and is contained in Ci. (See 
Figs. 67 and 68. The elements of these cylinders need not be parallel to 
the x-axis.) It follows thet 

Volume c, ^ volume L< ^ volume Ci. (4) 

But if we cannot construct C» and a in this manner (see Fig. 69), then (4) 
may not hold and we must compute the volume of by some other method 
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(see Sec. 17). By Ex. X, 26, below, the volume of any cylinder is the 
product of its base and altitude. Hence (4) may be written as 

A {x[) Aa: ^ volume Li ^ A (xi) Ax. (5) 

We leave it to the student to show that the volume F of S is 

F = (6) 

fCf. Example 1 and the proof of (5) in Sec. 13.] 

For instance: A solid is such that any section of it perpendicular to the 
aj-axis is a right triangle ABC, where A is on the curve y = in the xiZ-plane, 
B is on the line z = x 1 in the xz-phine, and C is on the a;-axis. To find 



Fig. 69. Fig. 70. 

the volume V of this solid between the planes x = 0 and a; = 2, we observe 
that A(x) = 4(x*)(x 4-1). Hence 

^ = So i(**)(* + l)dx^ V. 

It is sometimes necessary to find A (x) by integration. Thus, to find the 
volume V of the solid bounded by the surfaces z = cos xy, z 0, y ^ 0, 
a; == 1, and x = 2, we first compute the area A(xo) of the section cut by the 
plane x — xoi 

S Vo ^ir/2xo 

^ cos {Xoy) dy « I cos (xoy) dy, 

where we express the upper limit of summation in terms of Xo in order 
that A may be a function of xq alone. To obtain the formula ** t/2xo 
we observe that the point (xo, 2/0, 0) lies on the surface z cos xy. Hence 
0 * cos &01/0), xo^/o = ir/2, and y^ = ir/2xo. It follows that 

A(x) « cos xy dy 

and 

V ** A (x) dx * rr COB xy dy dx « log 2. 

If the solid ^ is a volume of revolution, then cylindrical coordinates are 
sometimes useful* Suppose S is bounded by the surfaces z « /(r), s * 0, 
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A 

r * a, and r — 6, and suppose /(r) is continuous and nondecreasing from 
r = a to r = 6. Subdivide S into cylindrical shells Li, • • * , Ln, of thick- 
ness Ar. In each interval Ar choose u and r[ so that /(n) and /(r-) are 
the maximum and minimum values of /(r) in the fth shell, and construct 
cylinders Ci and Ci of heights /(r<) and/Cr*') as indicated in Fig. 71. Because 
/(r) is non-decreasing, we may take r* and r[ as the outer and inner radii of 
the fth shell. It is seen that 

27rr^/(r') Ar < volume a ^ volume Li S volume C{ < 2Trrif{ri)Ar. 

We leave it to the student to show that the volume F of ^ is 

7 = S*’ (’’> 

The case where /(r) is nonincreasing between r = a and r = & is dealt 
with by considering the volume F' of the solid above z — fir) and below 
some plane z — c. The above argument shows that F' = 27rr [o — fir)] dr, 
and (7) follows at once from (15) of Sec. 13. It is seen by (14) of Sec. 13 




that (7) can be used for any function fir) with a j&nite number of maxima 
and minima between r = o and r — b, 

ThuB> the volume F bounded by z = r*, z = 0, r = 1, and r = 3 is 

^ = Si 2’rr(r*) dr = 40)r. 

If the solid S is bounded above by z = fir) and below by z « ^(r), then 
by (16) of Sec. 13, 

F «= 2xr hir) dr^ (7') 

where hir) « fir) — gir). 

Example 3. Find the length of the curve y - fix) from a? « o to « * 5 
when f ix) exists and is continuous. 

If C is any continuous arc from P to Q, then the length of C is defined as 
follows: Let Pi, Pij • • • , Pn^ Pn+i be any set of n 1 suecessive points on C 
with Pi « P and P^+i « Q, and let hn denote the larged of all the chord lengths 
PlPjl * * * C P f>P »+l» 1/ 
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Um PiPi^i - lim (P,P2 + P2P2 -f • • • + PnPn^i) ( 8 ) 

»=» 1 

always exists and has the same value for all choices of the points Pi^ then the 
common value of this limit is called the length of C. 

To evaluate the limit (8) when C has the equation y = /(x), we may write 


p,p,>. = -f {^ivY = -y/l + AiX, (9) 

where the notation is indicated in Fig. 72. By hypothesis, fix) exists, 
and by Theorem 10.1 of Chap. 1, there exists a point Xi such that 


By (9), 


fix.) 


Aty 

A,x 


p.Pi+, = A/r+ \s'(xi)]^&ix. 


( 10 ) 


By hypothesis, f {x) is continuous. Henco \/ 1 + [/'(i)]* is continuous, 
Sa'v/ 1 + [f'(x)]* dx exists, the limit (8) exists by virtue of (10) and Defini- 
tion 13.2, the curve C has a length I, and 

I = S'* dx. (11) 

To illustrate: If C is the segment of the line 
y = 2x from x = 0 to x =3, then the length of C 
IB I == SS a/i 4- 4 dx = 3\/5- This result checks 
with that obtained by elementary methods. 

Example 4 . Let C be a curve in space, let s 
denote arc length along C, let A and B be two 
points on C, and suppose that s — a at A and s — hat B. A point particle 
P moves along C and is acted on by a force such that the magnitude of its 
component in the direction of C at any position of P is F(s). Find the 
, work done on P by the force when P moves from A to B. 

Divide the arc from A to B into subintervals of length As. In each inter- 
\val As choose 8% and s,- so that F(s») and P(Si) are the maximum and minimum 
pralues of F(s) in the ith interval As. If Wi is the actual work done by the 
force acting on P in the tth interval, then 

F(Si) As ^ Wi ^ P(s») As. 

We leave it to the student to show that, if F is continuous, then the work 
done by the force on P in going from A to P is 

= (12) 



Thus, suppose an electric charge is carried along an arbitrary path y * /(x) 
from the point (a, 6) to the point (c, d), and suppose an electric field exerts a 



Sue. 14] 


INTEGRAL CALCULUS 


219 


constant force on the charge in the direction of the positive end of the 
jr-axis. Let s be measured along the path from (a, b). The component of 4> 
tangent to the path is F = cos a, where a = tan""^ (dyfdx). Hence the 
work done is (see (8) of Chapter I, Sec. 7) 


S ' r i dA r 

4> cos ads - I cos a — ]dx - I ^ dx ~ (c — 
0 Ja \ dx/ Ja 


It is seen that the work is independent of the path chosen from 6) to 
(c, d). 

Example 6. Let R ha a region on a plane vertical face of a vessel con- 
taining water. Find the total force of the water on R, the height of the water 
surface being given. 

Subdivide R into strips Sz, • • * , of width Ah by horizontal lines 
at depths ho, hi, • • , hn below the water surface, l^et the width across 



Kici. 74. 


R at depth h be /(h). Suppose R is such that /(h) increases with h, and also 
such that, when we construct the nHdangles n and Rt of height Ah with bases 
/(h,_i) and /(hj), respectively, Si contains r, and is contained in Ri [see Fig. 
74 (a)]. Since the unit pressure at. depth h is why where w is the density of 
water, 

(w’ht_i) /(ht_i) Ah ^ Fi ^ (whi) l(hi) Ah, 

where Fi is the total force on ^S,. As in the preceding examples, it is seen 
that, if 1(h) is continuous, the total force on R is 

P = Kh) dh, (]3) 

where a and b are the least and greatest depths of R. If /(h) decreases as h 
increases [see Fig. 74 (c)], or if it is not the case that Si contains r* and is 
contained in Ri [see Fig. 74 (b)], then (13) may be obtained by considering 
the total force on a rectangle containing R [cf. the discussion of volumes of 
revolution following (7)], or by breaking up R into smaller regions by vertical 
lines. 

As an illustration of (13), the total force on a gate valve 4 ft. in diameter 
whose center is 50 ft. below the surface of a reservoir is 

P =* u>h2'\/4 — (50 — h)2 dh ^ 2w f (50 — j/)\/4 — dy « 20(hrw. 

^48 J — 2 
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EXERCISES X 

1. Find the areas bounded by the following curves: 

(a) r - 2a sin 6. (b) r =* 3 — 2 cos d. (c) r « a sin 2d. 

(d) r =* a cos 30. (c) r* — 2a® cos 20. (f) r = a sin® (0/2). 

(g) r = sec 0 “h tan 0 from 0 = 0 to 0 = 7r/4. 

(h) r® = a®6®/(a® sin® 0 cos® 0). 

(i) the area common to r = 3 cos 0 and r = 1 + cos 0. 

(j) the smaller part of the circle r = 1 cut off by r *= 0. 

2. If X = <p{t), y = \p(t) are the parametric equations of a curve C, if 

Xi - and X 2 == and if the equations x - <p{t), y = \p{i) define y 

as a single-valued function of x when t varies from h to ia, show that the area 
A bounded by C, the x-axis, and the ordinates at x = Xi and x = Xa is 

A = (2/ Ax) dt. (14) 

Using (14), find the areas bounded by: 

(a) One arch of the cycloid x = a(0 — sin 0), y — a(l — cos 0) and the 
x-axis. 

(b) The curve x — aOj y — a(l — cos 0) and the x-axis from 0 = 0 to 

0 = 2Tr. 

(c) The hypocycloid x = a cos® 0, ^ == a sin® 0. 

(d) The loop of the curve x® 4- 2/® = Saxy. (Hint: Represent this curve 
by the parametric equations x - 3a//(l + t^)y y = 3ai®/(l + 

3. Find the volumes of the following solids, using both the method of 
sections and the method of cylindrical shells whenever possible : 

(a) The solid obtained by rotating about the x-axis the area bounded by 
2 / — X®, 2 / = 0, and x = 1. [Hint: Use cylindrical shells concentric with 
the x-axis. Then h(r) = 1 — \/r in (7')d 

(b) The solid obtained by rotating the area in (a) about the y-axis. 

(c) The solid obtained by rotating about the x-axis the area bounded by 
^ sin X, 2/ = 0, X = 0, and x = t/2. 

(d) The solid obtained by rotating the area in (c) about the ^/-axis. 

(e) The solid obtained by rotating about the x-axis the area bounded 
by x^^ + 2/^ = 

(f) The solid obtained by rotating about the line y'= 4 the area bounded 
by y *= X® and x = 2/*- 

(g) The solid obtained by rotating about the line x = — 2 the area 
bounded by x « 2/* 8,nd x = 1. 

(h) The torus obtained by rotating the circle x® -f 2 /* ~ about the line 
y (h > a.) 

(i) The solid bounded by « « r, 2 ~ sin r, and the cylinder r « 7r/2. 

(i) The solid bounded by (x®/o®) -f (2/V«*) + (z^/c^) = 1. (Write 
r* « X® 4- 1 /*.) 

(k) The solid bounded by x® + y® 4- ”5 and x® 4* y® 42. 

(l) The solid such that any section perpendicular to the x-axis is an 
equilateral triangle whose base is a chord of the circle x® 4- 2/* =* <**. 



Sec. 14] 


INTEGRAL CALCULUS 


221 


(m) The solid to the left of the plane a: = 5 such that any section per- 
pendicular to the a;-axis is an isosceles triangle of height 10 whose base is 
a chord of the parabola x = y^. 

^ (n) The solid in the first octant to the left of the plane a: = 1 such that 
any section perpendicular to the x-axis is a square whose base is a chord 
between the curves y == and x = y^, 

(o) The solid between the planes a; = 0 and a; = 1 such that any section 
perpendicular to the ar-axis is a circle with center on the curve y — sin x and 
passing through the x-fxxis. 

(p) The solid in the first octant to the left of the plane x == 2 such that the 
section cut by the plane x == a^o is bounded by the curve y = Xo — z^. 

(q) The solid in the first octant between the planes x — 1 and x — 3 
and bounded by the surface z — x cos {yjx). 

(r) The solid bounded by the surface -h and the 

coordinate planes. 

4. If the area bounded by the curve r — f($) between 6 — a and 0 
is rotated about the polar axis, show that the volume of the solid obtained is 



^ 2x 


sin 0 dd. 


(15) 


Using (15), find the volumes obtained by rotating the following areas 
about the polar axis: 

(a) The triangle bounded by 0 = 0, = Tan“^ {a/h), and r cos $ — h. 

(b) The circle r = 2a cos 6. (c) The cardioid r = a(l — cos 0), 

5. Find the lengths of the following curves: 

(a) y® = x^ from a: = 0 to x = 4. 

(b) 2/ ~ 'v/ — x^ from x ~ —a to x == a. 

(c) y = log cos X from x = 0 to x = tt/S. 

(d) The entire hypocycloid x^ -h 

(e) y = ix^/3) X* 4- 5 from x = 0 to x = 3. 

6. Show that the length of the curve r — g{d) from 0=ato0==/3is 


[Hint: change the variable of integration in (11) from x to 0 by means of the 
relations x = r cos y r sin Sj remembering that r = g{B).] Using (16), 
find the lengths of the following curves: 

(a) The cardioid r = a(l — cos B). (b) The circle r = 2a cos B. 

(c) r » a cos* {B/3). 

(d) The spird r ^ B from ^ » 0 to ^ = t. 

7. Show that the length of the curve x = y = \p{t) from t ^ h to 
t ^ his 




( 17 ) 
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Find the length of one arch of the cycloid x ^ a{e — sin e)^ y = a(l — cos 6)- 
Show that the length of the ellipse a: = o sin ^, ?/ = 6 cos <p is 



— sin^ tp d<p^ 


where e is the eccentricity of the ellipse and 6* = a^(l — e*) (see Se<j. 35 of 
Chap. V). 

8. Show that the length of the space curve y — <p{x)^ z = ^(x) from 
X = a to X = ?> is 




dx. 


(18) 


Find the length of the lint! x = 2y = —z from (0, 0, 0) to (2, 1, —2), and 
check by elementary geometry. Write (18) with y the independent variable. 

Show that the length of the space curve x = y ~ z — 0(t) from 
i ^ tiixi t — U is 


9. The force F of attraction between two point particles of masses M 
and rn distant r units apart is F — k (mM jr^). Find the work done by F 
when r varies from 2 to 1; from 10 to 1; from 1000 to 1; from “infinity” 
to 1; from 1 to 0.1; from 1 to 0, 

10. The force F exerted by a spring is F — /cx, where x is the extension 
of the spring beyond its natural length. For a certain spring F = 100 
when X = 5. Find the work done in stretching the spring from x = 2 
to X = 6. 

11 . A body falls according to the law a == {g/k^){e~^^ -i- kt — 1). if the 
force F of resistance is F = c?;, where v -- ds/dt, find the work done against 
F when the body falls from i = 0 to / — 10. 

12. If an electric current flows around a circular coil of wire of radius a, 
the force F exerted on a small magnet located on the aMs of the coil and at 
distance x from the center of the coil is F = kxf{a^ -h x*)^. Find the work 
done by F when the magnet is brought from x — a/2 to x = 0. 

13. The force F of repulsion between two positive electric point charges 
E and F' distant r units apart is F == k{EE'/r^), If E is fixed at the pole 
and if E' is carried along an arbitrary path r = f{d) from the point (a, a) 
to the point (6, show that the work done is independent of the path and 


is equal to kEE 



provided the path does not go through the pole. 


Hint: If we write s 


~ -f Theorem 29.2, 


1 $ 



Also, see Ex. VI, 5 of Chap. 
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14. If an electric current flows along a long, straight wire, then a force 
p = A;/r is exerted on a small magnet distant r from the wire, the direction 
of F being perpendicular to the wire and to the radius vector r. If the wire 
is perpendicular to the rd-plane and goes through the pole, and if the magnet, 
is carried along an arbitrary path r — f{e) from the point (a, a) to the point 
{hy (3)y show that the work done is independent of the path and is equal to 
/c(^ — a), provided the path is trailed out by the point (r, ff) as 0 varies from 
a to Discuss the determination of a and when the path goes around 
the wire more than once. 

15. Show that the work done on a particle, when accelerated by a force 
is equal to th(? gain in kinetic energy of the particle. [Hint: Write 


dv dv dx 

m-— = mr~ 

dt dx dt 


= 7nv~ 


dv 


16. Show by (12) that, if gas expands in an engine cylinder according to 
th(5 law p =■ f{v)y wh(;re p is the unit pressun' and v the volume of the gas, 
then the work done on the piston by the gas is 


W 



( 20 ) 


(Hint: If A is the piston area, then F = pA. In (12) let s — vfA.) Evalu- 
ate (20) when pv^ - C with pi, Vi, and pi given. 

17. Show that (20) holds when the gas is contained in an expanding 
sphere. 

18. If each particle of material in a volume V is raised (or lowered) to a 
certain horiisontal plane //, show that the work done is 

W - ^^\vhA{h) dhy (21) 


where w is the density of the material, h is the distance from the plane H 
to an arbitrary horizontal section of V, and A{h) is the area of this section. 
Using (21), find: 

(a) The work done on a turbine by the water in a hemispherical reservoir 
of 100 ft. radius when the reservoir is drained through the turbine, the tur- 
bine being 500 ft. below the original water level. How many 100-watt 
electric lights could be supplied by this turbine for 10 hr. if a watt-hour 
equals 2655 ft.-lb. of energy? 

(b) The work done in building the great pyramid of Gizeh. [This 
pyramid was originally (about) 480 ft. high with a square base 750 ft. on a 
side. The stone in this pyramid weighs (about) 200 lb. per cubic foot.) 
If a slave did 500,000 ft.-lb. of work in a day, how many slaves would be 
needed to build this pyramid in ten years? 

19. Find the force exerted by the water on a vertical trapezoidal dam 
100 ft. long at the top, 40 ft. long at the bottom, and 30 ft. high, the water 
level being at the top of the dam. (w « 62.4 for water.) 

20. A hole is tom in a ship's side, the hole being roughly an ellipse with 
axes 10 and 2 ft. long, respectively, the long axis horizontal and 8 ft. below 
the water line. Find the force exerted by the water on a patch over this hole. 
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21. The sides of a storage tank are vertical planes. Find the force 
exerted by the water on that part of a side bounded by the curves y = x*, 
y = 0, and X — 3, the water level being 15 ft. above the line y =» 0. 

22. Derive a formula for the force of attraction between a point particle 
of mass M at the pole and a fine wire of mass m per foot, the wire being 
represented by the equation r ^ f (6) and extending from 6 =* a to $ 
Derive a formula for this force, using rectangular coordinates. (Use the 
law of attraction in Ex. 9.) 

23. Derive a formula for the weight of the material in a volume F, the 
density p of the material being a function of X alone [see (6)]; of r alone 
[see (7)]. 

24. Derive a formula for the rate of flow of water in a circular pipe, given 
the velocity of the water as a function f{r) of the distance r from the center 
of the pipe. 

• 25. Derive a formula for the total amount of light falling from a point 
source S upon a plane area in the form of a circular ring, the source being 
on the line perpendicular to the plane of the rin^ and passing through the 
center of the ring. (The density of illumination at any point P of the ring 
is inversely proportional to the square of the distance from P to the source S 
and directly proportional to the cosine of the angle SPNj where PN is 
perpendicular to the plane of the ring.) 

26. Show that the volume of any cylinder is the product of its base by 
its altitude. 

27. Average Values, If /(x) is a real function of x, the average value 
7 of f(z) with respect to x over a given interval o ^ x ^ 6 is defined to be 


Let fix) *= 2 for — 1 ^ x < 0, fix) = x -f 2 for 0 ^ x < 2, and 
fix) « 4(x — 3)* for 2 ^ X ^ 3. Find the average value of fix) over the 
interval [ — 1, 3]; over [2, 3]; over [0, 2]. 

28. Find the average value of each of the following functions for the 
interval — 3 ^ x ^ 3: x®; cos (3x/2); sinh x; 3x*; sin (x/2). 

29. Repeat Ex. 28 for the interval —3 ^ x ^ 0; for 0 x ^ 3. 

30. Find the average over — 2 ^ x ^ -h 2 of the functions 2 cos* x; 
(cos 2x sin* x — 2). 

31. Rootrmean-square’-Values, By definition the root-mean-square value 
7 of fix) over the interval o ^ x ^ 5 is 


7 * r.m.s. / 


y ib-a) 


dx 


(a) Ompute r.m.s. for the function given in Ex. 27. 

(b) Compute r.m.s. for each of the functions in Ex. 28, for —3 ^ x ^ 8. 

(c) Repeat Ex. 31b for the intervals — 3 ^ x ^ 0 and 0 ^ x ^ 3. 

(d) Find r.m.8. for sin t over 0 ^ ir/4; ^ ^ ir/2; 0 ^ f ^ r; 

0 ^ ^ 2)r. 
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32. Let /i ** sin {w\t 4* Si), /2 « sin {w^ + «2), where si and 82 are real 
constants, and wi and W 2 are real and rational. Find the average of the 
product /1/2 over a complete period of the product (/1/2). 

[Am. Zero, if wi 7 ^ i cos (si — 82) if wi = w%.] 
What happens when w\ and W 2 are not commensurable? 

33. Find the average of the product of sin t and cos t over a complete 
period of their product. 

34. Prove the following: 

Theorem 14.1. Let f{x) and g(x) be two single-valued functions defined 
and continuous over a ^ x ^ except for possibly a finite number of points. 
If the ratio of the functions is not constant throughout, then the average value 
of the product of f and g is numerically less than the product of their r.m.s. for 
the same interval. If the ratio is constant throughout the irderval, the average 
value of the product fg is equal to the product of their r.m.s. for the same interval. 

35. Prove the following: 

Theorem 14.2. If g{x) is not a comtant, the average value of the function 
g{x) is numerically less than its r.m.s. value for the same interval. If g is 
comtant, the average value of g(x) is numerically equal to its r.m.s. for the 
same interval. [Hint: In hJx. 34 sotf(x) = l.j 

36. An even function is one for which 

f{-x) ^f(x), 

and an odd function is one for which 

fi-x) = -fix). 

Prove: (a) The average of an even function over —a ^ a? ^ a is equal to 
the average over —a ^ x ^0 a^id to the average over 0 ^ x ^ -fa. 

(b) The average of an odd function over —a ^ x ^ a is zero. The 
average of an odd function over — o S x ^ 0 is the negative of the average 
over 0 ^ X ^ -fa. 

(c) The r.m.s, for any even (or any odd) function is the same for each 
of the intervals —a ^ a; ^ 0, 0 ^ x ^ a, —a^x^a. 

37. The electromotive forces for a set of three networks are given by: 

(a) ei = 1600 sin (SOOtt^ -f 3^) - 30 cos (1207r^ - 13°). 

(b) 82 == no cos 60 t( -f 32 cos (ISChr^ -f 69°). 

(c) es « 100 cos 50irf -f 400 sin SOwt — 20 sin IbOid -f 10 cos ISOirf, 
and the corresponding currents by: 

(a') ii = 12.62 cos (36(hr^ -f 87° 20') -f 0.237 sin (1207r< - 34° 30'). 

(b') t2 « 2.76 sin (6(hr« - 22°) -f 3.45 cos {ISM -f 13°). 

(c') ii == 12 sin hOrf + 30 cos 50irf -f 8 sin 150ir^ — 6 cos 150Tr^ 

(i) Find the smallest period for each of the currents and e.m.f. given 
above. 

(ii) Find r.m.s. value of each of the e.m.f's. and currents for an interval 
large compared with the period. How will these values compare with volt- 
meter and ammeter indications? 

(iii) The instantaneous powers of the networks above are pi » Citi, 
p, » ejtji, Pi « ciii, respectively. Find the average power of a complete 
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period in each case. How will these values compare with wattmeter 
indications? 

38. The current and c.m.f. for a certain line are expressed in the form 

e = sin {wt + ^i) -f E& sin {Zwt -f jAs) -f Ih sin {tywt 4- ^r,), 
i — h sin (wt + 0i) +7.1 sin (Swt + 0») -f h sin {5wt -f 


Prove that for complete period, the r.m..s. value of e.in.f. and ^‘iirrent are 

''=V ^ 2 ’ 

and that the average power is 

Eih cos (01 — v^i) + EiaIs cos (03 — v^'a) “i* EHbCOS (06 — i|^6) 

J, ^ — 


39. Generalize the result in Kx. 38 if 


# = ^ E 2 k~i cos i2h — l)?/.7 -f ^ F 2 k~\ sin (2k — 1) 

* = 1 k^l 

00 00 

i = ^ hk-i cos {2k — l)wi ^ Hu^) sin (2/r — 


Jfc»l 


k^l 


Ans. 




-h El A- FI 


_ Eih -+■ FiHi + Ezlz “f~ 7^37/3 -f* * • • 

If the impedance of the circuit be denoted by 2, then e = zi. Show that 
p ^ S, the equality holding when the ratio e/i = z is a constant, i.e., when 
the impedance is a pure resistance; the inequality holds when e contains 
non-zero r^tance. In electrical engineering work, p/n is known as the 
power fac^. 

Integrals. It is readily possible to state Definition 
13.2 in more general form so that definite integrals may have 
much wider application than has been indicated above. Let us 
think of / as denoting any quantity having a definite value at each 
point of some portion of space, i.e., as a point function; for 
example, / may be the intensity of an electric field at any point 
of space, or/ may be the unit pressure at any point in the interior 
of a turbine, or / may be some other physical or geometrical 
quantity; in particular,/ need not be a function of three variables, 
and the value of / at any point P may be determined without 
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Reference to any coordinate system. Wo shall denote the value 
of / at P by f{P) (see Sec. 23 of Chap. 1.) 

Definition 15.1. Let f denote a real, single-valued function 
defined in some region R of space*, 

and let AB he an arc of finite 
length of a curve C lying in R. 

Perform the following operations: 

I. Subdivide the arc AB into an 
arbitrary finite number ri] of non- 
overlapping subintervals Ju 1 2 ^ 

• • ♦ , I of lengths Ais, A^Sy • • . 

AnS which need not he equal. II. 

In each interval /, choose an 
arbitrary point Pi. III. Form, the sum 

fti 

'S'. = 

t<=3 

= /(Pi) ^1’^' + /(P 2 ) A 2 S + • * • + fiPn) AnS. (1) 

IV. By repeated applications of steps I to III, construct an infinite 
sequence 



m '* m 

s, = • • • • 

1-3 7=1 

m 

= Xm) Ais, • • • ( 2 ) 

7-1 

in any manner such that 

lim h = 0, (3) 

Ar— » 00 

where 5* %s the length of the longest interval in the sum Sk^ If 
lim Sh exists and has the same value for every possible construction 

k~^ 00 

of the sequence (2) meeting condition (3), then this limit is denoted 
by] S2/(P) dSy ^.e., 

* It is possible to give a purely algebraic interpretation to the content of 
this section by regarding ‘‘space as the set of all number triples (x, y, z). 
t A and B are not numbers but merely letters denoting the end points of 0. 
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ds = lim Sk. (4) 

“A » 

We call S5/(P) ds the line integral of f with respect to s along the 

arc ABj aiid we say that f is summable along AB if S2/(P) ds 
exists. 

It should be observed that Definition 15.1 involves no specific 
reference to any coordinate system. A physical interpretation 
of (1) and (4) is given by Example 4 of Sec. 14. We shall now 
give a geometric interpretation of (1). Suppose f(x, y) is a 

continuous function of x and y, AP is an arc of a curve C lying 
in the domain of definition of /(a:, y), S is the cylindric surface 



through C with elements parallel to the 2 ;-axis, A'B' is the curve 
of intersection of S with the graph of /(a;, y), and Pi denotes 
(xi, 2/t). Then /(Pi) AiS represents the area of a cylindric rectangle 
of height /(Pi) and base AiS, and the sum (1) represents an 
approximation to the cylindric area ABB'A', (In Fig. 76 the 
dotted lines ahc, def, • • • represent the sections of S cut by 
planes parallel to the xy-plane through 6, e, • • • .) It may be 
shown, as in Sec. 13, that SJ/(P) ds represents exactly the area 
ABB' A' (see Ex. XI, 3). 

Example 1. An approximate value of (x* — yz) d» along the line 

X » 2p « —2 is obtained by subdividing the interval from (0, 0, 0) to 
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(2, 1, — 2 ) into five equal parts of length, § and taking P* for each subinter- 
val as the end point nearest the origin. Then 

Pi = (0, 0, 0), P 2 - (0.4, 0.2, -0.4), . . . , P 5 = (1.6, 0.8, -1.6), 

and by ( 1 ) we have 

- [0^ - (0)(0)l(g) + [(0.4)2 ^ (0.2)(-0.4)](|) + . . . 

+ [(1.6)2 - (0.8)(-1.6)](|) =4.32. 

We leave it to the student to show that Si is a lower bound for the value 
of the given integral, and to find an upper bound for this value. 

As in the case of a total derivative [see Chap. I, Sec. 18, 
paragraph (a)], it is implied in the notation Sf /(P) ds that / is 
always to be evaluated along that curve C whose arc length is 
measured by s. To compute Sf /(P) ds it is customary to repre- 
sent /(P) along C by that function f{s) such that /(P) = /(s) 
when P and s denote the same point on (7. It is evident that 
S2/(P) ds = S;»/(60 dsy w^hcre s — sa A and s = at B, and 
by Theorem 13.1 it follows that, if / is integrable, 

Sy{P)ds = £^fis)ds. (5) 

If f is represented by a function /(x, y, z) of the rectangular 
coordinates x, y, and 2 in space, and if C is represented by the 
parametric equations 

X = p(s), y = g(s), z = r(s), (6) 

then f(s) = /[p(s), g(s), r(s)]- By (5) and the remark following 

Definition 11.2, 

ds = S^f(^> y> 2 ) ds = V, 2 ) ds, (7) 

where in the right member of (7) x, and z are determined by 
(6). Formulas similar to (7) may be obtained when / and C 
are represented in other coordinate systems. 

Thus, in Example 1 , the parametric equations of the path of integration 
are x = r/ = 2 = — Js, where s denotes arc length from the origin, 

and the given integral is equal to /J fs* 0 

Definition 15.1 may be modified in many ways. For example, 
let LiX denote the length of the projection of the interval li on 
the x-«ixis. If in Definition 15.1 we replace everywhere by 
AiX, we arrive at the quantity 
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y> == (8) 

where P moves along C. If the equations of C are 

y = ^(x). = r(3-). (9) 

then it may be shown that 

where in the right member of (10) y and z are determined by (9). 

Example 2. Evaluate SJ't-s V along the right-hand half of the circle 
3,2 2/* = 25. 

To represent 2 / as a single-valued function of x along the path 6* of integra- 
tion, we must break up C into two parts, Ci and C 2 , extending from (0, —5) 
to (5, 0) and from (5, 0) to (0, 5), respectively. Then y = — \/^ - x* 
along Cl and y = along Co. Hence 


S 0,5 OS.O Q 0,5 

=^0,-5 "^'-^ + ^5,0 


~ ^ “ V 25 — dx + ^ dx = ” ' 

Observe that the limits in the integrals correspond to the direction of motion 
along Cl and C 2 . 

Example 3. Evaluate y dx along the line x = 0. 
iO, 5) The line segment from (0, —5) to (0, 5) has a pro- 

jection on the x-axis of length 0 (i.e., dz = 0), and the 
^ ^ ^ ^ ^ \ value of the given integral is 0. However, if we try to 

Kb, 0) * evaluate the given integral by the method of Example 
; 2, we find that we cannot express 2 / as a function of x 

(Or 5) along the path of integration. This example illustrates 

Pig. 77, the common situation in which Sj f(P) dx cannot be 

represented as in (10), ^ 

In Definition 15.1 let Aii be the time required for P to pass over 
the interval /». If is everywhere replaced by A<^, we are led 
to the quantity 

Hk 

y> 2) (u) 


If the equations of C are 

X = pit), 


y = 9it), 


z = r(0, 


( 12 ) 
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y, z) di ^ y, z) di. (13) 

Formula (11) may be modified so as to define a StieUjes integral. 
Let u be a parameter along C and let <p(u) be a function defined for 
Ua ^ u ^ Ub. If Ui-i and Ui are the values of u at the end points 
of 7i, if Ai(p = <p(ui) — <p(Ui-i)y and if in Definition 15.1, AiS is 
everywhere replaced by then we are led to the quantity 

rtk 

^i<p ( 14 ) 

^ k-~* 00 

t — 1 

which is called the StieUjes integral of f with respect to <p along C. 
This integral has many applications in modern mathematics, and 
is of particular interest when (p is discontinuous so that the 
differential d<p(u) does not exist. 

All of the integrals discussed above are referred to generally as 
line integrals. 

EXERCISES XI 


1. Using (1), find approximate values of the following integrals. Choose 
the points Pi so as to obtain upper and lowei' bounds of the values of these 
integrals as in Example 1 . Use only a small number of intervals, say 3, 4, 
or 5. Also, evaluate the integrals directly by (7), (10), or the like. 

(a) S5;J (x^ -f 2?/) ds, SJ’J {x^ -f 2?/) dx, and SJ;? (x* -f 2y) dy along the 
line y = X 4- 1. 

(b) (x* — xy) ds and SJ;? {x^ — xy) dx H- (x* 4- xy) dy along the short 
arc of the circle x* 4- 2/* = 25. 

S 9.18 y ^9,18 y^ 1 

— — ds and ^ dx H — dy along the curve 

0.0 X 4 - 1 ^-^0,0 a; 4- 1 x^ 4- 1 * 


= 4x®. 

(d) fts and (x 4" yz^) dx 4- xyz dy along the line 

X ^ 2y = —z. 


S 3 ,J 0 ,i 
04.0 


3 ,J 0,9 yz 


X2 4- 1 


- ds and 


curv^e y - x* 4- 1, 2 = x^/3. 


S 3 , 10,9 

0 , 1,0 


x2 4- 1 


dx + 


X* 4- 1 


dz along the 


( f ) S ! 


—I 

2\/2 , 


X — 

A z 


S B X — y 

dx along the curve 


X = f — 3, 2 / = — ~ — 2 = 4- 1, where A is at / =0 and B is at ( =4. 

3 2 


(g) S 2 log (x* 4 ~ Jp 4 “ 2 ^) ds and Sj log (x* 4 - 4 - 2 ®) dx along the helix 

X * a cos B^y — a sin BjZ ^ aB^ where A is at ^ ~ 0 and B is at = ir. 

2 . Evaluate the following integrals : 

(a) S};ii y dx along the curve x * y^, (Two ways.) 

(b) 8 {;i 4 xy dx along the hyperbola x* — 2 /* * 9. (Two ways.) 
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(c) X dy along the curve y = sin x, 

(d) Sc xy^ dy, where C is the circle a:* -f “ 1, and where the subscript 
C indicates that the integral is to be taken all the way around the curve C 
in the counterclockwise direction, [Start at the point (0, 1) and breakup 
C into two parts.] 

(e) Sc (2a;* — y*) dx, where C is the closed path consisting of the lines 
y =* 0, a; = 1, and y - x. 


X 


a) C 

^ ^ xy + 100 
« ±5, ?/ = ±5. 


dy, where C is the square consisting of the lines 


(g) {x y) dx X dy when C is the curve y — 2x — and also 
when C is the line 2/ = 0. 

(h) Sc (x + y) dx X dy around various closed curves. Why is the result 
always 0? 

(i) Sc {x — 2/) da; + a;* dy when: (1) C is the ellipse 16a;* + 92/* = 144. 

(2) C consists of the parabola y ^ and the line 2/ =* 2. (3) C is the 

square with sides on the lines y — 0, y = S, x — 0, x ^ 3. (4) C is the 

closed curve consisting of the line a; = 1 and the curve 2/* = x^, (5) C is 

the closed curve consisting of y = x and x — y^. 

(j) (x* + 2/^) dx -j- z dy + xy dz along the curve x^ — y — 1/z. 

(k) Sc X dx (x — z) dy + dz when: (1) C is the curve of intersection 

of z = x* + and z = 1. (2) C is the curve of intersection of 2: = x* + y* 

and X -f- 2! = 1. (3) C is the curve y x 1, z — x^ from (1, 2, 1) to 
( — 1,0, 1), (4) C is the curve of intersection of x* -j- 2/* = and x* -f 2* “ 1. 

G) Sc 2 dx 2y dy + x dz around various closed curves in space. Why 
is the result always 0? 

3. With reference to Fig. 76, show that S2/(P) ds represents the area 
ABB' A', and that S2/(x, y) dx and S2/(x, y) dy represent the areas of the 
projections of the figure ABB' A' upon the xz- and 2/2-'planes, respectively 
fcf. the proof of (5) in Sec. 13], 


4. Show that 

S* /(P) ds = /(P) sec a <ix = /(P) sec Pdy = /(P) sec y dz, 


where a, ft y are the direction angles of the path C of integration at any point 


ds I TdyV 7d2V 

on C, and where equations 


of C are in the form y = ^(x), z *=* r(x), sec /3 and sec y being expressed 
in a similar manner. Also, show that 85 f(P) cos a d« « S5 f(P) dz, etc. 
Evaluate SJ;J;J xy ds along the curve 2/ = 3x, ^ = x*. 

6. Define the symbol /a/(w) d<p(u). When does 


§*’/(«) = f‘’f(u)dv>(u)? 

Ja 


(15) 


Evaluate Sj/(w) d<p{u) when f(u) = e** and ip(u) is given by the formulas 
y){u) “ —3 when 0 ^ w < 1 and tpiu) » 6u when 1 S u ^ 2. Can this- 
integral be evaluated by (15)? Ans, 5e* -f 
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t l^^'^jSppUcations of Line Integrals. In this section we shall 
gi^ a few typical applications of line integrals. 

Work. Let C be a curve in space with arc length s along which 
a point particle is moving, and let a, /3, y be the 
direction angles of C at any point on C. Suppose 
that at each point P on C this particle is acted on 
by a force of magnitude F{P) along the line with 
direction angles ap, jSpy yr (which vary with P) . Let 
0 be the angle between the direction of the force and the direction 
of C at any point P. Then the component of the force in the 
direction of C is P(P) cos and it may be shown (as in Example 4 
of Sec. 14) that the work done on the particle by the force in 
going from A to B is 



F{P) cos e ( 


( 1 ) 


To evaluate this integral let us represent the x, y, and 2 -com- 
ponents of F by X{x, y, z), Y{x, y, z), and Z{x, y, z). Then 

F(P) cos a, = X{x, y, z), F{P) cos = Y{x, y, z), . 

FiP) cos = Z{x,y,z). ^ ' 

If in (1) we write 


' V* I 


cos & = cos ap cos 
dx 

= cos ap-i — h cos 
ds 




dy , dz 


(see Chap. I, Ex. XIX, 37), it follows by (2) that 
W - £ X(x, V. * + j‘ Y(x, ,, * 

+ X 

and hence that 

Tf = X{x, y, z) dx -I- F(x, y, z) dy -f Z(x, y, z) dz, (3) 

where x, y, and z are determined as functions of each other by 
the equations of the path of the moving particle. We leave it 
to the student to state the requisite hypotheses and restrictions 
in order that this result may be valid. It follows from Ex. VIII, 
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14, that W is independent of the path C joining A and B when 
and only when X dx + Y dy + Z dz is exact. If C lies in the 
:ry-plane, then cos 7 = 0 , X and F may be represented along C 
^ G as functions of x and y alone, and the work doin' is 

Xix, y) dx + Y{x, y) dy. (3') 
Fig. 79. ^ indi'pendcnt of the path wlien and only wIk'II 

.V dx + Y dy 

is exact. 

It is often advantageous to write ( 1 ) in vector notatioti. 
Definition 16.1 . // F and G are turn vectors of lengths F arul Gy 

then the symbol F • G, called the scalar product of F and G, is 
defined by the formula 

F • G = FG cos B ~ Icfigth of F X le/ngth ofGX cos B, (4) 
where 0 is the ari^le between F and G (Fig. 79). 

In constructing the integral (1), wt^ take the limit of the sum 
Sk “ F(Pi) cos Ai.s F{P 2 ) cos B^ A 2 S + * ' * 

+ F(PnJ cos Bn^ A^s. (5) 

Let be the vector joining the end-points of the interval 
let Fi be the vector representing the actual force aiding at Piy 
and using the same intervals /» and points 
Pi as in (5), let us form the sum 

Sk = Ft • All + F 2 ‘ A2r + ' ' ■ 

+ Fn^^ • AnT. (6) 

If Fi is the angle between F* and Ait, then 
by (4) 

Fi • A»r = F{Pi) cos Bi{Aic), (7) 

where A,-c is the length of A^. Suppose F andV to he such that, 
for any positive number €, we can take all the intervals A#s 
suflSciently small that* 



* It is insufficient to assume merely that lim 


AtC cos Si 


^.^—►oA,s cos 0i 


= 1 at each point 


Pi, To illustrate this point, let y = 1/x, so that dy = ~(l/x^) Ax, 
Although lim Ay fdy = 1 when Ay and dy are computed from any 6xed point 

dkX—^ 

X = xo, yet Ay/dy becomes infinite when computed with the values x = 

Ax =« (1/2*") - (1/2") (n = 1, 2, • ‘ • ) even though Aa; ->0, Without 
condition (8) we might be able to choose Pi (for example) for successive 
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( 8 ) 


1 - ‘ < < ' + • 

{AiS) eoR Oi 

lor every value of i from 1 to rik and for every position of P,* in /i. 
Then 

n — ^ n 4- {Q\ 


and as e can be taken arbitrarily small, (5) and (6) have the same 
limit as fc oc . If we denote the limit of (6) by SJF • dr, then 


= X dx + }' dy + Z dz. 


( 10 ) 


Fluid Flow. Suppose a liquid of unit depth is flowing over 
the horizontal a: 2 /-plane in such a manner that the vector velocity 
V of the liquid is everywhere horizontal and independent of the 
depth of the point at which it is meas- 
ured. Let C be an arbitrary curve in the 
.T^y-plane, let A and B be two points on C, 
and let S be the cylindric surface through 
C wit h elements parallel to the 2 ;-axis. We 
wish to compute the volume Q of liquid 
flowing per unit of time across the arc AB 
(i.e., through S between the ordinates at 
A and B). We shall give here only an 
intuitive derivation of Q, and shall post- 
pone to Sec. 20 the rigorous derivation 
of Q. The region occupied by the liquid flowing across a 
short interval of arc As during a sufficiently short interval of 
time AZ is a cylinder of unit height whose base KLL'K^ (see Fig. 
81) is approximately a parallelogram* with edges of lengths 
As and V • (approximately, V varying along the path of flow 
and perhaps also varying with the time at each point). Hence 
the volume R of this region is approximately 
R — {V ' At) (As) sin 0 (1), 



values of k 80 that the ratio of the first terms in (5) and (6) behaved in this 
same manner. It will be seen in Part C that (8) involves the idea of uniform 
continuity. 

* Can this be said of the liquid flowing across the interval Lilf, or across 
the last interval however small As and At may be? [See Chap. I, Ex. II, 

1(e), (f), for other possible illustrations of the curve A^K'L*M' * • .] 
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where B is the angle between V and the direction of C. The 
volume of flow per unit of time across As is then R/M = F sin ^ As 
approximately, and an approximate value of the total flow Q is 

n 

Fi sin Bi AtS. We shall show in Sec. 20 that 

i-i 

sinews. (11) 

To evaluate this integral let us represent the x- and ^/-com- 
ponents of V by Fx(a:, ?/) and Vy{:x, y). Then, a and ^ being the 
inclinations of C and V to the a^-axis (see Fig. 82), 

F cos = V;,{x, y), F sin = F^(a:, y), 

and 

dx dv 

sin 0 = sin jS cos a — cos /3 sin a = sin — cos (12) 


so that* 


Hence 




Q = Vy{x, y) dx - 7x(x, y) dy, 


(14) 


where x and y are determined as functions of each other by the 
equation of C, Q being independent of the 
curve C joining A and B when and only 
when Vy dx — F* dy is exact (see Theorem 


C/E 



Fig. 82 . 


12.4). 

It should be observed that (1) and (11) 
have not only the physical interpretations 
already given them, but may be used to 
amount’^ of any vector quantity along 
Thus, (11) represents the total magnetic 


represent the ^Hotal 
or across a curve C. 
flux across C when V represents the flux density in direction and 
magnitude. Again, (1) represents the circulation^^ of a fluid 
along C when F is the vector velocity of the fluid and C is a closed 
curve. It should also be observed in (11) that Q is regarded as 

♦Throughout this book it must be remembered that we are quoting 
Theorem 13.1 every time we change from S5 to Jj. 
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negative when B is negative; however, the sign of B is immaterial 
in (1). 

Thermodynamics, It will be shown in Ex. XVI, 4, that, if p 
and V are the unit pressure and volume of a certain quantity of 
gas, the (external) work done by the gas when expanding in a 
container of arbitrary shape is*** 

TF = S" P dv (15) 

when p is expressed as a function of v alone. If p varies with 
V as indicated in Fig. 83, then W is represented by the shaded 



Fig. 83 . Fig. 84 . 


area. However, if p is represented as a function of v and the 
temperature T, i.e,, p = p{v, T), then the integral in (15) is 
meaningless until T has been determined as a function of v. 
Suppose T is given by the relation T = <p{v) whose graph C is 
shown in Fig. 84. Then successive points on C represent the 
successive states of the gas as v varies from vi to V 2 - It follows 
by (15) that 

W T) dv (16) 

represents the (external) work done by the gas when the function 
p is evaluated along C. 

It is sometimes the case that we may represent the internal 
energy U of the gas as a function of v and T, i.e., U == U(v, T). 
This being the case, we may write 


U + k 




dv, 


where A; is a constant, when v and T are related by the equation 
T = (pip). Hence the change in U in going from state 


S, = (t^i, Ti) 


* We assume throughout that all the requisite conditions of thermody- 
naxnio equilibrium are satisfied. 
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to state Si = (t> 2 , Ti) is 




Since the total heat Q that must be added to the gas in going 
from S\ to S 2 is the gain in U plus the external work done, it 
follows by (16) and (17) that 

Since dp/dT ^ 0, the integral (18) is not exact, and Q and W 
depend upon the path C, i.e., upon the succession of states through 
which the gas passes in going from Si to So, If we define the 
change in entropy of the gas in going from Si to S 2 by the formula 


independent of the path C if and only if 

1 _ I r X LI 4. 

T dv dT ~ f[dfsv ar dt' ^ 


then E is independent of the path C if and only if 


-P - J, - “■ 

(20) 

pv = RT, 

(21) 


i.e., when 


If the gas is such that 


where /Z is a constant, then p — RT/Vy dpIdT = R/v^ and the 

left member of (20) reduces to merely 
E --dU/dv, But dU /dv ^ 0 if and only if 

^ independent of Hence we have 
/g ^ the following result: The change E in the 

a(^ I entropy of a gas due to the change from 

j state Si to state S 2 is independent of the 

^ manner in which this change of stale lakes 

place when and only when the internal 
energy U is independent of v. It is found 
experimentally that condition (21) and this latter condition are 
often met (at least approximately). 

Area^, Suppose an area K in the artz-plane is such that the 
upper and lower parts of its boundary C may be represented by 
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the equations 2/2 = f 2 {x) and yi == fxix) as indicated in Fig. 85, 
and also that the right and left parts of its boundary may be 
represented by the equations ~ Q^iy) and Xx = g\{y). It is 
cAudent that 

^ ~ ~ [X fb" 

^ ( 22 ) 

where in the last integral y = 2/1 along ADB and y — y^ along 
REA, and where the subscript C has the significance indicated 
in Ex. XI. 2d. Likewise, 

K = dy - Xidy -\- x\dy = dy, (23) 

where in the last integral x = Xi along DBE and x — Xi along 
EAD. If we add (22) and (23), we find that 

A' = xdy - ydx. (24) 

EXERCISES XII 

1 . If the components of a force F are X — y — z, Y = xAz, Z— y — x, 
find the work done in going from (0, 0, 0) to (1, 2, 3). Does the result 
d(‘pend on the path chosen? 

2. If the components of a force F are — ox'^, ¥ — yz, Z — 

find the work done in going from (1, 2, 1) to (3, 4, 9) along the path 
?/ - X 4- 1, - = Does the result depend upon the path chosen? 

3. If the components of a force F are X - y^, Y - x*, find the work done 
in going once around the circle y^ - J. 

4. According to Newton’s laws, the motion of a body is determined by 
the equations 


d^x ,, 
m — ~ A , 
dU 


m~- — Y, 
dt^ 


d’^z 


Z, 


where A’, F, and Z an^ the rectangular components of the force F acting on 
the body. Multiply these equations respectively by d.x/dt, dyidl, dz/di and 
integrate from to to show that the gain in kintdic energy of the body 
is equal to the work done on it by F. 

5, Fluid of unit depth is flowing over the x?/-plane. Find the rate of 
flow over the curve y — from x ~ —1 to x == 2 if Ft = x^ — and 
Vy = xy. 

6, Fluid of unit depth is flowing over the x?/-plane. Find the rate of flow 

over the circle x* 4 = 1 if F* — i/ — x* and Vy ~ 2xy — x. 

7, Find the rate of flow of fluid of unit depth across the path x » u*, 
y 3= 2w 4 1 from u = 0 to « *2 when F^ == xy, = l/(x 4 y). 
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8. Find the work done by a quantity of gas expanding from t; =» 1 to 

V *= 5 if it obeys the gas law (21) and (a) T «= Tq] (b) p = po; (c) T’ — k/v^. 

9. Find the change in entropy of a gas going from the state p = 100, 

V « 5 to the state p = 10, t> = 20 if it obeys the law (21) and if it be assumed 
that JJ * kT^, 

10. Solve Ex. IX, 4a, c, d, e by formula (24). 

11. Derive formula (3) of Sec. 14 from formula (24). 


17. Surface Integrals and Volume Integrals. The concept of 
"^line integral, as given in Definition 15.1, may be greatly extended 
by carrying out the process of repeated subdivision and summa- 
tion, not merely for a curve C, but for a surface 
iS or a volume F in space. We shall give this 
extension in detail for a surface S, but shall 
leave it as an exercise for the student to write 
out this extension for a volume F. The proc- 
ess of constructing integrals may be carried 
even further, but we shall not undertake to do 
this at the present time. 

Definition 17.1. Let f denote a real single- 
valued function defined in some region R of spaccy 
let She a surface lying in Ry and> let Kbea por- 
tion of S having a finite area. Perform the fol- 
lowing operations: I. Subdivide the area K into an arbitrary finite 
number ni of nonoverlapping* regions Ri, R^y • • • , Rn^ of areas AiA, 
A2-4, • • • An^A which need not be equal. II. In each region Ri 
choose an arbitrary point Pi, III. Form the sum 



Si = 2>(P.) XA 


’ ' = /(Pi) AiA +/(P,) + • • • +/(Pn.) A» A. (1) 

IV. By repeated applications of steps I-IIIy construct an infinite 
sequence 

ni ni 

Si = XfiPi) AiA, S, - 2/(^0 • • • , 


»*1 


i-1 


-s* = ^(Pi) AiA, 


( 2 ) 


t-1 


* The common boundary of two regions Ri and Rf may be included in both, 
either; or neither of these regions. 
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in any manner such that 

lim dk = 0, (3) 

<0 

where dk is the diameter of the smallest sphere which can be circum- 
scribed about each of the regions Ri in the sum Sk^ If lim Sk exists 

and has the same value for every possible construction of the sequence 
(2) meeting condition (3), then this limit is denoted by SKfiP) dA, 
i.e.y 

S^mdA^lirnS,. (4) 

k—* «o 

We call SKf{P) dA the surface integral of f with respect to A over 
the region K, and we say that f is summable over K if Sk:/(P) dA 
exists. 

The notation in (2) should be interpreted as indicated in Definition 13.2. 
It should be observed that it is insufficient to suppose in the sequence (2) 
merely that the largest of the areas AiA in the successive sums approaches 
zero, for the regions may take the form of strips going clear across K 
which in successive sums become narrower without becoming shorter; 
while the areas of such strips all approach zero, it is possible in one sequence 
(2) to choose all the points P» at the “tops” of the strips, and in another 
construction of (2) to choose all the points Pi at the ^‘bottoms” of the strips, 
with the result that the sequence (2) would have two different hmits for 
the two constructions. Condition (3) avoids this difficulty, for under it 
no two points of any one region Ri can remain a finite distance apart, how- 
ever small. 

Example 1. Let K be the rectangle in the x?/-plane with vertices at 
(0, 0), (4, 0), (0, 3), (4, 3), and let f{P) = 
f(Zj y) =* a;* — xy. If we subdivide K into regions Ri 
by drawing the lines x — 1 and y = 1, then an 
approximate value of SkUP) dA is 

/(§, i)(l) +/(3, i)(3) +/(i, 2)(2) 

+ /( 2 , 2 ) ( 6 ) = 21 . 

The definition of Sk/CC) dA involves no 
specific reference to any coordinate system. 

Physical interpretations of SKfiP) dA will 
be given below; in the particular case where /(P) is repre- 
sentable in the form/(a;, y) and the surface S is the xy-plane, then 
it may be shown in the usual way (see Sec. 14) that Sk f{x, y) dA 
represents the volume of the cylinder indicated in Fig. 87 . Formula 
(7) of Sec. 15 has no direct analogue in the present instance, for 
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the symbol / f(Xj y, z) dA is meaningless; however, Sx/(a;, y, z) dA 
may be evaluated by methods to be given below. 

Definition 17.1 may be varied in many ways as was Definition 
15.1. For example, if AiA' is the area of the projection on the 
a;i(-plane of the region Ri, and if in Definition 17.1 AiA is 
everywhere replaced by then we arrive at the quantity 

Sjt/(P)d4'. The quantities Sij:/(P) and ^Kf{P)dA'" 

may be similarly obtained, where " and indicate projection 
on the xz- and y^-planes. Even though ^kJ{P) dA and each 
of these latter integrals involves only a single limit, they are all 
referred to as double or surface integrals inasmuch as the integra- 
tion is over a two-dimensional 
region. 

We now take up the problem 
of evaluating double integrals and 
we begin with a very simple special 
case. For clarity of notation, we 
shall always denote regions and 
areas in the xy-plane by if' and A\ 
regions and areas in the x^-plane 
by if" and A", and re^gions and 
areas in the y 2 ;-plane by if'" and 
A"\ 

Theorem 17.1. Let K' be the 
'portion of the xy-plane bounded by 
the curves a; = a, a: = 6, y = c, and 
y == where a < b, where c ^ \f^(x) for values of x in the interval 
a ^ X ^ by and where yp is continuous and single-valued. If fix, y) 
is definedy summabley and continuous over if', then 

y'> ^ 

Subdivide the region if' into m strips by the lines a; = a, 
X ^ Xi, x — X 2 y • • • j X = Xr»~.iy and a* = 6, where 

a < xi < • * • < Xm^i < b, 

Ijet A^ = x» — ^- 1 . By Theorem 13.2, there exists a value 
Xi of Xj Xi^i < Xi < tCi, such that the area of the ith strip is 
[^(a^i) — c] AiX. Subdivide the interval c ^ y S 4^{xi) along 
the line x ^ Xi into Ui subintervals having c, 9i, ^ 2 , * * • , 
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if/ixi) as successive end points with the restriction that 
is not to be greater than the smallest value" of ip in the ith strip. 
Draw the lines AB, • • • , ST as in Fig. 88. Let = j/,- — 5,_i. 
By Theorems 13.2 and 13.1, wherein /(x) is to be taken as the 
continuous function of y denoted by/(Xi, y). there exists a value 
yj of y, yj-i < yi < yj, such that 

f{^<, yj) == P' y) dy. (5) 

JU}~1 

Let us now construct the sum (1) taking as the regions Ri the 
small figures • • • , CDEh\ • * • , into which K' has been 
divided, and taking as the points Pi the various points (x*, yj). 
Because of the manner in which xi w^as determined, the area of 
the region STVU is AtX An.?/. Hence the sum (1) may be written 
in the form 


^ yi) A/y 




A,x 


= 2/,) Aji!/ A|X + • • ■ + yj) Ajy A^, (6) 


1 


where each term in the right member represc^nts thf‘ sum of all 
the terms /(x, y) AA' for one vertical strip, and where the outer 
summation in the left member represents th(^ addition of totals 
for all the strips. By (5) we may write the ?th term of the right 
member of (6) in the form 


K» 

^/(x„ yj) Ajj) 

AiX = 

Hi 

..j = i 


/(a'., y) dy j A 


AiX 


and (6) may be written as 


5) Vi) A;t/ 


fU 


i»= 1 


It is evident that all of the quantities Aa and Ajy may be taken 
arbitrarily small except for the quantities Anj/y i.e., the last 
interval of each strip. (Recall the restriction on How- 
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ever, ^ is continuous, and by Theorem 8.7 of Chap. IX, An^y, and 
even the maximum height of each region STVU, can be made 
arbitrarily small by taking AiX suflSciently small. Hence this 
method of choosing regions allows us to construct the sequence 
(2) in such a manner that (3) holds. By hypothesis, 



where b is defined as in Definition 17.1 and where the condition 
5 — > 0 implies that the largest of all the numbers A, 2 / and AtO: 
approaches 0. On the other hand, / f{x, y) dy is a continuous* 


m 

function of x alone, and lim f(xi, y) dy\ AiX exists and 

is denoted by y) dy dx. By Theorem 13.1, this 

latter quantity is equal to f{x, y) dy dx. Hence 

m 

2/) dy dx. (9) 

The theorem follows at once from (7), (8), and (9). 


Fig. 89. Fig. 90. 

With reference to Fig. 89 it is seen that 

y) = £££f(^> y) ^ (10) 

fort 

Sk-((^' y'^ y) dA' - y)dA* 

^ y^ ^y y^ dx. 

* See Theorem 29.1. 

t If /(x, y) is not already defined over all of L' « X' -f M\ then its defi^ 
nition may be extended in any convenient manner to include U, 
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Hence 

y) = XT ^ ~ \ 

= Sa^^^^’y'^^ydz. 

With reference to Fig. 90 it may likewise be shown that 

Sx' y) d A' = X‘*XT)^ y^ ^^dy. (11) 

In the event that the region K' is such that both (10) and (11) 
hold, then the right members of (10) and (11) are equal, and we 
have 

Theorem 17.2. Let K ' be such a portion of the xy-plane that 
its boundary may be broken up into two parts y = <p{x) and y = ^(x) 
extending from x = a to x = b, and also into two parts x == a(y) 
and X = T(y) extending from y = c to y = dy where a, and r 
are continuous and single-valued with <p(x) ^ \f/(x) and a{y) g T(y). 
Tff(Xj y) is defined^ summable, and continuous over K', then 

f!fZ' y'> ^y d^ = XTw' y^ dy. 

It should be observed that K' in the preceding theorem is an 
axial region (see Sec. 11), and that this 
theorem may be extended to more general 
regions K' by breaking up K' into axial 
regions. 

We now wish to extend the preceding 
results to the case where the integrand is 
a function /(x, y, z). Suppose the sur- 
face S in Definition 17.1 is represented 
by the equation 

z = r(x, y), 

where z is single-valued and continuous, and suppose the region 
if on S is such that its projection on the xy-plane is a region if' 
for which (10) holds. Since /(x, y, z) s /[x, y^ r(x, y,)] when 
the point (x, y, z) is in the region if, 

/(^> dA' = y> y^^ dA', (13) 

for if K is subdivided into regions iZi, then the projections R[ of 
Ri constitute a suitable set of subdivisions of if', and AiA' is 



( 12 ) 
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the same with reference to both and moreover, if (a:<, yi^ Zi) 
is a point in /?*, then {xi, yd is in Riy and by (12), 

f{xu yt. ^i) Ai.4' == f[xi, yiy r(xiy yd] AiA\ 

so that (13) follows at once. But by (10), 

y- y’ ^y 

Hence, by (13) and (14), 

y' y^ ^y 

where in the right member z = r(Xy ?/), and where <p{x) and ^(x) 
represent the boundary of the projection K' of K on the x 2 /-plane. 
If the region is such that (11) holds, then 

y> 

Similar formulas may b(‘ derived for Sa /(j, y, z) dA'' and 
Sk/(x, Vy z) dA''\ 

It remains to evaluate Sa/(x, y, z) dA . Let M and // be two 
planes intersecting in the line I at an angle B. Then B is also the 



angle between normals to M and H. Let A be the area of a 
region K in M, and let Auhii the area of the projection iCw of 
K upon H. Then 

Ah — A COS By or A — Ah sec B. (17) 

This result is evident when ^ is a rectangle with two edges 
parallel to for Kh is also a rectangle and (see Fig. 92a) V = fe, 
d> ^ d cos 0, It may be shown that (17) holds for a general 
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region K by approximating K by rectangles in the usual way 
(see Sec. 14 and Fig. 92b). 

In Definition 17.1 let S be represented by (12), and suppose 
that there exists a tangent plane at each point of S. Let AiAr 
be the area of the projection of Ri upon the tangent plane 
Ti at Pi, the operation of projection being parallel to the 2 -axis. 
Suppose S is such that, if e is an arbitrarily small positive number, 
the regions Ri may all be taken sufficiently small that 


1 - € < 


AxAt 

AiA 


< 1 + € 


for each value of i. Then [cf. the derivation of (10) in Sec. 16] 

S^mdA ( 18 ) 

But by (17), 

f(Pi) AiAr - f(Pi) sec -y* AiA', 

where 7 < is the smaller angle made by a normal upon Tt with 
the 2 -axis. Hence 


m dAT = Si, fin sec 7 dA (19) 

Since* sec 7 = \/l -f 2 * -f 2 *, it follows by (18) and (19) that, if 
fiP) = f(3:, y, z), then 

Si,mdA = SjiP)^<'ydA' 

= Si,fi^’ V’ 2 ) vr+lf+l® dA', (20) 

where 7 is the smaller direction angle with the 2 -axis of any normal 
to K, where 2 = t{x, y), and where the last integral may be 
evaluated by (15) or (16). [In the last integral it is immaterial 
whether we write K or because of (13).] It may be shown in a 
similar manner that 


Sjin dA = SjiP) sec ^ dA" = sec <xdA"', (21) 

where a and are the smaller direction angles with the and 
y-axes of any normal to K. If in ( 20 ) and ( 21 ) we take/(P) « 1 
and let A denote the area of K, thenf 


* The student should verify this. See Chap. VII, Ex. II, 1, 2. 
t For a further discussion of surface area, see Sec. 15, Chap. VI. 
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^ ~ Sjc ~ SSk' y dy dx = j sec ^ dz dx 

= f Sk"’ 

If in (20) we write g(P) — f{P) sec y, then f(P) = g{P) cos y, 
and (20) assumes the form 

S^. 9iP) cos ydA = S^ 9(P) dA'. (22) 

Formulas (21) may be modified in a similar manner. 

We now give a few examples to illustrate the meaning and 
use of surface integrals. 

The moment ilf of a point mass m about a line I is rm, where r is 
the distance from m to L If we consider a plane area K as having 
unit mass per unit of area, then the moment AiAf of a subregion 
Ri of K about a line I in the plane of K is such that 

r'i AiA ^ AiM ^ Vi A,v4, 

where r' and u are the smallest and largest distances from I to any 
point of Ri, It is seen that the moment Miof K about I is 

. ilf/ = r did, (23) 

where r is the (directed) distance from I to the point P of K. In 
particular, if K' lies in the xiz-plane, the moments of K' about the 
lines y = k and x = h sltq 

Sk- A' and (z - h) dA' 

respectively, these integrals being evaluated by (10) or (11). 
It follows in the same way that, the moment of inertia / of a 
point mass m about a line I being the moment of inertia 1% 
about I of an area K on an arbitrary surface S is 

dA, ( 24 ) 

where r is the distance from I to any point {x, y, z) of K. In 
particular, the moment of inertia about the x-axis is 

and if K' lies in the xy-plane, /, = Sx* y* If r is the distance 
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from the origin 0 to any point (or, j/, z), then the moment of 
inertia of R about the origin is 

^0 = + + (25) 

The integrals in (24) and (25) may be evaluated by (20) or (21). 

We give another example relating to fluid flow. If fluid is 
flowing in such a manner that it has everywhere the same con- 
stant velocity V, then the fluid flowing across (through) a plane 
area A in one unit of time forms a cylinder with base /I, slant 
height Vy and altitude V cos By where B is the inclination of V 
to a normal upon A. The volume of this cylin- 
der, AV cos By is numerically the rate of flow of 
fluid across A . Since V cos B is the magnitude 
Vn of the component of V normal to Ay the rate 
of flow of fluid across A is AFn. Now suppose 
fluid is flowing in an arbitrary manner across a 
region K of a surface S. Let the velocity of the 
fluid at any point be represented by the vector V, and let B ho the 
angle between V and the normal to K at any point P of K. 
Then (see Sec. 20) the rate of flow of fluid across K is 

Q = Sjj. 9 dA = F„ dA, (26) 

where V is the magnitude of V, and Vn is the component of V 
normal to K at any point P of K, (This may be seen intuitively 
by breaking up K into small regions J^A.) It is seen that the 
sign of cos By and hence the sign of Qy depends upon the choice of B 
as between the two angles from V to the normal. To settle this 
question of sign it is customary to erect a unit vector n, called the 
unit normaly along the normal to K at each point P of ^ is 
then the angle between V and n. The vector n may be taken in 
either direction along the normal at P, and the effect of introduc- 
ing n is essentially that of determining a ‘^positive’' and nega- 
tive side of K, If we define the vector AiAr to be a vector in 
the direction of n and of length [see paragraph below (17)] 
then by (18) and Definition 16.1, we may write (26) in the form 

Q = S^V-dA. (27) 

Formulas (26) and (27) may evidently be used in connection 
with any quantity whose value and direction at any point P may 
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be represented by a vector V ; the set of all vectors V correspond- 
ing to the points P of our space is called a vector field, and (26) 
and (27) give the flux of this field across K. Thus, if V represents 
the direction and intensity of a magnetic field, then (26) and 
(27) represent the total magnetic flux across K. 

In order that (27) be meaningful, it has been assumed that n 
varies continuously from point to point over the surface S 



Fig. 94. Fio. 95. 


without, for example, sudden changes in sign or direction. It 
is not always possible to determine n in this manner even though 
S has a tangent plane at each point. Thus, consider the Moebius 
strip formed by a long narrow piece of paper one end of which is 
given a half twist before the two ends are 
^ brought together. In going once around the 
strip and returning to the starting point, the 
vector n must experience a discontinuous 
change of direction. Again, if a surface is 
' / creased (like a cusp), it may be necessary to 

deform the surface slightly by rounding off the 
Fig 96 crease before n may be everywhere continu- 

ous, We say that a surface S is orientable 
if (after any necessary slight deformation) it is possible 
to construct a vector n at each point of S so that n is continu- 
ous at every point of S, We shall assume throughout this discus- 
sion that we deal only with orientable surfaces. ' 

If is a closed surface (e.g., a sphere), and if V is a vector field 
across S (e.g., a magnetic field), then by properly choosing n at 
each point of S (e.g., in the ^'outward^^ direction), the sign of 
V • dA determines whether Q is inward or outward at any point 
P of S, and (27) represents the net flow across S, that is, the net 
flow out of, or into, the region bounded by S (see Fig. 96). 

The process of orienting a surface has other applications. For 
example, 


r = y)]dA' 


( 28 ) 
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represents the volume of the region R bounded by the surfaces 
Ki and Kz with equations z = /i(x, y) and z = f 2 {x. y), where 
is the projection of R on the rry-plane. By (22), 

F = S f 2 (x, y) cos y dA - Sv ^ (29) 

A2 A 1 

By taking n outward/’ so that eos 7 is positive over and 
negative over ifi, we may write 

F = S,,.2 (30) 

where S is the entire surface of R and wliere 
z is determined as in (29). Formula (30) can 
be extended to more complicated regions. 

With these conventions in mind it is 
possible to express (26) and (27) in a form 
more convenient for computational purposes. Fig. 97. 

Let a, iS, 7 be the direction angles of n, let av , yv be the direc- 
tion angles of V, and let X, Y, and Z be the components of V 
parallel to the axes. Then, as indicated in (22) and (15), 

Q = V cos 6 dA 

= F(cos av cos a 4- cos COS jS + cos yv cos 7 ) dA 

= {X cos a + Y cos + Z cos 7 ) dA (31) 

= S^... i±X)dA + S^„ ( + F) dA" + S/ ( ± dA' (32) 

-fL (±X) dzdy + fl,.(±v>a.d, 

+ (±Z) dy dx, (33) 

where in each double sign we take the sign of cos a, cos and 
cos 7 , respectively, as determined at the point where X, Y, Z are 
evaluated. If x, y, or z is multiple-valued on X, then the first, 
second, or third integrals in (32) and (33) must be broken up 
into parts as in (29) and (28), In particular, if X is a convex 
closed surface, and if n is the '^outward ” normal, the last integral 
in (33) is evaluated by integrating +Z over the upper part of X, 
integrating — Z over the lower part of K, and adding the results; 
the other integrals in ( 33 ) are evaluated similarly by using + over 
the right or front part of K and — over the left or back part of K, 
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It should be observed that (31) to (33) are general formulas for 
any integral Sx F cos dj4, where V is any vector with rectangu- 
lar components X, Y, Z. 

We leave it to the student to write out in complete detail the 

definition of a volume or triple 
integral; 

S„/(:r, y, z) dV 

rih 

= lim yi, Zi) A<F, (34) 

where is a region in space. We 
also leave it to him to prove the 
following formula, where ri, r 2 , 

\f/y a, and b have the significance 
indicated in Fig. 98, and to give 
five other forms of this formula 






Fiq. 98. 

obtained by. changing the order of integrations: 






EXERCISES Xni 

1. Find A, ilf*, /*, /y, and lo for the areas bounded by: 

(a) X® 4- 2/^ = a®. 

(b) j/ == x®, 2/ = 1. Also find I about y = 1. 

(c) 4x* = 4 — y, X® == 1 — y. Also find / about x = 1. 

(d) One arch of the cycloid x *= a{d — sin 0), y = o(l — cos 0), and 

y = 0. 

(e) The coordinates £ and y of the center of gravity of an area in the 
xy-plane are defined by the relations 

A£ = Afy, Ay « Mx. 

Find the center of gravity of the areas in parts (b), (c), and (d). 

2. Find A, Ty, Im, and /o for the following surfaces: 

(a) x/a 4- y/h 4- ^/c = 1 and in the first octant. 

(b) z =* X® cut off by y 4- 2 = 1 and y = 0. 

(c) z = X® 4“ 2y* below z * 1. 

3. Let S be the surface of revolution obtained by rotating the curve 
y ■* fix) about the line y ^ k. Derive the formula 

^ “ fa ~ Vl '"+ (D,v)* dx, (36) 

using tangent cones instead of tangent planes. Also, derive (36) directly 
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from (21). [Note (11) of Sec. 19.] Find the areas of the surfaces obtained 
by rotating the following curves in the manner indicated: 

(a) x* + 2/® = o* about 2/ 0. 

(b) 2/ =“ sin X from a; =« 0 to a; « about y — 2, 

(c) j/* =* from X ~ 0 to X = 1 about x = 1. 

(d) One arch of the cycloid x — a{B — sin ^), y = a(l — cos B) about 
2/ « 0. 

4. Evaluate the integral (31) in the following cases, n being the outward 
normal: 

(a) X = x*2/®, Y == xZy Z y^ — 2®, K is the entire sphere 

x® 4- 2/* -f = o®. 

(b) X = X — y, Y = 2/* + 2:®, Z = 1, K is the entire cube of edge 2a 
with center at (0, 0, 0) and with faces parallel to the coordinate planes. 

(c) X = y = Z == X* 4- 2/* ^ is the entire cylindric surface 

x* 4- 2/* = o®, 2 = 0, 2 = 1, including its bases. 

(d) X = X, y == xyj Z = xyzj K is the surface of the region bounded by 
2 ns X* -f 2/® and 2*1. 

5. Find the volume F, the moments Mxyj Mxt, Myt about the coordinate 
planes, and the moments of inertia /„ /y, /*, Iq of the solids bounded by: 

(a) X® + 2/* + 2^* = a® above 2=0. 

(b) X® 4- y® = 1 — 2 above 2=0. 

(c) 2 = 1 — x®, 2 = 0, 2/ = 0, X 4“ 2/ ~ 

(d) X® 4- 2* = a®, 2/» 4- «* = a*. 

(e) 2 = X* 4- 2/^ 2 “ 2/*) 2 = 1 ~ 2/*» = 0. 

(f ) The coordinates i of the center of gravity of a solid are defined by 
the relations 


Vi = My,, Vy = Mx„ Vz = 


Find the centers of gravity of the above solids. 

6. Give in complete detail the definition in (34). 

7. Prove (35). 

8. Prove the following theorems of Pappus: 

(a) If a plane area A be rotated about a line I in the plane of A and 
not cutting A, the volume of the solid generated is equal to the product of A 


and the distance traveled by the center of grav- 
ity of A. 

(b) If a plane curve C be rotated about a line 
I in the plane of C and not cutting C, the area of 
the surface generated is equal to the product of 
the length of C and the distance traveled by the 


centeMif^gravity of C. 

\/Sm. Green’s Theorem. There ex 
many close relations among line, surfai 


and volume integrals, and in this section we 
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shall develop a few of these relations. Let IST be a region in the 
xy-plane of the sort described in Theorem 17.2. (In this section 
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we shall drop our convention regarding the use of primes.) Let 
M{Xj y)f N{x, y), My, and be defined and continuous over 
K, By (10) of Sec. 17, we have, in the notation of Theorem 
17.2, 


S dM jx, y) 

K 


dA 


>{ 


n (if (I. I dx 


-r 


M[x, \f/(x)] dx — I M[x, ip{x)] dx 


M[x, \l/{x)\ dx + ^ M[x, ip{x)\ dx 


--1 


i\f(x, y) dx. 


where C denotes the boundary of iC, where y = <p{x) along the 
lower part of C and y = \l/{x) along the upper part of C, and whore 
the point {x, y) traces out C in the positive (counterclockwise) 
direction. It follows in the same manner that 


s, - j xr s "" - X { } 


N{x. y) dy, 


where x (r{y) along the left part of C and x — r(?/) along the 
right p^t. If we subtract (2) from (1), we obtain 

Ti^Iobem 18.1 {Grccrds Theorem). If K is the region described 
in Tlieorem 17.2, and if M, iV, My, and Nx are defimd and con- 
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iimtous over K {including the boundary C)ythen 

s,(f 

+ N{x, y) dy, (3) 

where C is traced out by the point (x, y) in the 
positive direction. 

Greenes theorem is valid for much more 


general regions than is indicated in the preceding statement of 
it. For example, let K be the region shown in Fig. 100, and let 
K be broken up into a finite number of parts Xi, X 2 , ♦ • of the 

sort indicated in the theorem. Then the theorem holds for each 
part. But in computing the line integral along the boundaries Ci 
and C* of Ki and X 2 , the integral along the common part JPQ of 
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these boundaries cancels out because PQ is traced in opposite 
directions in the two cases. Hence 

~ dA = -£Mdx + N dy, 

where y is merely the (exterior) boundary of the combined region 
Ki + K^, This process may be extended to the remaining parts 
of K to show that (3) holds for the entire region K. We leave 
it to the student to develop for himself as general a statement as 
possible of Greenes theorem, and, in particular, to consider the 
case where K consists of several disconnected parts as indicated 
by the shading in Fig. 101 (a). [To determine the direction in 




which the various parts of the boundary must he. traced out, 
connect the various parts of the boundary as indicated in Fig. 
101 (b), where the connecting lines arc regarded as coincident so 
that the integrals along them have the sum zero.] In the applica- 
tions we shall make of Greenes theorem we shall always explicitly 
assume that K denotes a region for which Greenes theorem is 
valid. 

Greenes theorem enables us to compute a double integral by a 
line integral, or conversely, to compute a line integral by a double 
integral. 

Example 1. Evaluate / c (3x* — y^) dx — 2xy dy^ where C is the entire 
circle x* -f 2/’ 1. 

Solution. By (3), the given integral is equal to 

=0. 

It must be emphasized that this method for evaluating a line integral is 
available ordy when C is a closed curve, as otherwise C does not bound a 
region K. 

Example 2. Evaluate 8 k {2y — 6x) dA ^ (2y — 6x) dydx, 

where K is bounded by the circle x* -f y* = 4. 



256 


HIGHER MATHEMATICS 


[Chap. II 


Solution, Let My =« 2y. Then we can take M « j/* -f* a?*. Again, 
Ng =* 6Xy and N = 3(x* + y*). By (3), the given integral is equal to 

Jc -f- 2/*) dx 4- 3(x® + y*) dy =« — 4 da; -f 12 di/ - 0, 

where C is the boundary of K. 

Example 3. By Green’s theorem, —ifcydx—xdy = Sjc (1) dA — A. 
This result is consistent with (24) of Sec. 16. 

We list a few corollaries of Greenes theorem: 

Corollary 18.11. If My(xy y) = Nx{x, y), and if C is any 
closed curve in the xy-plane such that Af, iV, Afy, and Nx dre defined 
and continuous over the region K hounded by C, then 

M dx N dy 0. 

Since My = iV”*, the left member of (3) is 0, and the corollary 
is immediate. This corollary is illustrated by Example 1 above. 


Example 4. If C is the entire circle x* -|- y* 
computation that 


1, it follows by direct 


Jc 


-V 
^ X* 4- 1/* 


da; + — - — ■ dy « 2ir, 
X* 4- y* 


(4) 


for the differential is exact, 


■h 


-y 


4- r 


dx 4- 


y 

-dy — tan*“' - + const. 

>S -r 


X* 4- y 



and as the point (x, y) moves positively around C once, tan”‘ {y/x) increases 
in value by 2 t. We cannot quote Green’s theorem to conclude that the 
given integral is 0 because M, N, My, and Nx in this 
case are discontinuous at the point (0, 0) within C, 
This example illustrates once again the fact that the 
hypotheses of a theorem must be fully met or the 
theorem cannot be applied in a given case. It is evi- 
dent that the given integral is 0 for any closed path 
C which does not contain (0, 0). 

Fio. 102. Corollary 18.12. Let M{x, y) andN{x, y) 

be given functions^ let A and B be two points in the xy-plane, and let 
Cl and C 2 be any two curves joining A and B such thai M, N, My, and 
Ng are defined and continuous over the region K bounded by, and 
including, Ci and C%, If My s then 

f Mdx + Ndy - f Mdx + Ndy. 

9/Cl 


( 5 ) 
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Let C denote the closed curve from A around to A consisting 
of Cl and Cs. By Corollary 18.11, 

0 = ^ M dx + iV dy 

= Cm dx + N dj/ — f M dx N dy, (6) 

JCi jCt 

where /c, and Ja are each taken from A to 5, the minus sign 
arising from the fact that the part of /c along C 2 is taken from 
B to A. Equation (5) follows at once from (6). 

While Corollary 18.12 is merely a restatement of Theorem 12.4, 
the preceding proof gives further insight into this important 
result. 

Example 6. Evaluate /J;2 (Sx® — y^) dx — 2xy dy along the curve 
sin iirxy/2) + log (2a; - 2 / -f 1) =0. 

Solution. Since the condition My ^ Nx is met, along with all continuity 
requirements, we may choose any path we please from (0, 0) to (1, 2) 
instead of the given path. If we take the path y = 2x^ then the given 
integral equals 

-X^dx- _ 3 . 

If we choose the path consisting of the line segment h from (0, 0) to (1, 0) 
and the line segment U from (1, 0) to (1, 2), then we evaluate the given 
integral along h and U separately and add the 
results, where 2 / — 0 and dy ^ 0 along and 
a: = 1 and da; * 0 along h: 

(f ‘ 3 .> d, -0) +(<,-£ 2, 

Corollary 18.12 is sometimes misstated 
as follows : Let M, N, M„, and iV, be defined 
and continuous over a region K, and let 
A and B be two points of K. If My = iV,, 
then jc M dx + N dy has the same value along all curves C join- 
ing A and B and lying in K. That this statement is false is seen 
by taking K as the shaded ring shown in Fig. 103. The curves 
Cl and Cs lie in K, but the integral in Example 4 has the value 
3ir/2 along Ci and the value —ir/2 along Cs. While M, N. My 
and Nm, are defined and continuous in K, the difficulty is that Ci 
and Cs bound a region L which does not lie in if; in particular, 
the point (0, 0) is in L, though not in K. The above statement of 
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Corollary 18.12 is valid if we restrict K to be simply connected 
in the sense that, if C is any closed curve in K, the region bounded 
by C is in K, 

It follows from Corollary 18.12 that if My^ then 

M (x, y) dx + N (x, y) dy, (7) 

being independent of the curve C along which it is taken^ has 
exactly one value for each point {xq, y^) when (a, 6) is fixed. 
Thus the quantity (7) is a function of the point {xq^ yo). If we 
denote this function by/(a-, ?/), then 

fixo, yo) = M(x, y) dx + N(x, y) dy. (8) 

With this notation in mind we may state 
Corollary 18.13. Let M, N, My, he defined and continuous 
over a simply connected region K. If My = and if f(x, y) 
is the function defined over K by (8), then df/dx = M(x, y) and 
^f/^y = N(Xy y). 

By Definition 16.1 of Chap. I, 


lim 

Ax—^O 


/x(a;o, yo) 


f{xo + Aa;, yo) - f(xo, yo) 


Ax 


'xo + Ar,yo 


M dx + N dy — I M dx + N dy , 
Ja,h J 


(9) 


where by Corollary 18.12 we may choose the path of integration 
as we please within K, Let Ci be any 
I arc in K joining (a, b) with (xo, yo), 

let I be the straight line y = 2 / 0 , and 
let C be the curve consisting of Ci and 
* 1. Then (9) may be written in the 
Fio. 104 . form 


j ^xo+Aar,vo 

fx(xo, Vo) = lim — I Mix, yo) dx + Nix, yo) dy (10) 

since the path of integration is L But = 0 along I and 
fiNdy^Qx By Theorem 13.2 there exists a number B, 
0 < ^ < 1, such that 

Mixo + ^ • A*, j/o) = -r- I Mix, yo) dx. (11) 
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Since M is continuous, it follows by (10) and (11) that 
/.(xo, Vo) = lim M{xn + e ■ iu, yo) = M(xo, yo). 

Ax— >0 

The second part of the theorem is proved in a similar manner. 
As an immediate consequence of Corollary 18.13 we have 
CoROLiiARY 18.14. If M and N meet the conditions of Corollary 
18.13, and if My ^ Nx, then JM{Xj y) dx + N{xj y) dy exists and 
is given hy the formula 

J M(x, y) dx + N{x, y) dy = f(x, y) + C, 

where f{x, y) is the function given hy (8). 

While Corollary 18.14 is merely a restatement of Theorem 12.2, 
yet the preceding discussion gives further insight into this 
important result. 

EXERCISES XIV 

1. Show that (Sx^y — y'^) dx -f {x^ — 2xy) dy is independent of C. 
Check this result by evaluating this integral along three different paths. 

2. Find Jc (x — y) dx around the circle x^ + y^ = 1. Carry out this 
evaluation by direct substitution and also by Greenes theorem. 

3. If Vx — 4a;/(x* -f y^) and Vy = 4yf(x^ -f ?y^), find the rate of flow 
of fluid across 

(a) The unit circle with center at (0, 0). 

(b) Any simple closed curve not enclosing (0, 0). 

Account for the fact that Green's theorem is applicable in one case but not 
the other. What physical interpretation may be given t^ explain the differ- 
ence between the two results in (a) and (b)? 

4. PJvaluate fc {x^ — dx -f- ixy) dy around the figure bounded by 
y — A — x^ and y — 0. Use Green's Theorem and also some other method. 

5. Find the work done on a particle moving along the path j/ = 1 — x®, 
z ~ 2x — Z from (0, 1, —3) to (2, —3, 1) when 

-X'fx, y, z) = xy, K(x, y, z) == 2 , X(x, y, z) = a? ~ e. 

6. Using three different paths, find th e work d one on a particle in going 

from (0, 0) to (1, 2) when X(x, y) — x/'v/x* y*, F(x, y) == y/\/ x* + y*. 

7. Solve Exs. XII, 3 and 6 by Green's theorem. 

8. Find the work done on a particle going from (0, 0, 0) to (1, 2, 3) 
when X(x, y, z) =* 2x, F(x, y, z) — 2 , X(x, y, z) — y. Use three different 
paths. 

9. Prove the converse of Corollary 1 8. 1 1 , i.e., that if M, iV, My, and Nx are 
defined and continuous over a simply connected region K, and if 

fMdz H-JVdy =0 


for every closed curve C in K, then My ^ iV». 



260 


HIGHER MATHEMATICS 


[Chap. II 


Hint: Suppose at some point (xo, yo) it were the case that 
My{xQ, yo) — iV,(xo, yo) > 0. 

By continuity, My — A/'* > 0 over some region R about (xo, j/o). Thus the 
left member of (3) is not 0 for the region R. 

10. Let /(x, y) and g(Xj y) have continuous second derivatives. By 
taking M ^ f • {dg / By) ^ N ^ — f • (dg/dx) in (3), show that 

ds, (12) 

and hence that 

(f Ag ~g^dA = - g^^ ds, (13) 

where Ag « (d^g/dx^) 4* (d^g/dy*)y s denotes arc length along the boundary C 
of the region Kj and dgjdn denotes the directional derivative of g in the 
direction normal to C at any point on C. To what form does (13) reduce 
when ^ s 1? To what form does (12) reduce when /(x, y) ^ ^(x, y) and 
Af = 0? 

11. Show that the area A bounded by the lines 6 — a, ^ = d, and the 
curve r = f{d) is given by 

A = xdy — y dx — \ r* dB, 

Hint: x =» r cos 2/ ~ r sin B. 

12. Using both integrals in Ex. 11, find the smaller area bounded by 
X* -f » 25 and x * 3. 

19. Transformation of Double Integrals. In this section we 
shall apply Greenes theorem to evaluate a double integral 
Sic/(a:, y) dA == J/x/Cx, y) By dx by introducing a new (w, v) 
coordinate system over the region K. [Cf. (3) in Sec, 10.] Let 
N{x, y) be such that/(x, y) == dN{Xy y)ldx. By (2) of Sec. 18, 

y"> ic 

where C is the boundary of K. Let C be represented by the 
equations 


s, 


(/ Ap + S^Qx + SyBy) dA 


£ 


c dn 


* = v(i), y = ( 2 ) 

where t varies from fo to as (x, y) goes aroimd C once from some 
point Pa. Then 



Sbc. 19] 


INTEGRAL CALCULUS 


261 


N(x, y)dy = N(x, y)^ dt. (3) 

Let us introduce a new coordinate system by the relations 

X = p{u, v), y = q{u, v). (4) 

As the point (u, v) moves along C, u and v are functions of t, and 






where the last integral is evalu- 
ated by transforming the xy 
equations of C into uv equations 
with the aid of (2) and (4). By 
Green’s theorem, 


,.y j 


m. 

1/2 

1 

O' 

1 

I 1 

t 1 

1 1 . 

1 , 

a b u 


Fig. 105. 


_ ff I 

J JK dx\du dv dvdu/ 


dv du 


( 6 ) 


where the limits for the double integrals are given by the uv equa- 
tions of C in the usual manner.* It follows by (1), (3), (5), and 


* To see this more clearly, regard u and v as rectangular coordinates in a 
wf^plane. Then the uv equations of C represent a closed curve Cuv in the 
ut?-plane. Since u and v vary in exactly the same manner along C and 
as do also the values of N, dytdu, and dy/dv (see Fig. 106), 


N— du + dv 
du dv 


, du dv 


there being no difference whatever between the two integrals except their 
geometric representation. As indicated in (6), 



du+^—dv 
du dv 


/X 


dN/ dz dy 
dx \5W dv 


dx dy 
dv du^ 


dv dUy 


(7) 


where Kuv is the region bounded by Cuv, and where the limits for JJ/Ci.* 
are determined in the usual way. Since the range of variation of u and v 
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(6) that 




fix, y) dy dx 


/X 


f{Xj dv d% 


( 8 ) 


where d{Xy y)/d{u, v) denotes the Jacobian of x and y (see Se(‘. 20 

of Chap. I), and where f{Xj y) is 
U u ^uo+du_y expressed as a function of u and v by 
(4). In the preceding proof we leave it 
to the student to state explicitly all 
conditions regarding continuity, ranges 
of values, etc., that have been implicitly 
assumed. 

j£ I/) = 1 in (8), then the area A 
Pig. iOf>. of a region K is given by 



s. 


dix, y) 


d{Uj v) 


dv du. 


(9) 


where the absolute value is introduced bec^ause the Jacobian 
may be negative. To give an intuitive derivation of (9), suppose 
the region K is subdivided into small curvilinear parallelograms 
Ri as indicated in Fig. 106, where the equations of ST^ for exam- 
ple, are x = p(wo, y = ^(^o, v), or in uv coordinates, u == ^^o. 
If u and V represent arc-lengths along the boundaries of /2, then 
the area of Ri is approximately du dv sin a, where a is the angle 
between the curves u = Uo and v = vo- But it was pointed out 
in Sec. 20 of Chap. I that sin a = d(x, y)/d{u, v) when u and v 
represent arc lengths. Hence the area of Ri is approximately 
\d{Xy y)ld{Uy v)\ dudv, and (9) follows by the usual summation 
process. 


Example 1. In polar coordinates (4) assumes the f6nn 


X = r cos Oy y — r sin Oy 


and as d(x, «/)/d(r, B) — r, (8) becomes the formula for volume in polar 
coordinates: 

z dy dx — ff. zr dr do == SSk^ de dr. (10) 

If « =“ /(r), a function of r alone, and if K is the ring bounded by r = a and 
r ^ bf thpn 

is exactly the same over Kuv and K, the last integrals in (6) and (7) are 
exactly the same, only the geometric representations being difTeient. 
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S zdA ~ f f rf(r)d$dr = f 2nrf{r)dr. 
K Ja Ja 

If 2 s 1, (10) gives the area hounded })y a plane curve: 


A ~ J r dr dd. 


In particular, the area bounded by r — a(l — cos O' is 


’27r /•a(l— cos^) 


rr 

Jo Jo 


r dr do — i^ra^. 




Example 2. In parabolic coordinates (4) assumes 
the form 

X = i(u — t>), • y = y/uv^ 

and as d{x, y)/d{u, v) = + v)ly/uv^ (8) becomes 


/(x, y) dy dx 


“11/ ” *0, y/^ 7 — %:^dvdu. (13) 

J JK L2 J4 


In particular, the moment about the x-axis of the area bounded by the 
parabolas u a, u — h, v = c, t; = d is 




(u -j- v) dv du. 


In Sec. 15 of Chap. VI we shall show how (9) may be used to define the 
area of a warped surface (a concept we have so far taken for granted). 

EXERCISES XV 

Show that 

1. S^/(x, y) dA — 2/p /o/(w V, u — v) dv du when 

X = u ~ Vj y = u -jr 
where K is the region bounded by 

?/ — X = 2a, ?/ - X = 26, y + X ^ 2c, y x - 2d. 

2. fi Si” f(.x, y) dy dx 


n 1 

, \2{u + l)’ u + l] 

Jo jo ^ 2(« + 1)‘ ^ Jo 


lj2(a + 1)» 

n 2 


(/) — du du 

2(w + 1)* 


when X * W(^ + 1)» y *“ uv/{u + 1) (see Fig. 198), 
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Hint: draw the parametric curves u uq and « Wo by writing the 
equations of transformation in the form u « y/2Xj v « 2aJ -f 2/, and plotting 
the graphs of these equations for various values of u and v. Determine the 
uv equations of the bounding curves. Interpret the various integrations as 
a process of '^adding up^^ little quadrilaterals by rows in one direction or the 
other. 

3. /io y) dydx = ft rf*’ = /o ^ when 

u = y ~ x^, V = xy, 

where Xo is the solution of the equation a;* -f 3a; — 1 =0. 

/•i /•! + 

4. SI Stf(x, y) Sydx = fJ du dv 

= /J SffJ dvdu+S\ ST-“'SJ du 

when u ^ x -j- y, v = x^ — pK 

20. Green’s Theorem in Space. Theorem 18.1 relates a 
double integral over a plane area to a line integral around the 

boundary of this area. This theorem 
may be extended (1) to relate a volume 
integral to a surface integral taken 
over the boundary of the volume, and 
(2) to relate a double integral over a 
warped area to a line integral taken 
around the boundary of this area. In 
this section we take up (1), and in the 
next section we discuss (2). 

Let R be an axial region whose bound- 
ing surface S can be broken up into 
upper and lower parts K 2 and Ki with 
equations z = y) and z = ri(x, y). 
Let Z{x, y, z) and dZ/dz be defined and continuous in R, By (35) 
of Sec. 17, 



S dZjx, y, z) 
n dz 


dV 


C!* r 


dz 



dA’ 



{Z[x, y, r,(x, y)] - 


Z[x, y, nix, y)]} dA' 


“ !S Z{x, y, z) cos y dA, 


( 1 ) 


where y is the direction angle with the s-axis of the outward 
normal a at any point of S, and where K' is the projection of R 
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on the xy-plane. It follows in a similar manner that 

g dX{x y, z) =, Q Z cos a dA, 
dx 

g ^{x y, z) ^ Q Y cos pdA, 
dy 

where a and P are the direction angles of n with the a:- and 2/-axes. 
If we add the results in (1) and (2) we obtain Green’s theorem 
in space: 


( 2 ) 




-s. 


(X cos a + Y cos p + Z cos 7) dAy (3) 


where each term may be evaluated as indicated for (1). The 
region R may be generalized in the manner indicated in Sec. 18. 

If Xy Yy and Z are the rectangular components of a vector V, we 
define the divergence of V, div V, by the formula 


w. dX , dY dZ 

div V = h “7 — h -r-* 

dx dy dz 


(4) 


By (26), (27), and (31) of Sec. 17, (3) assumes the form 

div V dF = F„ dA = Ss V • dA. (5) 

It may be shown by (3) that 


m. 


Six, y, z) dz dy dx 


-JJX 


*“’*<*“■ 

[See (22") of Sec. 20 in Chap. I; also, see Osgood, "Advanced 
Calculus," p. 271.] 

We shall now give a physical interpreta- 
tion to div V ; we shall do this i n a simple 
intuitive manner and then in an accurate 
mathematical manner. Consider the fluid 
in a small volume with edges dxy dy, dz. 

Let A and A' be the centers of the faces of 
this volume parallel to the yz-plane, and 
let X and X + dX he the a;-components of the velocity V of the 




A' dy 
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fluid at A and A'] let F, F + dY, Z, Z + dZ be the other 
eomponemts of V at the centers of the other faces. Then 
(dy dz) (dX) {dt) is tlu' increase in volume V due to dX in time dt^ 
and dx dz dY dt and dx dy dZ dt are th(‘ increases in V due to dY 
and dZ in time dt. Hence the total rate of increase in V is 


dt 


dy dz dX + dx dz d Y + dx dy dZ, 


and the rate of increase of V per unit of volume is 

i dV 
lim 

V (it 


dX .dY.dZ ^ 

-T h -7- + -T- = div V, 

Sx dy dz 


( 7 ) 


where we write, for example, lim dX/dx = dX/dx because^ y 
and z are constant. 


To give a rigorous derivation of (7), consider an arbitrary particl(‘ 1* 
of fluid flowing in space. If (a:, ?/, z) is the position of P at time then x, y, z 
depend upon t and the position (xo, 2 / 0 , zo) of P at some fixed instant to. i.e., 

X = p(xof 2/0, Zo, t), V = q{xo, yo, zo. t), z = r{xQy Zo, t), (8) 

Let Ro be the region occupied by a certain portion of fluid at time ^o, and 
let R be the region occupied by this same portion of fluid at time t. By 
(8), we may regard yo, zo) as a set of parametric coordinates of R, and 
by (6) with fix, y, z) ^ 1, the volume F of J? is 


p" = r r r ^ ozo oyo dxo, 

J J JR Vo’ 2 / 0 . Zo/ 


(9) 


where the subscript 0 serves merely to distinguish the variables a;o, yo. zo 
from the variables x, y, z. By a direct extension of Sec. 33 below, we may 
write 


di 



JiJjJ 
xo, yo, Zo 


) 


dzo dyo dxo. 


Now 


( 10 ) 


d dx 

dx 

dx 


dx 

d dx 

dx 


dx 

dx 

ddx 

dt dXo 

dyo 

dzo 


dXo 

dt dyo 

dzo 


dXo 

dyo 

dtdzo 


dy 


4 _ 

dy 


dy 

4 - 


d^ 


dt dzo 

dyo 

dZo 


dXo 

dt dyo 

dzo 


dXo 

dyo 

dt dZo 

d dz 

dz 

dz 


dz 

d dz 

dz 


dz 

dz 

d dz 

di dZo 

dyo 

dZo 


dXo 

dt dyo 

1 

1*8 


dXo 

dyo 

dt dzo 


for the first determinant represents the result of differentiating the first 
factor of every terra in the expansion of /, and the second and third deter- 
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niiiiiints arise when all the factors and then all the third factors are 

differentiated. Now at t ^ x and xo mean the same thing, i.e., x ^ Xo; 
likewise, y s yo, .2^ ^ Hence 

x\ i - i — — — — -!L _ _ 0 j 

<9t/o (iz,. Oxr dXo dya ’ ilXo dyo dZa 

On the other hand, thc^ components of velocity of a particular particle P 

are 


X - 


dx 

dt' 


Y 


% 

dt' 



( 11 ) 


siiiee Xo, ?/o, 2o are fixed tor any (me part icle. Hence 


d dx d dx dX d dy dV d dz dZ 

dt dXo dXn df dX{, dt dyi dlja dt dZo dz^ 


d y A //, c \ 

/dX 

dY 

dZ\ 

-j[ -- — ) 

— 1 — 

d 

+ ~“ ) = 

dt \Xo, ?/o, 

_ (0 \d:ro 

dya 



(tliv V)to, 


and by (10) 



(div V),„ dz^^ dtjn dXo. 


( 12 ) 


Sinc(‘ X, y/, z are not involv(‘d in this result, we mny drop all the subscripts. 
By an extension of Theorem 28.1 below, 



div V</r - [div VjpdV")* 


so that by (12), 


1 'il 

V (it 


= [div V]p„ 


where Pi is some point in R. If we hd, R shrink to any given point Po in 
P, then Pi Po, and 


lim 

V^Po 


V dt 


= [div VIpo, 


as in (7). Because lim (1 / V)(dV/dt) is invariant for all coordinate systems 

F— Po 


based on the same unit of length, it follows that div V is also an invariant. 


Because dV/dt represents the rate Q at which fluid is flowing 
across the surface S bounding a region R, it follows by (12) and 
(5) that (26) and (27) of Sec. 17 hold under general conditions. 
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It is seen, moreover, that (13) of Sec. 16 is merely a special case 
of (26) in Sec. 17 since in (13), F sin ^ = F„. 

If p is the density of a fluid at any point P, and if M is the total 
mass of the fluid in a region P, then M = Siep dF, and 

But by (26) of Sec. 17 and (5), the rate of increase of M due to 
the flow of fluid into R across its boundary S is 

- pF„ = - S„ [div (pV)] dV. (14) 

Again, if matter is being created or destroyed (as by radioactive 
processes) at any point P at the rate Xp, X being the ^'growth 
factor,” then the rate of increase of M due to these sources” or 
sinks” is 

SfiVdF. (15) 

Since the sum of (14) and (15) is dM/dij it follows by (13) that 

+ div (pV) - Xp] dV = 0. (16) 

Since (16) holds for every region P, 

+ div (pV) - Xp = 0, (17) 


for if the integrand of (16) were (say) positive at some point Po, 
then by continuity considerations the integrand would remain 
positive throughout some region P about Pq and the left member 
of (16) would be positive for this region P; In the function 
2 /, 2 , t) let a;, z be given by (8). Then the point (x, y^ z) 
represents a particle P as it moves along its path, and dp/dt 
represents the rate of change of density of the fluid at the moving 
particle P. If we expand dp/dt and div (pV) completely, then, by 
(17), we have the equation of continuity: 

div V = X - I ^ (18) 

pat 

where dp/di is computed at a moving particle P. As a particular 
case, if matter is neither created nor destroyed, so that X = 0, , 
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and if the material is incompressible, so that dp/dt = 0, then we 
obtain the equation governing the flow of an incompressible 
liquid : 

div V = 0. (19) 

As another particular case, let us regard p as the quantity of 
heat in a substance per unit of volume. Then p = CT, where 
(for normal ranges of temperature T) C is a constant called the 
specific heat of the substance. Again, if V denotes the velocity 
of a ‘‘particle’^ of heat, then pV represents the rate of transfer 
of heat at any point. Moreover, it is known by experiment 
that this rate is —K grad T, where K is the specific conductivity 
of heat for the substance, where the magnitude of grad T is 
dTfdn, and where the components of grad T are X = dT/dx, 
Y = dT/dyj Z = dTjdz (see Sec. 22 of Chap. I). By (4), 

div (pV) - div (-K gr.d T) . + ^ + g} 

Substitution of these results in (17) leads to the heat equation: 


<l.v grad r - 


= c^ 


dt 


- k\T, (20) 


where c^ = C/Kj and where X represents sources or sinks of heat. 
In particular, if the flow of heat is steady , so that dT/dt = 0, 
and if X = 0, then (20) assumes the form 


d^T 

dx^ dy^ dz^ 


= 0 . 


( 21 ) 


EXERCISES XVI 

1. Extend the results of F]x, XIV, 10, to the case where / and g are func- 
tions of X, y, z. 

2. Develop the analogues of Corollaries 18.1 1 to 18.14 for surface integrals, 
with the condition div V = 0 taking the role played by the condition 
My = A*. 

3. Show that Ss F(P) dA = Sr (grad F) dV, where S is the bounding 
surface of R, and dA is a vector of length dA in the direction of the surface 
normal n. 

4. Show that the work done by an expanding gas is TV « Jp do regardless 
of the shape of the container (cf. Ex. X, 16). 

5. Find the force of attraction between a circular disk having electric 
charge p per unit area and a point charge e on the axis of the disk and 
distant a from the disk. 
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6. Show that the force of attractiou between a particle P of mass m and a 
homogeneous sphere of mass M and radius a is F — kMm/d*, where d ^ a 
and d is the dLstanc(^ from P to the center of S. Show that there is no force 
acting on a particle inside a homogeneous spherical shell of any finite thic^k- 
ness. Use these n^sults to discuss the variation in the weight of a body as 
it moves from a point outside the earth to the center of the earth. 

7. (a) A force field is solcmoidal if the total flux is zero across (;very closed 
surface S containing no point of discontinuity of the field (i.e., if there is no 
mass, charge, etc., within S). Show that the inverse square law gives a 
solenoidal field of force. 

(b) Show that, for a solenoidal field, the flux across each end of a tube of 
force is the same; also, show that the int(‘nsity of the field within a (small) 
tube varies inversely with the cross-sectional area of the tube. 

(c) Show that the total gravitational flux through a spherical shell of any 
radius with a partiefe of mass m at the center is ~47rm. (The flux density 
at any point is equal to the force acting on a particle of unit mass at that 
point). Extend this result by (a) to an arbitrary shell containing a particle 
of mass m. 

8. Use Grtaai^s theorem to solve Ex. XI H, 4. 

21. Stokes’s Theorem. We now take up the second extension 

in the preceding section. Lot S 
be a surface which may be nq^re- 
sented in both of the forms 

e - r{z, y), (la) 

y == q{x, z), (lb) 

where r and q are continuous 

and single-valued. Let S be 
oriented by erecting a (contihu- 
ous) unit vector n at each point 
of S. Let C be a simple closed 
curve on S bounding a region K. 
We say that a point P traces 
out C positively when P moves 
around K in that direction which would cause a right-hand screw 
to progress in the positive direction along any vector n of K. 
Now suppose K to be such that its projections and jRl" on 
the xy- and a: 2 -planes are bounded by the curves C' and C" 
with equations 

y = C[ix), y = Ci(x), (2a) 

z = C'/<x), 2 = CJ'(x). {2b) 


of Green’s theorem mentioned 
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Since C is represented by the pair of equations (la) and (2a), 

2) = Se- y' 2/)] dx, (3) 

the integral Sc being taken around C in the positive direction 
relative to n. By (1) of See. 18, 

X\x, y, r(x, y)] dx = + £ Qy dx 

where X, = — ■ ^ — -) , X^ = > z = r{x, y), and the 

f x,z / x,y 

choice of sign depends on the choice of n. By Ex. VII, 10, 

for C” and C'^ result by eliminating y from (lb) and (2a). By 
(3), (4), (5), 

= {Xt cos 0 — Xy cos y) dA, (6) 


where and y refer to n. It follows in a similar manner that 

S. ^ ^2/ = S.. cos y - F. cos «) dA, 

O O 

Z dz = (Zy cos a — Zj: cos ^?) dA . 

Upon adding (6) and (7), we obtain Stokes's theorem: 

S^,X dx A- Y dy Z dz = cos a 

■f- (_Xc — Zx) cos A~ {Y X — Xy) cos y] dA. (8) 
As in (10) of Sec. 16, wc may write 


Ydy + Zdz = S,,V.dr, 

c c 

where X, Y, and Z are the components of a vector V. If we 
define curl V to be the vector whose components are {Zy — Y,), 
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{X, — Z,), (F, — Xy), then, as in (31) and (27) of Sec. 17, we 
have as the vector representation of (8), 

SpV-dr = S^curl V.dA. (9) 

Let (curl V)n denote the component of curl V normal to K 
at any point of K, By the theorem of the mean, we may express 
the right member of (9) in the form 

S (curl V)« = (curl V)n]i>,ii, (10) 

A. 

where A is the area of K. As in (7) of Sec. 20, we have by (9) 
and (10), 

(curlV)„]p. = lim 4-8 V-dr. (11) 

A->Po 

As a consequence of (8), Corollaries 18.11 to 18.14 extend at 
once to functions of three variables; in particular, we have 
Theorem 21.1. // X, F, Z and their partial derivatives are 

defined and continuous over a simply connected region R, and if 
Zy s Xz = Zxj F* = Xy, then dx + Y dy Z dz is 

independent of the path (in R) from A to B. 

Theorem 21.2. If X, F, Z and their partial derivatives are 
defined and continuous over a simply connected region R, and if 
Zy ^ F*, Xz ^ Z*, F* ^ Xy, then jX dx + Y dy + Z dz exists 
and is given by the formula 

jx dx + Y dy + Z dz ^ /(x, i/, z) + C, 

where f{Xj y, z) is the function such that 

f(xo, 2 / 0 , Zo) = X dx + Y dy + Z dZj 

and where the path of integration is arbitrary within R. 

EXERCISES XVn 

1. Prove Theorems 21.1 and 21.2. 

2. (a) Show that S 5 curl F • dA « 0, where 5 is a closed surface. 

Hint: Let C be a closed curve on S dividing S into two parts. Note that 

the left member of (9) has opposite signs when C is traced out in opposite 
directions. 

(b) Show that S« div curl F dF » 0 for all regions R, and hence that 
div cud F m 0. 
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3. Rewrite Theorems 21.1 and 21.2 in vector language, making use of the 
curl. 

4. Give examples of functions to show that Theorems 21.1 and 21.2 may 
be false if Xj F, Z and their derivatives are not continuous everywhere in 
Rf or if i? is not simply connected. 

6. Let X, F, Z be the rectangular components of a force field F, and let 
these components and their derivatives be defined and continuous in a simply 
connected region R. F is said to be conservative if dx -f Y dy Z dz 
is independent of the path C from .4 to P (C being in R). We define the 
potential U (x, z) of a conservative field F relative to the point A by the 
formula U{x, y, z) = J^***'-*^ X dx -jr Y dy Z dz, U(x, y, z) being the work 
done by F in going from A to {x, y, z) along any path in R. Show that the 
component of F in any direction is dU /ds taken in that direction, s being arc- 
length. Conversely, show that if there exists a function Wix, y, z) such that 
the rectangular components of F are given by X = dW/dx, Y — dW/dy, 
Z — dW/dz, then F is conservative. Find the potential function for the 
field around a point charge or point mass, using the usual inverse square law 
of attraction. 

6. Let X, F, Z be the rectangular components of the velocity V of a fluid 
at any point P, Interpret jc X dx + Y dy Z dz as the circulation or 
rotation around a closed curve C. The field V is called irrotational (vortex- 
free) if JcXdx-{-Ydy-\-Zdz=0 around all closed curves C. If V is 
irrotational, show that X dx Y dy -j- Z dz is independent of the path 
from A to P. (Consider the closed curve formed by any two paths from 

to P.) Define velocity potential for irrotational flow. Discuss analogies 
between quantities in this and the preceding exercise. 

PART C. RIEMANN THEORY OF INTEGRATION 

22. Introduction. The concept of the definite integral of a 
function f{x) as the limit of a sum originated from the idea that 
the function /(x) may be represented by a curve, and that this 
limit is the area between the curve, the x-axis, and the two 
bounding ordinates (see Sec. 13). 

However, the definite integral of a function may exist when the 
function is discontinuous, so that the graph of the function does 
not bound an area. Moreover, S^f{x)dx may exist when 
lifM dx does not exist. Hence it is necessary to investigate 
the properties of the symbol SS/(x) dx without reference to any 
geometric representation and without assuming the existence of 
Ja/(x) dx (as was done in Ex. IX, 3). The first rigorous arith- 
metical treatment of the definite integral was given by Riemann 
in 1854. We shall adopt Riemann's definition in the sections 
to follow. It will be seen that S* /(x) dx, as defined by Riemann, 
exists only when /(x) meets certain conditions. 
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Very recently, there have been advanced by Lebt^sgue (1916), 
de la Vall6e Poussin, W. H. Young, Bliss, Hildebrandt, and 
others, general definitions of the definite integral, in each case 
the purpose of the newer definition being to remove the limita- 
tions placed on the integrand as required in Riemann^s treatment. 
We shall not concern ourselves with a study of these later theories 
of integration. 

23. S and s. We* shall assume that/(x) is a function bounded 
in the interval [a, 6], i.e., the interval a ^ x ^ b. (See Ex. IX, 
11, and p. 818.) Let us form a partition (P of [a, h] by subdivid- 
ing [a, 6] into n subintervals: 

(P: [xo, :ri], [xu X 2 I • • * , [xn-T., Xn], 

where 

a — Xo < X\ < X2 < * * • < Xn-} < Xn == h. 

Let M denote the least upper bound t and m the greatest lower 
bound of f(x) in [a, 6]. Likewise, we use M,., rrir to denote those 
bounds in the interval [xr-u Xr]. Let 

n n 

8 = ^MjiXj - X/_l), 5 = - X;_l). 

y»] y-i 

We leave to the reader the proof of 

Thbohem 23.1. To every partition (P of [a, 6] into suhintervals^ 
there corresponds a sum S and a sum s^ arid s g S. 

Since s ^ M{b — a) and /S ^ m{b — a), s has an upper hound 
and S hcui a lower bound. We shall denote the greatest lower 
bound of the sums 8 by J and the least upper bound of the sums 
s by i. (The existence of J and / is proved in Chap. IX.) 

We shall now prove 

Theorem 23.2. I ^ J . 

Let S and s be the sums corresponding to the partition (Pi 
of [a, &]. Subdivide some or all of the subintervals of (Pi into 
smaller intervals and denote the resulting partition of [a, b] 
by (P 12 , where the end points of the intervals of (P 12 are a, 2 / 1 , 2/2, 

• • • , yk-h Vh VkJth • • * , 2/i-n ^ 2 , yiy • • • , b. We shall 
say that <Pi 2 is consecutive to (Pi. 

* See Goursat, “Cours d’analyse,” Tome I, 3d ed., pp. 171jf. 

t The least upper bound oif{x) in [o, 6] is the smallest number M such that 
fix) ^ M for all x in [a, h]. The existence of M is proved in Chap. IX. Th' 
greatest lower bound is defined in a similar manner. 



8e(\ 23] 


INTEGRAL CALCULUJS 


275 


Denote the sums corresponding to S and s for the new parti- 
tion (Pi 2 by X and a. Let M[^\ • • • be the least 

upper bound and the greatest lower bound of J{x) in [a, 2 / 1 ]; 
[Vh 2 / 2 ]; • • • ? respectively. Then that part of X for [a, Xi] is 
equal to 

- a) + - i/i) + • • • + 

which is not greater than Mi{x\ — a), for the numbers 

* • • , can not exceed M\. Similarly, we can show 
that the part of X for X 2 ] is not greater tlian M 2 {xt - Xi)^ 
and so on. Consequently, the sum X for [a, b] can not exceed S, 

Likewise, we can show that a for [a, 5] is not less than s. 

Suppose 

a, $1, ^2, • • * , in-i, 5, 
with sums and and 

a. r]u 772 , • • • , b, 

with sums Sr, and arc any two partiticai.- of (a, b]. If we 
superimpose (?^ and (Vy, we obtain a thiid partition of [a, b] 
which is consecutive to (i't as well as to (C^. 

Let the sums for be denoted by and Since 

(P^^r, is consecutive to 5^^, 

S^ ^ X^.^y, and S s^: 

and since (P( 4 ., is also consecutive to (P^. 

Sr, ^ X^^-r, and 

FVom Theorciin 23.1, X^^^y, ^ Therefore, 

S^ ^ Sy, and Sy, ^ 

We have now shown that the sum S arising from any 
mode of partition of [a, b] is not less than the sum s arising from 
the same partition ^ or any other partition^ of [a, 6]. 

Since J is the greatest lower bound of the sums 5, and I 
is the least upper bound of the sums we can find a sum S as 
close to J as we please, and a sum s as close to I as we please 
(from some mode of partition, though not necessarily the same 
partition). If / > J, then there would exist an ^ and an S for 
which 8 > 8, which contradicts one of the relatione proved 
above. Hence I S 
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24. Darboux^s Theorem. A theorem of fundamental impor- 
tance is 

Theorem 24.1. (Darboux’s Theorem), If e is any preassigned 
positive number, there exists a positive number ri, dependent on c, 
such that the sum S exceeds J by less than e, and the sum s is smaller 
than I by less than c, for all partitions (P of [a, 6] for which each 
partial interval (bounded by consecutive points of (P) is less than 
or equal to rj in length. 

Proof, Let € > 0. Since the greatest lower bound of thv^ 
sum S is J, there exists a subdivision of [a, fc], 

a, a\, a^j * * * > (1) 

with sums Si and S\ for which Si < J + (e/ 2 ). Let v be a 
positive number smaller than all the partial intervals in (1). 
Next, consider any subdivision of [a, b], 

a = Xo, Xi, • * • , Xn-l, Xn = &, (2) 

with sums S 2 and § 2 , such that (xr — Xr-i) ^ r?, r = 1, 2, • • • , n. 
The subdivision 

a, Xi, X 2 f Ui, X 3 , 0*2, * * * ) ^n—l} b, (3) 

obtained by superposing (1) and (2) is consecutive to (1) and (2) 
with sums Sz and Sz. 

From Sec. 23, Si ^ Sz. Since Si < J + (e/ 2 ), we have 
Sz < J + (e/ 2 ). Moreover, 

S 2 ^3 ~ ^[M(Xr—lf Xr)(Xr i) M(Xr-~i, ajc)(ak Xf—l) 

-M(ak, Xr)(xr - a*)], (4) 

where M(a, P) denotes the upper bound of f(x) in the interval 
[a, /3], and where the summation is extended to all the intervals 
in (2) which have as an interval point one of the points 

Ui, a2) * * * > <Xp_i. 

Since each interval in (1) exceeds ri, while each interval in (2) is 
less than rj, we conclude that no two o’s can lie between two con- 
secutive x’s in (2). 

The number of terms in the sum (4) cannot exceed (p — 1). 
Denote by T the upper bound of |/(x) | in [a, 6]. Consider 

Si - Sz = S[{Af(xr-i, Xr) - M{Xr-i, a*) } (fl* “ aJf-l) 

— U Xr) JW(ctjfc> Xr) I (Xf “ CCj;)]. ( 6 ) 
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Each of the two terms in braces in (5) is nonnegative, and neither 
can exceed 2T, Hence S 2 Sz ^ 2Tll{xr — Xr~i), where the 
summation has at most (p — 1) terms, and where (xr — a^r-i) 
never exceeds rj. Consequently, S 2 — Sz ^ 2(p — 1)Ttjj and 
since Sz < J + (€/2), we see that S 2 < J + (e/2) + 2(p — l)Trj. 


Next, further decrease if necessary, so that rj < 


4 ( 7 > ~ l)T 


Then S 2 ^ J “be. 

This shows that S exceeds J by less than € for any subdivision 
of [a, 6] for which the greatest of the partial intervals does not 
exceed a certain positive number dependent on c. 

A similar argument may be made relative to s and L By 
selecting for rj the smaller of the two 77’s for aS and s, we are led 
to Theorem 24.1. 

26. Definition of the Riemann Definite Integral of a Bounded 
Function. A bounded function /(x), defined in the (finite) 
interval [a, b], is said to be integrable (Riemann) in that interval 
when the greatest lower bound J of the sums S and the least 
upper bound I of the sums 6* in Sec. 23 are equal. J is frequently 
termed the upper Riemann integral of f{x) over [a, 6], and 7 the 
lower Riemann integral We define their common value I — J 
to be the (Riemann) definite integral of /(x) over [a, 6], and we 
shall write this definite integral as 


S*/(a;) dx. 


Evidently, we have 

Theorem 25.1. s ^ Sa/(a:) dx ^ S for any 'partition. 

We shall now prove 

Theorem 25.2. If fi, I 2 , • • • , fr, • • • , fn 5e any valven of x 
(indvding possibly the end points) in the partial intervals [a, Xi], 
[xi, * 2 ], • • • , [Xr-i, Xr], • • • , [xn- 1 , 5], respectively, and if 
fix) he integrable over [a, 6], then the sum 

Z = fih)ixi - a) +fi^ 2 )ix 2 -xf) + • • • +/(f„)(5 - 

(1> 

has the value of the definite integral S^f(x) dx for its limit when the 
number n of points of division increases indefinitely in such a way 
that the lengths of the partial intervals all tend to zero. 

Evidently, s g Z g S, for mr ^ /({r) ^ V, in each partial 
interval, r = 1, • • • , n. From Theorem 24.1, as n — > + « in 
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such a way that the lengtlis of each partial interval tends to 
z(*ro, the sums S and s tend toward J and /, respectively. Since 
J(x) is integrable, J — I — Therefore the sum (1) 

has the same limit. 

26. Integrability Conditions. In this section we shall be con- 
cerned with necessary and sufficient conditions for the Riemann 
integrability of a bounded function ov(‘r the ini(U'val [a, 6]. 

Theorem 26.1. A necessary and sufficient condition that a 
hounded real function f(x) be integrablc*^ in [a, 6] is that for any 
preassigned positive number €, there shall exist a positive number 77 
smch that S — s < € for every partition of [a, b] in which all the 
partial intervals are less than or equal to 77 in leJigth. 

Sufficiency, Suppose that for a given 6, as stated in the 
tlieorem, there exists an rj for whi(‘h S — s < e. Now aS ^ J 
and g 7, so that ,1 — I < e. Consequently 1 — J. 

Necessity, Suppose 1 ~ J, Then by Theorem 24.1, for a 
giA'eii positive numlxu* e there exists a positive number rj such 
that for every partition of [a, b\ in which all tlu^ partial intervals 
are less than or equal to n in length, 





and I — s < I* 


But since I ~ J , 

~ .y = iS - ./) + (/ - S). 

Hence 


'rHEOREM 26.2. A necessary and sufficient condition that f(x) 
be iniegrdble Riemann is that for any preassigned positive number €, 
there shall exist a partitio7i of [a, b] for which S — s < e. 

We shall leave the proof of this theorem as an exercise for the 
reader. 

Theorem 26.3. If fix) is continuous in [a, b] closed^ it is 
integrable in [a, 6]. 

Since /(a;) is continuous in [a, b] closed, it is bounded in [a, 6], 
(See Theorem 8.3 of Chap. IX). By Theorem 8.7 of Chap. IX, 
we know that for every preassigned positive number c/(6 — a) 

* In this chapter whenever we use the term irUegrdble^ we shall mean 
iriUgrahle Riemann, 
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there exists a positive number v such that the oscillation’^ of f(x) 
is less than e/Q) — a) in all partial intervals less than or equal to 
ri in length. Let (P be a partition of this character. Then the 
sums for this (P are such that 


Consequently is integrable in [a, 6] by Theorem 26,2. 

Theorem 26.4. If f(x) is monotone^ in [a, h] closed^ ii is 
integrable in [a, b]. 

Since f{x) is monoUmv in [a, 6] closed, it is bounded. (See 
Ex. Ill, 6, of Chap. IX.). Suppose f{x) is a rnonotonic increasing 
function. Then for a partition 6^: a = 0 * 0 . Xi, X 2 , • • ‘ , Xn-i, 
Xn — b of [a, b], 

f(a) g f(xi) g f(x 2 ) ^ g g /(6). 

Then 


n 

S = ^f(x,-i)(Xi - 

y-1 

Let (P be such that all the partial intervals (z, — Xi^i) are less than 
or equal to tj ii^ length. Then 

n 

S - s == -/(x/_,)](x/ - X,_,) < vlfiXn) 

= vim - /(a)]. 

Now select rj < jr7ir\ Then S — s < e. Hence f(x) is 

fib) -fia) 

integrable in [a, b], A similar proof may be given for the case 
when f(x) is monotonic decreasing. 

* By the oscillation of a function /(a;) for any interval 6, we mean M - m, 
where ilf is the least upper bound of f{x) over 6 and m is the greatest lower 
bound over 5. See Chap. IX, Sec. 7 for definitions of closed (and open) 
intervals. 

t A function f(x) is monotonic increasing on [a, 6] if f{xi) ^ /(xi) for any 
two numbers Xi and X 2 in [a, b] with xi < X 2 ; fix) is monotonic decreasing 
if /(xi) S fixi) when Xi < X 2 ; fix) is monotone on [a, h] if it is either mono- 
tonic increasing or monotonic decreasing. 
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Theorem 26.5. If f(x) is hounded in [a, b] closed and if all 
its points of discontinuity can be enclosed in a finite number (or 
denumerdbly infinite"*^ number) of intervals, the sum of the lengths 
of which is less thari any preassigned positive number, then f(x) is 
integrable in [a, 6]. 

Suppose the number of discontinuities is finite. Let « be any 
preassigned positive number and let M denote the (finite) least 
upper bound of |/(x)| in [a, 6]. Let (P be a partition of [a, b] 
which includes partial intervals 61 which enclose all the points of 
discontinuity of f(x) in a finite number of intervals, the sum of 
the lengths of which is less than €/4Af. Consider the difference 
S — s for 6\ Then the part of /S — 5 coming from (R cannot 
exceed (2M)(e/4M) = e/2. Since f(x) is continuous for the 
closed partial intervals a of 6^ not in 61, we can partition Q into 
a finite number of partial intervals for which the corresponding 
portion of S — s < |c. Thus for (P, as a whole, 

~ < I + I = €• 

Hence f(x) is integrable in [a, 5]. 

A slight revision of this proof can be made to take care of the 
case when the number of discontinuities is denumerably infinite. 
This is left as an exercise for the student. 

In a similar manner a short demonstration yields Theorems 

26.6, 26.7, 26.8. 

Theorem 26.6. If f(x) is bounded and integrable on the closed 
intervals [a, Ui], [uj, a 2 ], • * • , h], it is integrable in [a, 6]. 

Theorem 26.7. If f(x) is bounded in [a, b] and is such that the 
interval [a, b] can be partitioned into a finite number of open partial 
intervals, in each of which f(x) is monotonic or continuous, it is 
iniegrable in [a, 6], 

Theorem 26.8. If f(x) is bounded and iniegrable in [a, b] 
closed, then \f(x)\ is also iniegrable in [a, 6]. 

EXERCISES XVm 

1, Prove Theorem 25.2 with /(ti), f{h), * * * » /(^») replaced by any 
values Ma, • • • f Mn intermediate between (mi, Mi), (m*, Mt), * • * , 
(w«, M«), respectively, 

* A set of elements is denumerably infinite if it can be put into one-to-one 
correspondence with the set of all positive integers. 
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2. Prove Theorem 26.2. 

3. Complete the proof of Theorem 26.4. 

4. Complete the proof of Theorem 26.5. 

5. Prove Theorem 26.6. 

6. Prove Theorem 26.7. Is the converse of Theorem 26.7 true? 

7. Prove Theorem 26.8. 

8. Construct a function on [0, 1] for which the oscillation is 4 in any 
interval arbitrarily small. 

9. Prove: If f{x) is bounded and integrable on [a, b], there exists an 
infinite number of points in any partial interval of [a, b] at which f(x) is 
continuous. 

10. Prove Theorem 26.5 for the case where the number of discontinuities 
is denumerably infinite. 

27. Properties of the Definite Integral. In this section we 
shall exhibit several properties of the definite integral S^fix) dx, 
where /(x) is bounded and integrable in [a, b]. 

Theorem 27.1. If f(x) is bounded and integrable in [a, fe], it 
is also integrable in any subinterval [a^ 0] of [a, b]. 

Let € be any arbitrary positive number. Then there exists a 
positive number v such that S — s < e for every partition 
(P of [a, b] in which all the partial intervals are less than or equal 
to 7} in length. 

Pick a partition (Pj of this type having a and as two points of 
division. Let 2 and a be the sums for (Pi over [a, 0]. Evidently, 

5 ^ 0- g ^ aS. 

Since >S“~s<€, 0^ 2 — <t^aS-~ 5<€. Hence f{x) is inte- 
grable in [a, 0], 

Theorem 27.2. If /(x), a bounded integrable function on 
[a, 6], is altered at a finite number of points of [a, 5], then ^(x) so 
obtained is integrable on [a, b] and 

dx = S* 

The proof of the first part of this theorem is quite similar to 
that of Theorem 26.5, the second to that of Theorem 25.2. The 
details are left to the student. 

Theorem 27.3. If fix) is integrable in [a, 6], so also is C[/(x)], 
where C is any constant. 

This theorem is an immediate consequence of the definition of 
the definite integral. 

Theorem 27.4. If /i(x) and / 2 (x) are integrable on [a, 5], then 
their sum and product are also irUegrable. 
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Proof for Sum. Let 5, 6*; 5', s' be the sums corresponding to 
the partition (P of [a, b] for/i(:r) and/ 2 (x), respectively. Denote 
by 2 and <r the corresponding sums for/](x) + f 2 (x) on (P. Then 

2 a S (S - s) + (S' ~ s'), 

from which the theorem follows. 

We shall leave the remaining portion of the proof to the 
student. 

We have as an immediate (jonsequence of Theorem 27.4, 

Theorem 27.5. If fi{x), f^ix), • • • , fn(x) are a finite number 
of functions integrable on [a, 5], then every polynomial in fi(x), 
h(x)y • * • ,fn(x) is integrable on [a, b]. 

Theorem 27.6. If f(x) is bounded and integrable over [a, 6], 
then 

S[f(^) 

It was directly assumed in See. 25 that a < 6 in [a, 6]. How- 
ever, the definition given in Sec. 25 automatically generalizes 
for a > b. In this case the new sum S for a > b is the negative 
of the old sum S for the case where a < by provided the partition 
(P (for a < b) is a, Xij 0 : 2 , • * • , ^n-i, b and the partition (p' 
(for a > b) is 6, Xn-ij Xn~2y • • • , :ri, a. A repetition of the 
argument given in Sec. 25 leads to Theorem 27.6. 

We shall hereafter use this extension of the definition of the 
definite integral. It is evident that the preceding theorems of 
Secs. 25 to 27 still hold with at most slight modifications. 

Theorem 27.7. If f(x) is bounded and integrable on [a, b] and 
if c is any point in [a, 6], then 

^^f(x) dx = S^/(x) dx + 

Let (P be a subdivision of [a, 6] not having c for a point of 
subdivision. The addition to (P of c as a point of subdivision 
does not increase S. The sum jSi for [a, c] and Si for [c, 6] given 
by this subdivision are not less than S' /(a;) dx and S^f(x)dx, 
respectively. Hence, every subdivision of [a, d] gives a sum S 
not less than 8‘/(x) dx + S*/(a:) dx. Thus 


( 1 ) 
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The superposition of the subdivisions of [a, c] and [c, 6] together 
form a subdivision of [a, 6]. Since subdivisions of [a, c] and 
[c, b] can be made so that the sums Si and S 2 differ from Ss/(x) dx 
and S^,f(x)dx, respectively, by an arbitrarily small amount, 
it follows that we cannot have the inequality in (1). 

Suppose g(x) ^ f{x) on [a, b]; then 

<t>{x) ^ g{x) - f(x) ^ 0. 

If g(x) and f{x) are integrable on [a, fe], then so is 
Evidently all the sums are ^ 0. Hence SJ (t}(x) dx ^ 0. 
Consequently, 

Theorem 27.8. If fix) and gix) are integrable on [a, b\ and, if 
gix) ^ fix), then SJ gix) dx ^ SS/(:r) dx. 

The student should prove the following theorems which are an 
immediate consecpiencc of Theorem 27.8. 

Theorem 27.9. If fix) i^ integrable on [a, 6], then 

lSV(2-) |/(x)| dx. 

Theorem 27,10, If fix) is non negative and integrable in [a, fe], 
and if fix) is contmnous at .r = c in [a, 6], xvith /(c) > 0, then 

dx > 0. 

Thkokem 27.11. If fix) > gix), and fix) and, gix) are integrable 
on [a, 6], then 

S*' fix) dx > S*" 9i^) dx. 

28. First Theorem of the Mean. Suppose and ^(x) are 
two bounded functions of x, integrable on [a, 6], with ^(x) ^ 0 on 
[a, 6]. Let M and m denote the least upper bound and greatest 
lower bound of <pix) on [a, h]. Then for all x^s in [a, 6], 

m g ipix) ^ M, 

Since ^(x) ^ 0 in [a, b], we hav(i 

ntyj/ix) ^ ^(x) ^(x) g Mxfiix), 

From Theorems 27.8 and 27.4, we find that 
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We have now shown that there exists a number m such that 

ip{x) dx = dxj m ^ fx ^ M. (2) 

A similar argument may be given for the case when ^ 0 on 
[a, b]. 

From Theorem 8.5 of Chap. IX we know that if <p(x) is con- 
tinuous on [a, b] closed, that it takes the value /x for some value 
{ of X on [a, 6]. We have now proved 
Theorem 28.1. Let <p(x) and be two bounded functions^ 
both integrable on [a, b] closed. If (f>{x) is continuous and 4/{x) 
retains the same sign throughout [a, 6], then there exists a definite 
value ^ of X on [a, 6], for which 

<pix) Hx) dx = ^(1) vKx) dx. (3) 

The particular case of Theorem 28.1 where yp{x) = 1 leads to 
the ordinary theorem of the mean given in Theorem 13.2, 

Si vix) dx = (b - a)<p({), o ^ ^ 6. (4) 

EXERCISES XIX 

1. Prove Theorem 27.2. 

2. Prove Theorem 27.3. 

3. Complete the proof of the first part of Theorem 27.4. 

4. Prove the second part of Theorem 27.4. 

5. Prove Theorem 27.5. 

6. Prove Theorem 27.5 with the phrase ‘‘every polynomiaP^ replaced by 
the phrase “any continuous function.^' 

7. Complete the proof of Theorem 27.6. 

8. Prove Theorem 27.9. (Hint: Use Theorem 26.8 and Theorem 27.8.) 

9. Prove Theorem 27.10. (Hint: Use Ex. XVIII, 9.) 

10. Prove Theorem 27.11. (Hint: Use Theorem 27.10.) 

11. State a theorem similar to Theorem 28.1 for the case where ^(x) is 
not continuous on [a, b]. [Hint: Use Eq. (2).] 

29. The Definite Integral as a Function of Its Upper Limit 

We shall consider the definite integral 

= Sl/(o dt (1) 

of a function f(x), where /(x) is bounded and integrable on [a, 6] 
closed, and where x is any point on [a, 6]. 

If (x + Ax) is in [a, 6], then from Theorem 27.7, 
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F{x + Ax) - F{,x) = ^ - S'/«) ^ 

= ( 2 ) 

Hence if M and m are the upper and lower bounds of f{x) on 
[x, X + Ax], there is a number m such that 

F{x + Ax) — Fix) — ^t(Ax), w S /X ^ ilf. (3) 

From (3), we have 

Theorem 29.1. The definite integral (1) of a function /(x), 
hounded and integrable on [a, 6] closed^ is a continuous function 
of X on [a, b]. 

If fix) is continuous on [a, 6], then from (4) of Sec. 28, 

F(x + Ax) — F(x) = Ax •/({), X I f I X + Ax. (4) 

Since lim/({) = /(x), we have 

Ax — ^0 


lini + Ax) - F(x) 

Ax — Ax 




(5) 


This proves 

Theorem 29.2. If fix) is continuous on [a, b] closed^ and x is 
any point on [a, 6], then 

4S>w <*-/(*)■ 

30. Second Theorem of the Mean. We shall now state a very 
useful theorem, whose proof we leave to the reader. 

Theorem 30.1. //, in [a, b] closed^ <^(x) is monotonic j ypix) 

is bounded and integrable^ and does not change signs more than a 
finite number of times in [a, 6], then: 

V?(x)^(x) dx = 

for some definite value of x on [a, b] closed, 

<(>{x)4>{x) dx 

= <p{a + 0)S** \J'(x) dx + <p{h — 0)3j^^(*) (H) 


/or some definite value {2 0 / x on [o, 6] closed. 

3* <p{x)^{x) dx “ aS** dx + 53j, Hx) dx, (III) 
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^>6 

for some definite value fs of x on [a, b] closed^ where A ^ + 0) 

and B ^ <p(f) — 0) if <p{x) is monotonic increasing, and where 
A ^ <p{a + 0 ), B g <p{b — 0 ) if <p{x) is monotonic decreasing. 

^ <p(x)\p(x) dx = <pQ>)S\ (IV) 

for some definite value $4 of x, a ^ ^ b, when <p(x) ^ 0 and is 

monotonic increasing in [a, 6]. 

<p(x)\(/(x) dx == (V) 

for some definite value ^5 of x, a S ff. ^ b, when <p(x) ^ 0 and is 
monotonic decreasing in [a, b].* 


t 31 /ittterval Infinite but Integrand Bounded. There is a very 
cloiie correspondence between the theory of improper integrals 
and the theory of infinite scries whose t(^rms are functioiivS of one 
variable. A development of tln^ theory of improper integrals 
would thus follow the theory given in Part D of Chap. IV. It 
is suggested that Chap. IV be studied before commencing the 
present section. Because of this close analogy w’^e shall (confine 
ourselves to only a few typical instances of this theory. In this 
section we shall extend the definition of a definite integral to 
include cases in which the interval is not finite and in which the 
integral has a finite number (or denumerable infinity) of 
discontinuities. 

We shall assume that/(a:) is bounded and integrable in every 
finite interval [a, t], where a is fixed and t ^ a. Let 


PART D. IMPROPER INTEGRALS 


F{t) = fj{x) 


We define dx by the relation 

/ = f{x) dx = lim F{t) = lim f*f(x) dx, 

Ja f— >4* » • •I® 

when this limit exists, and we speak of /+“ f{x) dx as an improper 
or infinite integral. If lim F(t) exists, we say that I converges; 

> 4 - « 

if lim F{t) does not exist, we say that I diverges; if lim F{t) — ^ + 00 
06 00 

* Here ^(a -f 0) denotes the right-hand limit of ip{x) as rr — ► a; <pQ) — 0) 
denotes the left-hand limit of ^(a?) as x — ► h. 
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(or — »), we say that I definitely diverges to + » (or ~ CO ) ; if 
F{t) neither converges nor definitely diverges to + «) or — oo , we 
say that the integral is indefinitely divergent. 


Example 1. Since c dx = Jim e~^ dx = Jim (1 — = ], the 

>- f - 00 /— 00 

integral is convergent to the value 1. 


Example 2. 



= f 

4- 80 J J 


-7- -4-00, that is, the integral 
V X 


definitely diverg(;s to 4“ 0° • 

Example 3. ^og (1 /x) dx definitely diverges to — <» , 
Example 4. JJ* sin x dx is indefinitely divergent. 


In a similar manner, we define dx to be lim J^/(x) dx, 

when this limit exists. We define ft^/(x) dx to be 
Six) dx + f(^) 

when both of the latter integrals converge. Here a is any real 
value of X. It is readily seen that the value of /±*/(x) dx, if it 
exists, is independent of the value a of a: selected. 


EXERCISES XX 


Evaluate: 

1. ft^x-^dx. An8.2. 

2. ftx X sin X dx. (Ind. div.) 

3. //■* e** dx. (Def. div. to 4- o®.) 

4. e""*' dx. 


o. cos X dx. 

6. X sin 2x dx. (Ind. div.) 

7. f® sinh X dx. (Div. to — «.) 

8. dx. 


We shall now develop necessary and sufficient conditions for 
the convergence of /+* f(x) dx. 

CgfwiderF(t) = fifix) dx, where/(a:) is assumed to be bounded 
ai<d integrable on [a, <] for all t a. The infinite integral 
f{x) dx converges if and only if the function F{t) has a limit 
as < — > + 00 . From the definition of a limit, we have 

Theorem 31.1. If for every positive number e there exists a 
positive number U so that, for all t ^ U, \I — fif{x) dx\ < c, 
then the integral f{x) dx converges to the value I. 

As an analogue of Theorem 8.1 of Chap. IV, we have 
Theorem 31.2. A necessary and sufficient condition for the 
convergence of /+• f{x) dx is that, for any preassigned positive 
number e, there exist a positive number to such that |/f//(x) dic| < € 
for aU values F and it" for which > F to» 
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Similar theorems can be stated for the infinite integral 
P-mf{x) dx. 

If f{x) ^ 0 for all X > a, then the function F{t) = iif{x) dx 
is a monotonic increasing function of t. Hence we have 
Theorem 31.3. If f{x) ^ 0 for every x > if 


Fit) = jr‘/(r) dx, 

and if there exists a positive number A such that F{t) < A for 
every t > a, then f(x) dx converges to a value ^A. 

The following theorem is quite useful as a comparison test for 
the convergence of integrals whose integrands are positive. 

Theorem 31.4. Let f{x) and g(x) be two positive, hounded, 
and integrable functions of x in the interval [a, t]for all t ^ a: 

(1) If g(x) g f{x) when x a, and if dx is convergent, 

then /+* g(x) dx is convergent and /+* g{x) dx ^ dx. 

(2) If g{x) ^ f{x) for x ^ a, and if f(x) dx diverges /o + oo , 
then so does g(x) dx. 

By Theorem 27,8, fi g(x) dx g fifix) dx for t > a. Therefore 
/i g{x) dx < fix) dx. So /+* gix) dx g fix) dx. The 
proof of (2) is left to the reader. 


Example 5. Examine 
It is evident that 


X 




— for convergence, o > 0. 


X 


dx 1 / N 

* ;; (p“»» — if n 5 ^ 1, 

X" 1 — n 






log t — log a 

if w • 1. 

Ja 




rdx r+- 

dx 

lim 

1 9 1 


J 

L a;" Ja 

X" n — 1 

Hdx 


r+“d®\. 

1 > 4* 00, SO that 

1 — diverges. 

• Ja 


Ja a;" 


If n > 1, 


The results of this example are quite useful, in conjunction with Theorem 
31.4, when examining certain types of integrals for convergence. 

• + • dx 

. for convergence, a > 0. 


Example 6. Examine 


"'X 


X- vl + a;* 


Since 


xV I +x* 


< — for X S; o > 0 , and since 


mce I “T 

J- 


is convergent, 
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it follows from Theorem 31.4 that 

• -j- aO 


•f « 


dx 


xy / 1 4* X* 


converges. 


Example 7. Examine 




dx 


■\A* - 2 


for convergence. 


This integral is divergent since 


Vi’ 


= > - for a; ^ 3. 
2 ^ 


The integral f{x) dx is said to be absolutely convergent if 
f(x) is bounded and integrable in every interval [a, for t ^ a, 
and if |/(4)| dx is convergent. 

Theorem 31.5. If |/(^)| dx converges^ then so does 
Jt^f(x) dx. 

From Theorem 27.9 


f'^'f(x) dx ^ X 2 > Xi ^ a. 

Jxi Jxi 


By Theorem 31.2, if \f{x)\ dx converges, then so does 
dx. 

The converse of this theorem is not true, that is, an infinite 
integral of the type under consideration may converge, and yet 
may not converge absolutely. A well-known example of this is 

Z'* "f" * * 

1 gjU X . TT 

given by the integral J dx which is equal to but which 


is not absolutely convergent since i dx diverges. 

The following theorems are often useful in testing for the con- 
vep^nce of infinite integrals. 

^^Theorem 31.6. Let f{x) be bounded and integrable in every 
interval [a, t], where a > 0 and t ^ a. 

1. If there exists a number v > I sitch that x* f{x) is bounded 

when X ^ a, then dx converges absolutely. 

2. If there exists a number v ^ I such that x*’/(x) has a positive 
lower bound when x ^ a, then fix) dx diverges definitely to 


+ oc . 

3. If there exists a number v ^ 1 such that x’' fix) has a negative 
upper hound when x ^ a, then fix) dx diverges definitely to 


— 00 . 

Proof of (1). By hypothesis there exists a positive number A 
such that < (- 4 /*'). for x ^ o. 

Since ft* (dx/x') converges when r > 1, it follows that 
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|/(a;)| dx converges. From Theorem 31.5 we conclude that 
dx is convergent. 

Proof of (2). As before, f{x) A >0, so that {A/x^) ^ f{x), 
for x ^ a. Since /+“ {dx/x*) diverges definitely to + oo when 
V % 1, it follows that J dx diverges to + 00 . 

The proof of part (3) of this theorem is left to the reader. 
Let/(a;) be bounded for x ^ a. If lirn [x"' f(x)] exists, it follows 

4 P— 00 

that x^'fix) is bounded in [a, + 00 ]. If this limit is positive, 
x^f(x) will have a positive lower bound, while if this limit is 
negative, x/ f{x) will have a negative up})er bound when a is 
sufficiently large. 

We then conclude from Theorem 31.0 

Theorem 31.7. Let f(x) be bounded and integrable in every 
interval [a, ^], where t ^ a > Q. 

1. If there exuts a number v > 1 for which Jim [a:*'/(x)] exists ^ 

r — ►+ *» 

then f{x) dx converges; 

2. If there exists a number p ^ I for which lim [x^ fix)] exists 

x— ►-}- 00 

and is not zeroy then dx diverges. 

3. If there exists a number v ^ 1 for which xr fix) diverges 
definitely as x —> + 00 ^ then fix) dx diverges. 

The essential thing in these last two theorems is that we are 
comparing the integral fix) dx with the integral idx/x^)y 
and determining the convergence or divergence of the first inte- 
gral from that of the second. 


Example 8. Examine 


Since lim 

z — > 4 * 


f 

me I 

Jo 

X 


; dx for convergence. 


(9 + 

1, it follows from Theorem 31.7 that 


4x> 

Example 9. Examine I — - dx for convergence. 

Jb (a;* - 9)* 


X 


Since lim x[4x^/(x^ — 9)*] =* 4, we know from Theorem 81.7 that 


4a;® 


5 (»* - 9)» 


dx diverges. 
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Theokem 31.8. If if{x) is hounded and integrahle in evei^ 
interval [a, /] for t ^ a, and if j \f'(x) dx converges absolutely, 
then <p(x)\f/(x) dx is absolutely converge/ni. 

Since ip{x) is bound(‘(l, there exists a positive^ number A siudi 
that |^(a;)| < A for X ^ a. Evidently, for x^ > x^ > a, 

|<^(r)! • \\p(x)\ dx < \4'M\ dx. 


By hypothesis, the right-hand inU'gral eonv(‘rges as + 

arnj^ie theorem follows imin(‘diately. 

y/^riiEOKEM 31.9. Let <p{x) be monotone and boa ruled for x ^ a, 
ami suppose that yp{x) is bounded and integrahle in every interval 
[a, /] for i a, and -not changing sign more than a finite number of 
times for x > a. 

///r ^(x) dx converges, so does ip(x)\p{x) dx. 

2. If liiri (p{x) = 0, and if \//{x) dx is hound, ed for t > a, 

X— * 

then J J*” (p{x)\p(x) dx is convergent. 

Proof of (1). By the second theorem of the mean, for 
a < Xi ^ ^ X2, 


<p{x)yp{x) dx = dx + H^) dx. (1) 

By hypothesis, tiuux* (‘xists a positive number A such that 
|<^(ti)| < A and \<p(x 2 )\ < A. Also, for ev(‘ry positive number e, 
there exists an x sufficiently large, say X, such that when 

A ^ Xj < X2s 


f 

xt 


}p(x) dx < 


2A 


and 




Hence, 

(p{x)}(/(x) dxj < € 


for 


A ^ Xi < X2f 


so that the given integral converges. 

Proof of (2). Since Ja4'(^)dx is bounded, there exists a 
positive number A such that |/Jj^(x)dx| < A. Returning to 
(1), we have 

1 ^* Hx) dx\ ^ \f^ rf'ix) dx\ + Hx) dxj < 2A 
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I ^(a:) dx\ < 2A. 


Since lim <p{x) = 0, if e is any positive number, there exists a 

X— 00 

positive number X, such that for x X, 

\Tix)\ < 

From (1), we then conclude that for X ^ < X 2 , 


1^*’ <p(x)if>(x) dx 


Hence J J* ip(x)\f/{x) dx converges. 


1. Examine 


ein* 3a; 


2. Examine 


r+“sm« 

me I 

Ja X 

P+« ^ 

me I — — 

J5 2bx' 


EXERCISES XXI 


■ dx for convergence, o > 0. (Hint: Compare 


25a;» -j- 36 


dx for convergence. Ans. Divergent. 


•4“ * 

I cos X 

3. Prove: If n and a are positive, I — ^ dx and I 

X" ^ Ja 

converge absolutely. 

4. Show that if o > 0, e~^* cos bx dx converges absolutely. 


dx and 


5. Show that 


/• + 00 
I CO 

Ja O* 


dx converges absolutely. 


6. Show that 


Sin x , 

e~* dx converges. 

X 


, ,COS X , 

(1 — c~*) dx converges. 

X 


7. Show that, if n and a are positive, 


t -U eo 

Sin z 


dx converges. 


- 

X + • 

cos a 


dx converges. 


8. Show that 


r+“ &t . 

I SI 

Ji 1-fa;* 


sin X dx converges. 


9. Prove the first theorem of the mean for infinite integrals: 
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X 4-C0 » 

<p{x)^(x) ^ I 


where m ^ n ^ M. Be sure to state all the hypotheses needed. 
10. Prove the second theorem of the mean for infinite integrals: 


/; 


if:{x)}p(x) dx ^ <p(a + 0) 
where a ^ ^ . 


i^(x) dx + lim ip{x) 
X— >4- «® 


/; 


^(a?) dx, 


32. Infinite Integrals, Integrand Unbounded. In this section 
we shall extend the definition of the Riemann integral to include 
the case where f{x) is unbounded in the neighborhood of a finite 
number of points in the interval of integration.* 

Suppose f{x) is bounded and integrable in every interval 
[a + h], where a < a + f < 6, and suppose that a is the only 

point in the neighborhood of which f{x) is unbounded. If 
lim f f{x) dx exists, we define the infinite integral fj f{x) dx to he 

lim /«+f/(a;) dx. 

$-++0 

Similarly, if f{x) is bounded and integrable in the arbitrary 
interval [a, h — $], where a < 6 — f < 6, and if h is the only 
point in the neighborhood of which /(x) is unbounded, we define 
the infinite integral /S/(x) dx to be lim JS“^/(x) dx, when this 

limit exists. 

If a and h are the only points in [a, b] in the neighborhood of 
which fix} is unbounded, and if /(x) is bounded and integrable 
in [o + & — I], we define the infinite integral /a/(x) dx to be 

JafM + /c/W where it is understood that these integrals 
exist according to the definitions given above, c being an arbi- 
trary point on [a, 6]. The sum as defined is independent of the 
position of c in [a, 6]. (Why?) 

If/(x) is unbounded in the neighborhood of a finite number of 
points Xi, X 2 , • • • , Xn in [a, b], with 


a ^ Xi < X2 < • * • < Xn g 6, 

we define the infinite integral flf{x) dx to be 

* Further extcnsioiis of the concept of a Riemann integral will not be 
made here, for ^ch generalizations are of no importance in view of the more 
modem treatments of integrals, such as the one due to Lebesgue. 
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£fix) dx = 

C'f(x) dx + r*V(^) + r^V(-c) dx + C fix) dx, 

Ja Jx. Jxn 

when each of the iiiUigrals on t he rigtit-hajici sid(‘ exists as defined 
above. 

It is implied in the preceding definition that f{x) is bounded 
in any partial inter\'al of [a, 5] whicli contains no point 

^Ij ^2; ’ * ’ j ^'n« 

We shall use the terms convergent and divergent in the same 
sense as in Sec. 31. 

If f{x) is unbounded in the neighborhood of only the points 
Xij X2j ‘ ‘ ^ Xny then if (/x converges, wIktc c > Xr., we 

define the infinite* integral dx to be the sum 

f(x) dx =: dx + fj^ f(x) dx 4- • • • 


This definition is evidently independcud of the value of c. 

We shall leave it to the reader to formulate the definitions of 
/ -« and itZf{x) dx. 

We shall now develop certain theorems which give us tests for 
the convergence of i\f{x) dx. It is evident that we need con- 
sider only the case where there is but one point in the neighbor- 
hood of which /(x) is unbounded, and this point is at an end of 
the interval of integration. 

Theorem 32.1. If for every 'positive number €, there exists a 
positive number d such that |/ — /o+e/(^) ^^^1 ^ every ^ for 

which 0 < ^ ^ 5, then the integral flf{x) dx is convergent. 

This theorem follows immediately from the definition of a limit. 

The infinite integral fif{x) dx is said to be absolutely convergent 
if f{x) is bounded and integrable in ov(*ry interval [a + 6], 

where a < a + ^ < b, and if |/(x)| dx converges. 

Since 


X 


dx 


1 




[(6 - «)' 


"], n 1, 


it follows that 


X‘ 


dx 


{x — a)^ 


lim 

€-4+0 


X 


dx 


+( (x - a)* 


(b — a)*“* 
" 1 - n 


converges when 0 < n < 1. The integral diverges if » ^ 1. 



Sec, 32] 


INTEGRAL CALCULUS 


295 


In a manner quite like that followed in Sec. 31, we can prove 
Theorem 32.2. Let f(x) be hounded and irdegrahle in every 
interval [a + 6], where 0 < { < (5 — a) : 

1. If there exists a number 0 < v < 1, such that (x ~ a)*' f{x) 
is bounded for a < x ^ by then /S/(a:) dx is dbsolutely convergent. 

2. If there exists a number ^ ^ 1 such that {x — a)* f{x) has a 
positive lower bound {or a negative lower bound) for a < x ^ by then 
fif(x) dx diverges to + « {or to — oo). 

3. If there exists a number Vj 0 < v < 1, such that 

lim {x — a)^f{x) 

z — ♦ o -+*0 

exists j then faf{x) dx is absolutely convergent. 

4. If there exists a number v ^ 1 such that lim {x — a)*' f{x) 

x-*a+0 

exists and does not vanish y then Jaf{^) dx diverges; if ^ 

{x — a)^f{x) + 00 , 

or — 00 , as X u + 0, then /a/(^) dx diverges. 

Theorem 32.3. If <p{x) is bounded and integrablc in [a, 6], and 
if fa ^{^) dx converges absolutely y then (p(x)\//{x) dx converges 
absolutely. 


Example 1. Show that 
1 


/: 


dx 


x(3 + x) 


Let f(x) ~ 


diverges. 


1 


Since lim xf{x) = by Theorem 32.2, the given 
x{3 4- X). a;->+0 3 


integral diverges. 

Example 2. Examiru' 
1 


i: 


dx 


, /- for convergence. 

(3 + x)\/x 


Let f(x) 


^ yr~. Since lim [x^*^f(x)] = by Theorem 32.2, the 
(3-fa;)Va' i-^+o 3 


given integral converges. 
Example 3. Examine 


r 


dx 


x) 


for convergence. 


The integrand fix) = l/\/ x(3 — x) is undefined at x = 0 and x = 3. 

dx 

, where a is 


Now 


dx 

r - 1 f 

jo V" ^^(3 - x) 

fo \/ x{3 - x) Jo. 


\/x(3 — x) 


any 


1 “I 

number between 0 and 3. Since lim r I = 1, wf 

V«(3 - x)f 


dx 


from Theorem 32.2 that j. converges. Since 
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it follows that 
converges. 


r 




dx 


\/i(3 — x) 

EXERCISES XXII 


converges. Hence the given integral 


1. Show that 



sin (1/x) 

X 


dx is convergent but not absolutely con 


vergent. (Hint: Replace x by l/y.) 

J r»x/2 . 

Sin X 

— — dx converges for 0 < n < 1. 

0 x^-^^ 

3. Discuss the convergence of /o'* e~*x^~^ dx. (Hint: consider the three 
cases n ^ 1, 0 < n < 1, n ^ 0.) 

4. Prove that /J"^^ log sin x dx = — (ir/2) log 2. 

5. Evaluate JJ log (1 — cos x) dx. 

6. Evaluate /J log (1 4- cos x) dx. 

7. Examine each of the following integrals for convergence, and evaluate 
if possible: 



8a’ dx 

(a) 1 

, Ans. 2 -ko}. 

Jo 

X* -f 4a* 


dx 

(b) 

— . Ans. -f- 00 . 


X 




cos X dx. (Oscillates.) 


e~* dx 


y/ x’ log X 


8. Examine each of the following 



r ^ * X dx 

(.) j 

, (Convergent.) 

fi {ax + a») - 

i 

dx 


1 Vi - 


r dx 


x^^dx 


Jo y/2a - x' 

Ans. Swa*. 

for convergence: 



(.)j 

09 

dx 

lo 

\/{l - a:’)(l - *’*’). 

1 

f +- 


o.)J 

[ 

dx. 

mJ 


dx 


xy/ 4 4“ a;* 

(d)J 

1^ + 09 

X* dx 


(9 + 

(.) J 

'0 

e“*^* cos bx dx. 



dx 

“Js 

*00 

1 

r+- 


(g) 


Jo 

, 

X* 

/* + • 


(h) 

cos X* dx. 

Jo 



X* dx 

Jt 

(o* + »«)•' 
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9. Examine for convergence: 


(a) 

(b) 



dx 

y/2b - X* 

dx 

(b — X)” 


Ana. wl2. 

A ns. Convergent if n < 1 ; 
divergent if n ^ 1. 


10. Prove: If fafW dx can be written in the form 



<p{x) dx 
(b - xy 


a < b, 


and if there exists a positive number Aj such that for values of x sufficiently 
close to b, ip{x) is less in absolute value than A, and if n <1, then the given 
integral converges; but if for values of x sufficiently close to h, <p(x) is greater 
in absolute value than a positive number A, and n ^ 1, then the given 
integral diverges. 


11 . 

(a) 

(b) 


Use Ex. 10 to show that 

i: 


'o v7l - x^)(l -~/cV) 
dx 


converges. 


r — 

Jo (x - a 


)V{i - z>)a - 


diverges. 


12. P^xamine for convergence: 




(.) j 

fo 1 — X* 

r 

(log x)" dx. 

'0 


Ans. 

Convergent. 

(b)j 

j 

(d) 

Ans, 

r+- ^-1 

Convergent. 

(C)J 

1 

dXf 0 < c < 1. 

'o X — 1 

1 1 

Jo X -1 

r+-> 


(.)J 
(i> J 

dx, 0 < c < 1. 

fo a: + 1 

X dx 
'o (1 - 

(f) 

1 dx, 

Jo X + ) 


.h,J 

r 

'o 1 +a: 


Ans. 

Convergent. 


3jm~l(lQg a;)n dx, 

'0 


(Converges if in 

> 0, n > -1.) 


(Hint: set x » e'^.) 

J 4- c© 

^m-i(log x)*^dx. (Converges if m < 0, n > -1.) 
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(k) ^ dx. 

(1) -x)f-^dx. 


(n) 

p4 «> 

_/ _o\* 

(o) 1 cosh hx dx. 

Jo 

(p) 1 c \ x) dx. 

Jo 


13. (a) Show that cos x log x dx diverges indefinitely. 

(b) Show that /J cos x log x dx converges. 

14. Show that, if /a/Ca:) dx is absolutely convergent, then it is corivergent. 
Is the converse of this statement true? Illustrate. 

15. Show that each of the following are absolutely convergent: 


cos bx dx. 


pb ac 

(a) I x-^8in (l/x)dx. (b) I 

Jo Jo 

008 xdx ( u \ 

Jl a’+x* \ Jl o»+x*y 

X cos x dx 

j. 

J ** X cos x dx xi sin Xi | 

f. 


(x^ 4- a*)2 


cos X dx. 


Compare the last integral with 


(e) 


r 


dx. (f) 


00 

0 


X 

cos X 


and them let xi — ^ 4- oo. 

dx. (g; 


r 


sm X cos ax 


dx. 


16. Define ^ fix) dx and dx w^hen J{x) is unbounded in the 

neighborhood of a finite number of points. 


PART E. INTEGRALS CONTAINING A PARAMETER 
33. Derivative of a Definite Integral. We shall consider the 
function <p{a) defined by means of the definite integral 

where both a(o:) and b{a) are continuous and differentiable 
functions of the parameter a within the region c a ^ d, and 
where /(x, a) is assumed to be a continuous function of the 
independent variables x and a in the region a{a) ^ x ^ 6(a), 
c ^ a ^ d. 
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Since /(a;, a) is a continuous function of x and a, it follows 
that f{x^ a) is also a continuous function of x and a continuous 
function of a. It then follows that f{x^ <x) is integrable with 
r(\spect to X over a ^ x ^ h. 

Let Aa, A6 and Av? denote the increments of a, 6, and respec- 
tively, when a is increased by Aor. Then 

<p{a + A«) = f f{x, a -f- A«) dx — f fix, a + Aa) dx 

Jd+Aa Ja-]-Aa 

X b /•6-fA6 

f{x, a + Aa) dx + f(Xj a + Aa) dz. (2) 

From (1), we find that 
A(p ~ <p(a + Aa) -- ip(a) 

= f + ■^“) ~ /(^> “)i 

+ fix, a + Aa) dx. (3) 

By the theorem of the mean, 

f fix, a + Aa) dx = —iAa)fi^t, a + Aa), 

a + A« , 

J r*6 -I- A6 

f{Xj a + Aa) dx =- +(A 6 )/(^ 2 , oc + Aa), 

h ^ ^2 ^ h Ab. 


e shall assume that ^ = lim : exists 

d(X Aa— >0 

and is continuous. Tlien, by the theorem of the mean, 

f [fix, a + Aa) — fix, a)] dx = faix, a + d ■ Aa) dx, (5) 

where 0 < <» < 1 and fa = dfjda. Substituting the values 
found in (4) and (5) in equation (3), dividing by Aa, letting 
Aa — + 0, and noting that — » a, {2 — + h, we find that 


dtp 


-fia, a)g + 


a)#- 


( 6 ) 


If h and a are both independent of a, (5) reduces to 


t/a 


da 


( 7 ) 
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A simple graphical picture of the various quantities involved 

here may be easily obtained. The 
functions /(a:, a) and /(x^ a + Aa) 
are represented by the curves DC 
and IF, respectively. (p{a) is rep- 
resented by the shaded portion of 
the area, and A(p by the unshaded 
portion of the area EFLL The 
three integrals appearing in (3) give 
the areas of the strips J AH I, DCGH, and BEFG, respectively. 

It is an immediate consequence of (7) that <p{a) is a continuous 
function of a in the region considered. 

Example 1. Find dip/d<x if ^(a) = — sin (2ac**)]dx. 



Fig. 111. 


d<p 

da 


— [(cos* 2a)a® — sin 2afC*«» *“](— 2 sin 2a) 

+ I [6x*a® — 2e^* cos (2ae**)] dx [a^* — sin (2crc*«*)](3a*). 

4 /coe 2a 


EXERCISES XXni 

1. Find the derivative with respect to a of each of the following integrals 


X* dx. 


fo 

/ log a 

sin {x -f a) dx. 

-a* 


(b) 


r 

Jbui 


’ dx. 


2. By means of (6), find the derivatives with respect to a of each of the 
following integrals. Check your results by first integrating and then 
differentiating with respect to a: 


/•«« 

J fx* 


X dx. 

sin”^ cd dt. 



tan {t -f a) dt. 
log {x 4“ a) dx. 


34. Integral of a Definite Integral. In the previous section we 
found a way to compute {d/da) a) dx. The integral 


X![X'-''^*’ or)aa:]da 


may be computed in a similar manner. In fact, 

“ fa ^ 

when a and b are constants. 
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Example 1. Consider 


sin a 1 — cos <x 


: cos ax bx ^ 


Apply (1) to this result. The left member of (1) gives 


n 


X cos aX bx da 


( sin a 1 — cos a\ 

J., —n 


and the right member of (1) gives 


jT ^ X cos ax badx ~ ~ si^^ «oir) dx 


„ /sin a 1 — cos 

Hence I I ; j da 

Ja, \ OL «* / 


1 — COS b 1 — cos ao 

^ oto 

1 — cos 1 — cos ao 


EXERCISES XXIV 

1. By integrating (p{a) = Jl x*^ dx = l/(ot + 1), show that 

m -h 1 

dx - log — --™ • 

0 log X n 4- 1 

2. Construct an illustration of (1) in which the left member of (1) is not 
easily evaluated by direct methods. 


35. Uniform Convergence of Infinite Integrals. In general, 
the theorems and properties discussed in Secs. 33 and 34 do not 
hold for infinite integrals like /J*/(x, a) dx. Hence we must 
determine the conditions under which these theorems and 
properties are valid. As in the case with infinite series, we are 
led to the concept of uniform convergence of infinite integrals. 

We first consider the infinite integral a) dx, where 

f(x, a) is bounded throughout the region a^x^ a', b<aSb* 
for all values of a' > a. The integral /+* f(x, a) dx is said to 
converge uniformly to its value <p(a) in 6 ^ a ^ 6', if for every 
positive number e there exists a positive number X such that for 
every a in 6 g a ^ 6', 


ip{a) - «) 

From this definition many theorems may be proved. We 
shall state a few of them below. We shall omit the proofs of 
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these theorems since they so closely parallel the theorems given 
Chap. IV. 

Theorem 35.1. A nexxssary and sufficient condition that 
Six, a) dx converge uniformly in b ^ a 6', is that for every 
positive number € there exist a positive number X, such that for 
every a in b ^ a ^ /)', \J%lf(x, a) d:r| < e when x% > Xi'^ X. 

Theorem 35.2. If a) dx converges uniformly in 

b S ct ^ h\ then for every positive number c there corresponds a 
positive number X such that for every a in b ^ a ^ b\ 

f(Xy a) toj < €, 

when X\ ^ X. 

Theorem 35.3. Let f(x, a) = X(:r, a)y{x), where X(a;, a) is 
a continuous function of (x, a) in a ^ x ^ a\ b ^ a ^ b', for 
all a' ^ a, and where y(x) is bounded and. integrable in the interval 
[a, a']. If “ f(Xj a) dx converges uniformly to ip{a) in [5, 6'], then 
ip{a) is a continuous function of a in [6, 6'). 

Theorem 35.4. If f{x, a) satisfies the conditions of Theorem 
35.3, then if a and ao are any two points in [6, 5'], 

flja " = Sf’ 


Theorem 35.5. Let f{x, a) and (df/da)^ have the properties 
stated in Theorem 35.3. If a) dx converges to ip{a) and 



dx converges uniformly in [6, b']y then <p{a) has a 


derivative at every point in [6, 6'], and <p'{a) 



We shall now consider the convergent integral f(Xy a) SXy 
where fix, a) is unbounded in the neighborhood of points on 
X = a', and is bounded for a ^ ^ a' ~ f, 6 ^ os ^ 6', when 

a < a^ — i < a\ 

The integral /S' /(a;, a) dx is said to be uniformly convergent to 
^{a) in 6 ^ a g fc', if for every positive number c there exists a 
positive number 8 such that when 0 < f ^ 6, 


j^(«) — ^ fi^, oi) dx < € 


for every ainb S ot ^ b\ 
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It should be emphasized that the same number d must serve for 
every a in [6, b']. 

Theorem 35.6. A necessary and sufficient condition for the 
uniform amvergence of fa «) dx to ^(a) in b S a S b' is 
that for any preassigned positive number e, there shall exist a posi- 
tive number such that for every ct in \bj V], 

I ^ fix, a) < e when 0 < ^ d. 

Theorem 35.7. If fa fi^y «) dx is uniformly convergent in 
[6, 6'], then for any positive number e there exists a positive number 
8, suck that for every a in [6, 5'], a) dx\ < e when 

0 < f < 0. 

Various modifications of these results must be made when 
/ is unb(»unded in the neighborhood of certain points on a:: = a, 
or more generally, on = Ui, , Un. 

Theorem 35.8. Let f(x, a) = X(r, a)y.(x), where X(x, a) is a 
continuous function of (x, a) in a ^ x ^ a', b ^ a ^ b\ and where 
p{x) is hounded and integrable over [a, a'] except in the neighborhood 
of certain points on x = ai, ••• j an. (/) If fafi^j a) dx is 
uniformly convergent to ^(a) in [5, 6'], then \f/{a) is a continuous 
function of a in [6, b']. (II) Also 

f /(^5 d^ da = f r^/(x, a) da dx, 

*/oro m/d Jd Jao 


where ao arul d ure any two points in [6, 6'j. (Ill) If (df/da)^ 
satisfies the same conditions as /(x, a), if \p(a) converges, and if 

I ( — ) <^x converges uniformly in [b, b'], then \f^'(a) exists in 
Ja \da/x 

[6, 6'] and equals J 


Example X Prov(^ 


/;■ 


sin X 


rfx = -• 

X 2 

4- « 




,~ax — ? (fx, a ^ 0. Evidently, 


Considta the integral / « 

€-d^/x is monotonic in x when x > 0. By the second theorem of the mean, 
when 0 < ^ ^ xa, 




sin X dx 


Xi 


n e--. r 

I sin X dx H I 

Jxi Ji 


sin X dx. (1) 
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Hence 


r** 


n 

1 sin X dx 



1 sin X dx 

Jxi a? 

1 Xi 

Jx\ 


“f I Bin X dx 


Since \i‘ sin xdx\ ^2 for all values of r and s, and a ^ 0, 



sin X dx 

X 



Xi Xi 


( 2 ) 


(3) 


If xt > Xi ^ Xo and if Xo > 4/€, then for every a ^ 0, the left member of (3) 
is less than €. This shows that the integral / is uniformly convergent to 
ip{a). By Theorems 35.3 and 35.8 we know that <p{a) is continuous for 
a ^ 0. Hence, 


^(0) 


-j- • • /* "f" 

- I — ^ dx = lim I 

Jo X fojo 


sin X , 

g~ax flj; 

X 


From Theorems 35.5 and 35.8, for a > 0, 


r+” a/ sin A r+* 

= I — I I dx — — I sin x dx. 

Jo da\ X / Jo 


(4) 


The latter integral may be shown to converge uniformly for a ^ a© > 0. 
Since (cos x 4- « sin x) ~ —(a* + 1 )«■"“* sin x, we have 


i 


4 «o 


g~ax gin X dx 


1 

1 4- a*’ 


80 that <p'(a) =* —1/(1 4- a*), and <p(a) == — tan“^ a 4" C, where C is a 
constant. Since lira <p(a) = 0, C = ir/2. Hence 

a—* -h 00 


ip{a) 


By (4), we have 



sin X , IT 

g-ax dx = - 

X 2 


X 


+ * 


dx 


tan~^ a. 


(5) 

(6) 


Example 2. Prove / 6“’** dx « \/vl2. 

Since 0 < e”** < when x ^ 0, it follows by Example 1 and Theorem 
31.4 of Sec. 31 that the given integral is convergent. Let 

v{1) “ «"*’ dx = dy. 

Then, by (10) of Sec. 19, 

[^( 01 * - (X* “ Kfo 
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where K is the region bounded by the lines a:~y= 0, Since 

K contains the first quadrant of the circle x* + y* “ t* and is contained 
in the first quadrant of the circle i* + V* = 2<*, and since > 0 when 

r > 0, 

K So' ^ ^ So^'' '■*“'* *■’ 

that is, 


Therefore 


t (1 ^ MOP ^-(1 

4 4 


X 


, Vir 

e ^ dx lim (pit) = -77-* 

>4- eo 2 


Example 3. Si 

from Example 2 that 


f'"" a • I r 

1 . Since I drc - ^ I e~'^^ dy^ it follows at 

Jo ctjo 


once 


X 


e- dx = — ■ 


Example 4, Show that /J* cos (x*) dx - /f* sin (x*) dx * J\/t/2. 

We shall evaluate these integrals without justifying the operations used. 
By Sec. 7 of Chap. V, =* cos x^ — i sin x*, where ~ —1. Hence, by 
Example 3, 


X 


-f 00 


<!“•** dx 



cos X* dx 



sin X* dx 


2\/t 


Since ■\/jr/2V^ j = i\/ ir/2(l — i), we find by equating real and imaginary 
parts the results stated in the example. 


EXERCISES XXV 


1. Show that ii” dx converges uniformly in a ^ ao > 0. 

2. Show that /7* dx converges uniformly in a ^ ao > 0. 

3. Determine an interval in which /J"* dx converges uniformly. 


4. 

5. 


Determine an interval in which 
Determine an interval in which 



sin ax 

dx converges uniformly. 

3.1+11 


cos OCX 
1 -f 3P* 


dx converges uniformly. 


6. Prove that if /{x, a) is bounded and integrable in a ^ x ^ a', 
h g a ^ b' for all a' ^ a, then a) dx converges uniformly in [6, b'l 

provided there exists a function X(x), independent of a, such that (I) \(x) ^ 0 



306 


HIGHER MATHEMATICS 


[Chap. II 


when X a\ (II) |/(x, a)| \(x) when x a and b ^ a ^ 6'; and (III) 

/J*** X(a;) dx exists. 

I COS X 

7. Show that I dx converges uniformly for a ^ 0. 

8. Show that /f* cos x dx converges uniformly for a ^ ao > 0. 

00 . 


9. Show that 


dx converges uniformly for a ^ ao > 0. 


10. Show that JJ dx converges uniformly for 0 < ao ^ or ^ 1. 

11. Show that JJ dx converges uniformly for 0 < ao ^ a ^ 1. 

12. Prove: If B{x^ a) is bounded in x ^ a, h ^ a ^ b', and for every or 
in [6, h'] is a monotone function of x, if ^(x) is bounded and does not change 
sign more than a finite number of times in [a, a'] for any a' ^ a, and if 

^(x) dx exists, then B(x, a)^(x) dx is uniformly convergent in 
b'l 

Evaluate the following integrals by differentiating with respect to k. 
Show that the operations involved are permissible. 


P a* - 1 

Jo log X 

14. Prove 


sin kx , ..X , ^ « 

,, , - ,T S 0- 

x(l + x^) 2 


15. /„+- e-**’ dx = iV'^/k. 

, Vs- 1 - 3 • • ■ (2n - 1) 

17. From (16) prove /Jx"(~ log x)”^ dx = m\/{n + l)''*'^^ 


r+* 

Jo I 


dx - — — r» 0 < < 1. 

+ X* 2 cos {kw/2) 


19. From (18) prove 


r ^ " X* log X 

Jo 1 H-x* 


X TT* kir kir 

- ax == -- sec “T tan 

* 4 2 2 


20. Jo log (1 “h fc cos x) dx, 

21. /Jx*dx - 1/(A; -f 1), A; > -1. 

dx IT 

22. Prove that | = — 7 ===r. A; > 1. 

Jo k - cos X y/fc2 ^ 1 

23. Prove that Jf* dx = 1/A;. 


24. Prove that 


• + " dx ^ X 
j x^ + k 2Vk 


25. From Ex. 22 show that 


f log^ 

Jo a 


— cos X , , 6 -f — 1 

dx * IT log • 

- cos X a -h Vo* - 1 


26, From Ex. 23 show that /J"* x*‘e~*'* dx « n!/A;»'^h 

dx tt: 

27. From Ex. 24 show that I VT - r : ** ;; " 


dx TT 1 • 3 • • • (2n - 1) 

(x* -f A;)«'^^i * 2 2 • 4 • • • 2nk^^ ‘ 
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28. /f* cos mxdx « k/(k* 4- m*), k > 0. 

29. Obtain by integration from Ex. 28 the relation 


X 


+ CO 


€-kx _ g-ii* 

(ia: 

X sec ma? 



w* -h 
A:^ -j- m* 


30. sin mx dx = ml(k^ -f m^)y k > 0, 

31. From Ex. 30 obtain by integration 


X 


+ 00 


~kx _ g-ux ^ h, 

— dx = tan*“^ tan“‘ — 

X CSC mx m m 


32. From Exs. 28 and 30 find the values of 



xe~^^ cos ma: dXy 



gin ^ 


C ^ f,—UX £~ kx 

33. From Ex. 23 show that I - — dx - log — 

JO u 

34. From Example 3 show that 


X 


+ “ e-lfc>x* 


dx = {u — k)\/ir 


35. By differentiating, prove 


log (1 - 2« <-08 X + «>) <to = j ' “*> I J’ 

P<^ F. SPECIAL FUNCTIONS DEFINED BY MEANS OF DEFINITE 
^ INTEGRALS 

36. Gamijia Function. We here consider the integral 
j^oQ gy methods given in Sec. 31, it is easy to 

show that this integral converges, and hence defines a function of 
n, for all positive real values of n. This function is called the 
Gamma function: 


r(n) 


In particular, 


(0 < n < + <») (1) 

r(l) = 1. (2) 


An important property of the Gamma function is given by the 
equation 


r(n + 1) = nr(n), 


(3) 
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the proof of which is obtained by integrating by parts: 


^ 4- w 

r(n) = I 


= -r(»i + 1). 

n 


dx 


2 -| + oc 

== 

n Jo 



x^er^ dx 


From (3) and (2), we find upon setting 

= 1, 2, 3, • • • , n + 1, 

successively, 

r(2) = 1 • r(i) = 11 = 1 , r(3) == 2 • r(2) = 2 * 1 = 2 !, 

r(4) = 3 • r(3) =3!, • • • , r{n + 1) = nl. (4) 


In view of property (4), T{n + 1) is sometimes called the 
factorial function, and is in fact one generalization of nl to the 
case where n is not a positive integer. 

Relation (3) also shows that the valuers of the function may be 
determined for all n > 0 if it is determined for all values of n 
over a unit interval. For this reason, in constructing tables of 
r(w), it is sufficient to construct such a table for values of n from 
1 to 2. 

When n < 0, the integral (1) diverges and hence fails to define 
a function. However, we can extend the definition of r(n) by 
means of equation (3). Let —1 < n < 0. Then r(n + 1) is 
defined by (1), since (n + 1) is positive. We define r(w) for 
— 1 < n < 0 by means of the relation 


r(n) = 


r{n + 1) 
n 


( 5 ) 


Let —2<n<—\. We again define r(n) by means of (5), 
since in the right-hand side of (5), r(n + 1) is now known. This 
process of extension of the definition of r(n) can be carried on to 
include all negative real numbers n, except the negative integers ^ 
and zero. (Why?) 

From (3) it is easy to see that if A: is a positive integer, 


r(n + 1) = n{n — 1) • * • (n — A;)r(n — fc), (6) 

and 

r(/i + fc) = (n + fc — 1) • • • (n + l)nr(n), (7) 
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By means of various transformations the integral (1) may be 
reduced to other forms. For example, the transformation z ^ ay 
reduces (1) to 

r(n) = dy; (8) 

the transformation x ^ reduces (1) to 

r(n) = (9) 

and X — — (m + 1) log y reduces (1) to 

T(n) ~ {m + ("~1 < 0 < n) (10) 

From (9) with n =-- we find by Example 2 of Sec. 35 that 

Many other similar forms of (1) are given in the exercises below. 
By the methods of Sec. 35, it is possible to show that (1) is 
uniformly convergent for all values of n ^ iV, where N is any 
positive number. From Theorem 35.3 we can then conclude 
that r(n) is continuous for all positive values of n. 

By Theorem 35.5 the integral 

r(n) = T'* V '’da-, (n > 0) 

may be differentiated with respect to 7f under the integral sign, 
giving 

r'(n) = log X dx. (12) 

From Ex. XXV, 33, we know that 

* p-a — p-ax 

dx. (13) 

0 a 

Substituting (13) in (12) we have 



a 


da dx. (14) 
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' ^ X 

By Theorem 35.4 the order of integration in (14) may be inter- 
changed, giving K 


^ -j- oe ^ c 

r'(n) = 

Jo Jo 

= I I — dx da 

Jo Jo cc 

^ 

0 Jo 

Using relationships (1) and (8), we see that 

r'W-rwX'lk-oqhf.]"- <'•« 

The Gamma function was defined by Weierstrass by the 
equation 


e~^ — e~ 


dx da 


A * 

ii - 


-f CO /»+ oe 

X” dx da. (15) 

a 


where 2 is a complex number, and y = 0.5772 
constant. Euler showed that 


is Euler^s 


= in[(' + 0‘(' + 01 

EXERCISES XXVI 

1. Prove that (1) converges. (Hint: Prove that /J dx converges 

for 0 < n < 1, and dx converges for all real values of n.) 

2. Prove (2), (6), and (7). 

3. Prove r{n) — > « as n --► + 0. 

4. Make a table of values of r(n) for every half integer and graph your 
results. 

6. Verify the reduction of (1) to forms (8), (9), (10), and (11). 

6. Prove that (1) is uniformly convergent for all n ^ iV > 0. 


7. (a) From (16) show r'(l) == T ~ da. 

Jo \ I -Jf a/ a 

tion and (16), prove 

r'(i)+ f “TT^l 

Jo Li + « (1 *+■ «) J ^ 


(b) From this relation and (16), prove 

r'(n) 


r(n) 

(c) From the expression for r'(n)/r(n) found in (b), show that when n is 
an integer greater than one. 
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— - f [<-• +«-»+••• + <-] <« = 1 + 5 + • • • + 

r(n) Ji 2 n - 1 

Hint: In (b) set < = 1 + a. 

Remark. The value of the constant r'(l) is known as Euler’s constant. 
It is denoted by -f-7, where 7 = 0.5772157 • • . 

(d) From the results of (b) and (c), prove that 


r^(n) 

r(n) 


-7 + 1 + ^ + 



+ ■ 


8. (a) From the fact that 



1 + 2 / 


dy = 


» show that 


r(n) • r(i — w) = 

sm mr 


(b) From (a) prove 


(c) From (b) show that 


n 



k^l 




(2^) («-!)/» 


1 log n 
,og2, • 


(d) From (c) show Jj log r(a;) dx = log \/2 t. 

Hint: In (d) let Xjn - Then let n — ► + «. 

37. Beta Function. The integral 

dx (1) 

converges for m and n positive and so defines a function of m 
and n called the Beta function: 

B{m, n) = f - a;)”-' dx. (m > 0, n > 0) (2) 

Evidently B(m, n) is symmetric in m and n, that is, 

B(m, n) = B(n, m), (3) 

for the transformation x — \ — y reduces (2) to 

B{m, n) = £ 0-- dy = jj' (1 “ dx- 

= B{n, m). 
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As in the case of the Gamma function, various forms of the 
Beta function may be derived by a change of variable. Thus, if 
in (2) we set z = y/a, where a is a constant, then 


B{m, n) = '(o - dy; 

if in (2) we place x = sin^ we have 

B(m, n) = ^ cos^” “ ' ^ drf^; 


if we set “ y/(]/ + 1), we find that 

r* "f- 00 

B(m, n) = ^ 

Jo 


(1 + 2 /)’"+” 


dy. 


(5) 

( 6 ) 

(7) 


38. Rdfations between Gamma and Beta Functions. From 
(9),^^/^. 36, we have 

r(m)r(n) =4^^ ^ dxj^ ^ dy 

= 4j^^” dxdy. (1) 

This double integral is to be taken over the first quadrant of the 
xy-plane. With polar coordinates, (1) may be written 

r(»n)r(n.) = 


2(n.+„ 1 ^ 1 ff r dr dO 


= sini'"- 1 0 COl^^r l ff (2) 


From (9) and (6), we find 


Hence 


r(r«)r(w) = B(m, n)r(w. + n). 


B(m, n) 


r(m)r(w) 

r(OT + n) 


Examjilel. 5(1 - x)'^x^ dx = 5B(|, 4} = 
Since r(f) = ir(i). r(i) = V^, r(4) = 3!, 

r(V) = M • i • I ■ iV^, 

we find 

5(1 - x)«*> dx = li. 


(3) 

(4) 
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Example 8. Evaluate the Dirichlet integral 

/ = ^ ^ if dx dy dz 




over that portion of the first octant which is bounded by the ellipsoid 
(ar*/a*) “h (y*/b*) (z^/c^) — 1 and the coordinate planes. 

To simplify matters, we shall lei i/* = 2 * = e*^. Then our 

problem is to evaluate 


7 = 


a^h”^c' 




over the octant bounded by the coordinate planes and ^ -f- n 4 - ^ 1. 

Putting in the limits and integrating, we have 


-c« r r-^ r 

* Jo Jo Jo 

^X'X 




1 /•!-{ / ,n 


1 .v-1 


8 

_ 2a^6"‘c" 

8 n 

Hy (5) of Sec. 37 this can be written 

^ _ a'6”*c' 

4n 

By ( 2 ) of Sec. 37 and (4), this is equal to 


1,2 f2 


(1 - i - ’i)* ^1) df. 


’"+n / \ 

-X ’ “(?'i + ■)'“■ 

4), this is equal to 

4n \2 2 / \2 2 / 

'(//2)i;;0m/;2)lXn/2) 

;^+-+r+,y 


a^lf*nf,n r (//2) r ( m / 2 ) F (n /2 ) 

n 


( 6 ) 


If f = 1, /n = 1, n - 1, the integral (5) gives the volume of an octant of 
the above ellipsoid : 


V = 


ahc r(i)r(i)r(i) irabc 


r(0 


6 


If ^ == 3, m = 1, n = 1, (5) gives the moment of inertia of this volume 
with respect to the yz-plsme: 


HI. 


X* dx dy dz 


o*6cr(f)r(4)r(i) ira'be 


8 r(j) 

EXERCISES XXVn 


30 


1. Verify (5) of Sec. 37. 

2. Prove that if integral (5) be taken over the octant bounded by a portion 
of the surface 
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/ - 


par / I m n \ 

\p q r J 


(7) 


3. Prove 


(a) 

(b) 


JX 

JX'"'”' 


\ ym -\ 


V{l)r{rn) 

— ^ Qvgj. — ^ h. 

r(Z -h w + 1) a b 


— 3:cdy = 

pq 


(I rn \ 

<xn+') 


©'-(O'-- 


PART G. NUMERICAL INTEGRATION 
39, Numerical Integration. By Theorem 13.1, the evaluation 
of Sa/(x) dx depends upon the determination of an explicit 
representation of the function / fix) dx. It often happens that 
it is inconvenient or impossible to obtain such a representation 
of S f{x) dx; for example, fix) may be given by a complicated 
formula or merely by a table of values for certain values of x. 
In such a case it is necessary to rely on certain formulas which 
give an accurate approximation to SI fix) dx. We shall now 
derive some of the most useful of these formulas. 

It is evident that 

+ x) dx = + x) dx + Sic + x) dx. 

Replace a: by x' — (Z/2) in the second integral and by (//2) — x' 
in the third. Then 



+ x) dx 

. -X"’K‘’+2'"*)+X' 



dx. 


(1) 


We define ^(x) and «Jt(x) by the relations 
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<f>ix) = f(c + ^ - +f(c - ^ + xy, 


<Pk{x) == (-1)* 


d^tpix) 

dx^ 


= + 2 ^ - ^) + -i+^y 

where A: = 1, 2, 3, • • * . If we evaluate the second integral in 
(1) by repeated integration by parts, we find that 


+ a:) da; = [(x + Bil)<p(x)]\/^ + {x + Bil)tpi{x) dx 
= [(x + BdMx)]V^ + ^l(x^ + 2Bdx + B^n^,ix)]V^ 

+ ^[(x» + 3Bdx‘^ + 3 B 2 BX + Bd^)Mx)]V^ + • • • , (2) 


where the S’s are arbitrary constants. 

To obtain formulas useful for computational purposes, we shall 
require the to bo su(‘h that upon making the substitution 
X = 1/2 in (2), the coefficient of <pk(l/2) is 0 for every even fc, 
<Pk{l/2) itself being 0 for every odd k. We are thus led to the 
conditions 


I + = 0, i + fSi + IS 2 + Bz = Oj 

* + + |54 + JS5 = 0, • • • , 

and under these conditions (2) reduces to the form 

J^%(c + x)dx= -[fidv’CO) + ^Vi(O) + 

+ ^-^3(0) + ■ • • j. (4) 

Let \f/(r) = f(c + rl) +/(c — rl). Then 


If we expantl }p(r) by Taylor’s series about r — — we find that 

pin ps/s 

Hr) = ^(0) - Rl<pi{0) + ^^,(0) - + • • • , (5.1) 

where R = r + j. Likewise, if S = « + ^, T = < + |, • • • , 
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then 


= ^(0) - >S/^i(0) + ^^2(0) - • • • , (5.2) 

T'2/2 

m = ,.( 0 ) - Twm + ^^ 2 ( 0 ) - • • • , ( 5 . 3 ) 


and so on. If we multiply (5.1) by —Kl/2, (5.2) by —Ll/2, 
(5.3) by —Ml/2, • • • , and add the results to (4), we obtain 
the formula 


J l/2 

~l/2 


fit + x) dx = ~lKrp(r) + L^(s) + M\pit) + * • • 1 

+ 4-“)^(0) + (6) 


= ^{mr) + LvKs) + • • • S 

— [6o^(0) + 6i^i(0) + 62^2(0) +***], (7) 


where 


Ao = if + L + Af “b * • * , 

Ai ^ KR + LS + MT + — , (8) 

A 2 = KR^ + LS^ + MT^ + • • * , • • . 


We impose the additional requirement on the K, L, M, • • • 
that 


60 = 62 = &< = he = ^8 = ’ 
It follows from (3) and (9) that 

1 + 2Si - 0, 

Bi + 3i^2 "h 2Bi = 0, 

B 2 -f” 4B3 ”b 5154 "b 2Bb == 0, 

Bs ~b 6^4 “b 956 “b TBs "*b 2 B 7 = 0, 


• = 0. (9) 


Bi — 

Bz — \A 2, 

55 - -1^4, (10) 

5 ? = -^iAz, 


Hence 


52=^2 + ^Aoj Bi = A^ + Ai — 

Bz = + ^.44 — "b :^Az, ' • * . 


( 11 ) 
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Let ^kix) denote the A;th Bernoulli polynomial,* i.e., 

/3o(a;) = 1, = X* - 2a:» + x^ - 

di(x) = X — ^kix) = I® — \x* + fa:* - fi, 

= a:* — x + f, Ptix) - X* — 3 a:* {x* — fa:* + 

Mx) = a:* — |a:* + fa:, 

Then by (6) and (7) 

7k-hL 

b, = (k odd) (12) 

where denotes the result of substituting Ai for x* in the 

(A* + l)th Bernoulli polynomial fik+i(x); e.g., 

fiiiA) = A 2 Ai iAo. 

Thus (6) reduces to 

( ' f(c + x)dx^ l\K,p{r) + ms) + • • ■ i 

J-l/2 ^ 

2 ;t+i 

(13) 

odd* 

If we let 7 *+i(x) = /S*+i(a' + f), so that 

7o(x) = 1, 

72(x) = X* - -jV, 

74(x) = x^ - fx* + Tin, 

7 ,(x) = X* - |x^ + i\x* - yff,, 

7 g(x) = x* - fx« + Ifx* - ffx* + 


then 


fik+i(A) = Kpk^iiR) + Lfik-^i{S) + 

= Kyk+i{r) A" Lyk^]{8) + • 


and (13) may be written in the form 


X 


i/2 1 

f{c + x) dx ^ 7y\Kyl/{r) + L^{s) + 
-1/2 ^ 


oddk 


* See Steffensejif ‘'Interpolation/^ Sec. 13. 


(14) 


- ^ (j^ ' ^\), {/C-y^+i(r) +L7 .^.(s) + • • • }v>k(0), (15) 
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where, by the first equations in ( 10 ), the only condition on 
K, L, M, • • • is that 

Ao^K+L + M+ • • • + P = 1. (16) 

If there are v constants K, L, • • • , there remain p — 1 
conditions to impose on if, L, • • • , P. Let 

6i = f>8 = ?>6 = * ‘ * = b2p-i = 0. (17) 

By (15), 

Ky^ir) + Ly2(s) -(-•••+ Py2('to) == 0 , 

Kyiir) + Ly^is) + • • * + Py^iw) = 0 , 


Ky2i,-2{r) + Ly2p-2(s) -f* • • • + Py2p^2(w) = 0. (18) 

By (16) and (18), K = Ai/A, where* 

1 1 ... 1 

72(r) y2(s) . . . y2{w) 

A = 74(r) 74 ( 5 ) . . . yiiw) 

72i»-2(r) 72»~2(5) . . . 72r-2(^) 

1 1 1 
0 72 ( 5 ) . . . y2iw) 

Ai = 0 74 ( 5 ) . . . y4M 

0 y2p-2(s) . . . 72i»-2(^) 



Because each polynomial y 2 fn(x) contains terms of only even 
degree, the first term being a:^, A and Ai reduce to 


Ai 



1 

1 

. 1 

A = 


S* . 

. to® 


j.ir-2 


. . to®'-® 


s- — 

CL 2 

P — a2 

. . — 

a2 

- 

a4 

— a4 

. • 117* — 

a4 

S®'-® 

•“ (l2v—2 

^2»'—2 — CL2p^2 • 

. • t(72»'-2 

— a%p^% 


( 20 ) 


where aa *= 22 T 3 ' ~ ’ 

* See Sec. 4 of Chap. VI. 


1 . 
“ 2 *’»( 2 to + 1 )’ 
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. = 2 , 


== 3, 


^2 


K = 


— (l2{s“ -f- P) -f- 
(^2 _ r -)(^2 — r ^) 


K 


6- — 

V = 4, 

— a2(sH^ + + u^) — 


(^2 _ ^ 2 ^ (^2 _ ^ 2 ^ ( 2^2 — r^j 


The other coefficients, L, My * • • result from suitable permuta- 
tions of r, 5, . 

So far, r, 5, t, • • • have been arbitrary. By specializing 
them we obtain all the well-knowm Newton-Cotes, Steffensen, 
and Gauss quadrature formulas. For example, if we take 
V = 1, r = §, we obtain from (15) the Euler-Maclaurin formula: 

/_!/<' + *) * - sK' + 0 +K' “ 0] 

0-4-0} ™ 

odd k 


where the first term is called the trapezoidal rule, and where the 
B^s are the Bernoulli numbers: 


B2 = 72(5) — ^^2(1) — 6 ) B4 — -^6 — iSr, * • • . 

If we write c — ^ = a:o, c + ^ = Xj,/^c — 0 " yo,f(c + = Vu 

• • • and apply (21) to successive intervals [zo, xi], [xi, X 2 ], 

• • • , [x„_i, x„], and add the results, we find that 

J' f(x) dx = ^(j/o + 2 j/i + 2 y 2 + • • • + 2y„_i + j/n) 

odd k 

where h is the common interval length x\ Xo, If we take v ^ 2, 
r = I, s = 0, we obtain from (15) Uspenskies formula: 

ri/2 I 

I /(c x) dx ^ -Ayo + 42/1 + 2 / 2 ) 

J-i/2 b 

- 2?FTTTl[r‘«("0 + 


odd k>l 
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where the first term is called Simpson’s rule. It is seen that 

72m(0) = apply (23) to successive 

intervals, (a:o, xj], [xj, xj, • • • , [x 2 „_ 2 , Xin], and add the results, 
we find that 

I /(x) dx = ~(?/o + 4j/i -I- 2j/2 + 4t/3 + 2j/4 + • • • 

+ 2^2n-2 + 4y2n-l + V^n) 

~ 2(1 + l)!(^ “ - Vi*’), (24) 

odd k> I 

where h its the common interval length X\ ~ xo. A formula to 
be u«ed in Chap. Ill is obtained by taking = r = J,;? = 0 
in (15). Omitting the remainder, we have 

J fix) dx = - .V 2 + 2?/8), (25) 

where h is the common interval length ,ri — xo. Gausses for- 
mulas are obtained from (15) by specializing r, s, • so that 

additional 6’s are zero. 

It should be observed that (15) is a perfectly general formula 
for the case when' the ordinates yi are spaced symmetrically 
about the mid-point of the interval [ — ?/2, 1/2]. For further 
special eases of (15) see: Steffensen, Interpolation/^ Sec. 16; 
Whittaker and Robinson, ‘^Calculus of Observations.^^ Ques- 
tions relating to the convergence of the series in (15) may be 
dealt with by including the remainder term in (2) and (6). 

Asymmetric formulas may be obtained by forming linear 
combinations of (15). For example, 

2 dx = r*V(^) dx — pV(^) dx:^ + dx. (26) 

•/xc «/X0 •/3;i a/Xo 

By (21) and (23), we have (omitting remainder terms) 

fix) dx = ^[|(2/o + 4j/, + yj) - -iyi 4- Vi) + ^(yo + J/i) j 
= ^(52/0 + 8yi - yt). (27) 

This formula is more accurate than the first term of (21) and 
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avoids the necessity of introducing extra points of division, 
such as [While (21) was used in deriving (27), much of the 
error attendant upon omitting the remainder in (21) is made up 
because (26) involves the difference between the last two terms 
in it.] 


EXERCISES XXVni 

111 the following exercises use both (22) and (24). Take two different 
values of n, say n = 3 or 4 and n = 10, and use sufficiently many remainder 
terms to attain the required accuracy. Compare the amounts of labor 
involved in each computation. 


1 . Evaluate 


2. Evaluate 


S '% 

, i 

Q'_i 

+ 


dx to (iompute log^ 10 == 2.30258509. 


dz to compute tan~' ] = - = 0.78539816. 
-f ar* 4 


3. Evaluate 2/\/^ SJ e”*’ rfx. yin*. 0.84270080. 

4. Evaluate each of the following to eight decimals: 

(a) SJ \/ 4 + dz. (b) logio cos x dj. (c) \/^^m z dz. 

5. Use a mean-value theorem for integrals to show that 


(a) 

(b) 


J ’*X1 

Xo 

Xo 


Jiz) dx == -(i/o -b yi) 


12 


r(^), 


rro < ^ < Xi, 


fix) dx - -{yo + 4yi -f y%) 
o 


90 




Xo < { < Zt. 


6. Find expressions, similar to those in Ex, 5, for the remainder after m 
terms of the summation in (22) and (24). 



CHAPTER III 


ORDINARY DIFFERENTIAL EQUATIONS 

PART A. ELEMENTARY TYPES 

1. Introduction. In many branches of mathematics, me- 
chanics, physics, and chemistry, there arise equations involving 
derivatives or differentials. Such equations are called differential 
equations. The following are typical differential equations: 


II 

(1) 


(2) 

^,+R^ + Dy.Es^Vt. 

(3) 

_ „2^^y 

dt^ dx^' 

(4) 

d^T ,d^T 
dx^ dy^ 

(5) 

d^v Bh) Bv 

Bx^ By- 3z^ ~ ^Bt 

(6) 


Equation (1) appears in the study of the disintegration of radio- 
active substances and in various problems of 'growth; equation 
(2) is involved in the study of simple harmonic motion; (3) occurs 
in the study of oscillating mechanical and electrical systems; (4) 
represents the transverse vibrations of a stretched string; (5) 
is used to obtain the lines of force and lines of constant potential 
in electrostatics and hydrodynamics; and (6) is the equation for 
the conduction of heat through an isotropic medium. 

In this chapter we shall give a few elementary methods for 
solving equations which involve only ordinary derivatives, and 
in Chap. VII we shall take up the question of solving equations 
containing partial derivatives. Many physical applications of 
differential equations will be given in the exercises. 
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2. Definitions. Differential equations which involve but one 
independent variable are called ordinary. For example, equa- 
tions (1), (2), and (3) are ordinary. Differential equations which 
involve two or more independent variables, such as (4), (5), 
and (6), are called partial. 

A differential equation is said to be of order n if it involves* 
a derivative of order n and no derivative of higher order. The 
degree of a differential equation is the degree to which the highest 
order derivative enters into the equation after the equation has 
been made rational and integral in all of its derivatives. 

A function y = p{x) is said to be a solution of the differential 
equation 

fix, y, y') = 0 (1) 


if, upon substituting p(x) and v'ix) for y and y' in (1), / is trans- 
formed into a function of x which is identically zero for all values 
of a:, i.e., if 

fix, p{x), p'(x)) = 0. (2) 

This definition can be readily extended to differential equations 
of higher order. Thus, 

y = 3e“® + 3: — 2 (3) 

is a solution of 

2 /" + 2y' + y ^ X, (4) 

for when 

+ 1 and y" = 36“"* 
are substituted in (4), we obtain the identity 

3e-* + 2{-3e~^ + 1) + (3e~* + x - 2) ^ x. 

Again, the equation f 

2/3 -f y - x = 0, 

which defines 2 / as a function of x, 2 / == determines y 
a solution of 

(3a: - 2y)y' = y, 


(5) 
= pix) 


( 6 ) 


<Py dy 

' For example, we do not consider the equation ^ ^ ^ 


1 as 


, . d*y 
involving • 
dx> 

t Equations in x and y are usually regarded as defining 2 / as a function 
of X. For a rigorous statement, see Sec. 20 of Chap. I. 
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for when y' is obtained from (5) as a fum^tion of x and y, say 
y' = q{Xy y), and y' then substituted in (6) with y replaced by 
jp(x), then (6) reduces by means of (5) to an identity in x. In 
general we shall say that the equation y) = 0 furnishes a 
solution of /(x, y, y') = 0 when F{x, y) == 0 defines y as a function 
of a;, y == p(x), such that y = j){x) is a solution of/(x, y, y') = 0. 
In such a case it is often convenient to call equation F{Xj y) — 0 
a solution of /(a?, y, y') = 0, though actually what we mean is 
that F{x, y) = 0 defines y as a function p{x) which is really the 
solution of f{x^ y, y') = 0. 

The question is of considerable importance as to whether or not 
a given differential equation has a solution. But we shall have to 
postpone consideration of this question with the bare statement 
that the existence of solutions to many general types of differ- 
ential equations has been established. 


EXERCISES I 


1. State the order and degree of each of the following: 

(a) Each of the equations in Sec. 1. 


(b) d^y/dx^ = 3 + (dy/dx)*. 


id) ^ +Sy + 
dx 


3 


dhj/dx^ 



[e) — yy' - 0. 


2. Construct a differential equation of the second degree and third 
order. Construct a differential equation to which the idea of degree is 
inapplicable. 

3. Show that the following differential equations have the Holution^ 
indicated: 




(a) y" - 7y' -f lO^/ = 0; y = 

(b) 4y(y')* - 2xy' -f y - 0; ^ -f 1 = 0. 

(c) -f = 2y*; z ^ y^ + 2ye^*, 
dx ay 

d*T d*T 

(d) — + — = 0; r = log (** + y*) + Tan" 

Sx^ dy* X 

OHo dHo 

(e) — A- — =0; w ^ <p(x A- iy) 4- ~ iy), where t* * -1, and 

ax^ dy* 

where and ^ are arbitrary differentiable functions. 

4. When is the function y ~ p{x) a solution of the nth order differential 
equation /(a?, y, y', y", • • • , y^'^>) * 0? 

5. Define a solution z » p(x, y) of the partial differential equation 


f^Xf Zj Zzf Zyf Zxx^ ... t XK 0^ 
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Extend this definition to a more general type of differential equation. 

6. Let 

<pix, y, <, X, y) = 0, 

Hx, y, f, X, y) = 0, 

bo a syatem of first order differential equations with t the independent 
variable. (The symbols x and x are frequently used in dynamics for dx/dt 
and d^/dt^.) Define the term solution for this system. Extend this 
definition to a more general system of differential equations. 

7. In the study of the steady-state flow of heat in a sphere, the Fourier 
equation (6) of See. 1 reduces to 



where T is the temperature at any point in the sphere at distance r from the 

center and is independent of the time?. Show that T — A H — is a solution 

r 

of (7), where A and B are arbitrary constants. 

8. Show that x = (w^/a) log cosh iat/w) is a solution of the differential 
equation 

mx — ma — mk{x)^, (8) 


where a, /b, r/i, and w = y/ a jk are constants. 

Equation (8) represents the motion of a particle of (constant mass m 
along a straight line when it is acted on by a constant force and is subject to 
resistance proportional to the square of th(‘ velocity. In this equation x 
is the distance of the particle from a fixed point on the line of motion, x 
and .r denote dxidi and dHIdt^^ nui represents the" constant force acting on 
the particle which would produce the uniform acceleration «, mk(x)^ is 
the force of the resistance opposing the motion of tlu' particle and acts in the 
direction opposite to that of the force mo, and mx is (he resultant of the 
forces ma and mk{x)^. What is A:? 

9. (a) State the differential equation for the motion of a particle of mass 
m if it moves along a straight line under the action of a constant force ma 
and is subject to a force of resistance proportional to the velocity. Show that 


a(c“** + - 1) . 




is a solution of this equation. Find a formula for the 


speed and acceleration at any time i. 

(b) State the differential equation for the motion of the particle in part 
(a) when it is subject to no resistance. Find a solution of this equation. 

10. Show that 


1 

X « {v cos a)" 



gi 1 — 


IS a solution of the system 

mx = —kmXj 
where fc, flf, and u are constants. 


( 9 ) 


a= — Awy — 
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This system of differential equations represents the motion of a projectile 
fired with initial velocity w in a vertical plane at an angle a with the hori- 
zontal ar-axis. The student should give the physical interpretation of each 
term in (9). 

11. The system of differential equations 


_ dv 



( 10 ) 


occurs in the study of tidal waves and of wave motion in a canal. In these 
equations t denotes time, g is the acceleration due to gravity, h is the original 
depth of the water, and | and rt are the horizontal and vertical displacements 
of a particle on the surface of the water which was originally at position x 
From (10) show that 


Show that 


dt^ 



^ = <p{ct + x) + rp{ct - x) 


( 11 ) 

( 12 ) 


is a solution of (11), where c* = ghy and where <p and ^ are arbitrary differ- 
entiable functions. Show that ^ = 2X sin (nwx/l) cos (nwctll) is a solution 
of (11), where X, c, n, w, and I are constants, and show that this solution 
may be expressed in the form (12). Give at least three other solutions of 
( 11 ). 

3. Primitives. If we differentiate the function 


y = + ax + b (1) 

twice, we obtain the result 


2 /" = 2 . 


( 2 ) 


Thus we eliminate a and b from (1) by differentiating it twice. 
Again, if 

y = A sin {px — q), (3) 


then 


dx 


— Ap cos (px 


- 9), 


d^y 

dx^ 


— Ap® sin (px — q), 


dhy 


— Ap’ cos (px — g). 


Hence 


dx* 


-pV, 


dx* ” dx 


(4) 


and elimination of p* leads to the result 

d*y _ 1 dy d^y 
dx* y dx dx* 


( 6 ) 
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Thus we may eliminate the three constants from (3) by differ- 
entiating it three times. In general, if 

/(•y, 2/, c) = 0 (6) 

is a relation defining y as a function of x and involving an arbi- 
trary constant c, and if we differentiate (6) with respect to x, 
obtaining 

{Jr y .-I = V’ 4. y. dy _ 0 (7\ 

y,c) - i- ^ - U, (/) 

then we may (generally) eliminate c from (6) and (7) to obtain a 
relation 

<p(x, y, y') = 0 (8) 

not involving c. More generally, if we differentiate the relation 
fix, y, Cl, Cj, • • • , c„) = 0 (9) 

n times, and if (9) defines y as a function of x, then we may (see 
Sec. 20 of Chap. I) eliminate the arbitrary constants Ci, • • • , Cn 
from the resulting equations to obtain a relation 

2/, y\ 2/", * * * , 2/^’^0 = 0 (10) 

not involving these constants. 

We say that (9) is the primitive of (10). Thus, in particular, 
(1) is the primitive of (2) and (3) is the primitive of (5). We say 
that the arbitrary constants Ci, • • • , Cn in (9) are dependent* 
if it is possible to write an equation 

g{^y VyK ' • • , 0 (11) 

with arbitrary constants 6i, • • • , such that m < n and such 
that any function y of x obtainable from (9) by assigning values 
to the c^s is obtainable from (11) by assigning values to the Vs, 
For example, the equation y = Ci log x®a can be reduced to 
^ = 6 log X by the substitution b = ciC 2 . We say that the c’s 
in (9) are independent if they are not dependent. 

It is seen that a primitive involving n independent constants 
leads, in general, to an nth order differential equation, and such 
a primitive is always a solution of the differential equation con- 
structed from it, provided of course that the primitive defines y - 
as a function of x. Conversely, it can be shown that, in general, 

♦ This meaning of dependent must be distinguished from that intended 
in the sentence “y is dependent upon x** 
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any nth order differential equation has a solution involving n 
independent constants; such a solution is called a complete primi- 
tive or general solution of the given differential equation. Any 
solution derived from a complete primitive by assigning particu- 
lar values to the constants in it is called a particular integral. 

Thus, a (complete primitive of y = xy' + A i® ^ 

y c 

y ^ 2x + \ and ?/ = x + 1 are examples of particular integrals. 

Sometimes a differential equation has solutions which are not 
included in a complete primitive. Such solutions are sometimes 
called singular and will be considered later. We mention in 
paasing that the problem of determining all solutions of a given 
differential equation requires great care. For example, a general 
solution of the equation = 2y/x is ?/ = Yet the equation 

y' = 2y/x has many solutions which are not included in the 
formula y = cx®, one such solution being y = /(x), where 
fix) = 3x“ when x ^ 0 and /(x) = —2x‘^ when x < 0. The 
reader should have no difficulty in constructing other such 
solutions. This example illustrates the fact that a general 
solution of a differential equation need not include all particular 
integrals of the equation. Moreover, a differential equation 
may sometimes have two or more different general solutions 
which represent different sets of particular integrals. It is seen 
that one must not attribute too much significance to the term 
general solution. 

In physical, geometrical, and other problems which require the 
solving of a differential equation, initial or boundary conditions 
are imposed on the solution of the equation so as to obtain a 
particular integral which represents the specific physical, geo- 
metrical, or other conditions of the problem, "For example, in 
Ex. I, 7, suppose the temperature is maintained at T ^ Tv deg. 
over the shell r = ri and at T = 3^2 deg. over the shell r = r 2 . 

Substitution of these values in the solution 7" = A H deter- 

r 

mines numerical values A and 5 of the constants A and B, where 


T trt - TiVi 
r* - n 


5 Ty - 
^ == 

r2 — fi 


It follows that the particular integral 7* = A H — represents the 

T 
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temperature iu the sphere under the particular boundary condi- 
tions that T have the values Ti and Ta at ri and r 2 . Again, the 
differential equation 



( 12 ) 


represents the motion of a body falling freely under the action of 
gravity alone and has 

~ (13) 

for a solution, where a and h are arbitrary constants, and g is the 
acceleration due to gravity. Suppose the body moves so that 
.s* — So and the velocity v = vq Sit t = U. The particular integral 
of (12) representing the motion determined by these initial 
conditions is found by making the substitutions 

«o == hio + + i>, Vo = gto + a, 

and solving for a and fc. It is found that a = Vo — gio and 
h = So — ^gto — Hence the particular integral of (12) rep- 
resenting this particular motion is 


6 = ^gU + (vo — gto)t 4* (so — ^gtl — t;rfo). 


Again, the particular integral of y' = 2y/x whose graph passes 
through the point (1,3) is found by substituting x == 1, 2 / == 3 
in the general solution y = cx^. It is seen that c = 3, so that the 
particular integral determined by this boundary 
condition is y — 3x^. In Ex. I, 11, a particular 
integral i is determined by the initial condi- 
tions of the wave motion, that is, the functions 
ip and }f/ are determined by the initial configura- 
tion and velocity of the water. (The method for Fm. 112 . 
finding ip and ^ will be taken up later.) 

Two types of constants sometimes appear in the solution of a 
differential equation: Constants of integration, which may be 
determined b}" initial conditions as illustrated above; and given 
constants of the problem. To illustrate this point, consider the 
following problem in the theory of electric circuits: A resistance 
of R ohms and a coil with a self-inductance of L henries are con- 
nected in series with a source of E volts e.m.f. It is known by 
experiment that the drop in potential across the coil is the 
coefficient of self-inductance L times the time rate of change of 
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the current i flowing through the coil, and that the drop in 
potential across the resistance is the product of the resistance R 
and the current i. By Kirchhoff^s law, the algebraic sum of all 
the potential drops around the entire circuit is zero. Hence 

L~ + Ri E (14) 

is the differential equation for the circuit. Suppose JF, /2, and 
L are constants. Then the current i at any time is given by the 
primitive 

t £ (15) 

tc 

where c is an arbitrary constant of integration, but w here JF, /i, and 
L are determined by the physical objects composing the given 
electric circuit. Since there is only one arbitrary constant in 
(15), it requires only one initial condition to determine a par- 
ticular integral of (14). If i = I’o when t = 0, then c is deter- 

E 

mined by the relation ?’o = c(l) + and the particular integral 
determined by this condition is 

‘ = (•“ - 1}-'" + 1 

No further initial condition can be imposed since E, /2, and L 
are known beforehand. 


EXERCISES U 

1. Form differential equations having the following as primitives, Aj ByO^ 
k, and p being arbitrary constants : 

(a) y = Ae^ + Be"**. (b) 2 = /I sin bx B cos 5x. 

(c) 2 / » 10 sin (pt — 30°). (d) x* + ?/* = o*. 

(e) The family of all parabolas whose axis is the x-axis. 

(f) The family of tangents to the family of parabolas in (e). 

(g) The family of all lines through the origin. 

(h) The family of all circles whose centers are on the curve y = 3x*. 

(i) The family of all ellipses with foci at (a, 0) and (— 0 , 0). 

2. Find a differential equation which may be interpreted as representing 
the geometric properties common to the family of parabolas y =* cx*. 
Plot a few curves of this family, say for c * —8, —2, • • • ,3. Interpret 
geometrically the differential equation representing this family, and illus- 
trste with the curves you have just plotted. What is the difference in 
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significance between the differential equation you have found and the 
equation y’ *= 2cxl 

3. Form a first-order differential equation having mx = as a 

primitive^ where m and g are constants. Does this result contradict the 
general statement that n differentiations are needed to eliminate n constants 
from a primitive? Explain. 

4. (a) Verify that y = ex + - is a complete primitive oi y — xy' • 

C y' 

(b) Verify that t/* == 4x is a solution of y — xy' H — •• 

y 

(c) Plot the singular solution in (b) and several particular integrals in 
(a). What geometric relation does the singular solution have to these other 
solutions? 

(d) Find the particular integral in (a) which passes through the point 

(- 1 , 1 ). 

5. Show that a general solution of 4(dy/dx)^ = 9x is (?/ -f c)^ = x^. 
Plot a few particular integrals, say for c — — 3, —2, • • * , 3. Show that 
X =* 0 is an integral and plot. Discuss the relation between this integral 
and the other integrals. Find the integral curves which pass through the 
point (3, 1). 

6. Show that -h (x *f c)* = 100 is a solution of 2 /®[l -b (dy/dx)^] = 100. 
Find the particular integrals which pass through (6, 8). Plot a few integrals 
of this equation. Show that ?/ = ± 10 are solutions, plot, and discuss their 
relation to the other solutions. 

7. Determine the number of independent parameters in the following 
families: 

(a) 2 / » Cl -h X* ~ (J 2 . (b) 2 / = Cic*+'^t. 

(c) y = log (cix*) -f C 2 . (d) y « Cie®*(c 2 cos 2x + ca sin 2x). 

8. Find partial differential equations of lowest possible order having the 
following for primitives, Ci and C 2 being arbitrary independent constants: 

(a) 2 = Cix + C 2 xy. (b) z - Ci log (x* + y^) + cjx* + c^y^. 

9. (a) State the differential equation representing curves having the 
property that the slope at (x, y) is proportional to the square of the abscissa 
and inversely proportional to the ordinate. The order of this differential 
equation is one. How many initial conditions may be imposed on the 
general solution of this differential equation ? Distinguish between the two 
types of constants appearing in this solution. 

(b) Solve the differential equation in (a) and find the particular integral 
curve passing through (1, 3) with slope 5. 

10. (a) The acceleration of a certain particle moving in a straight line 
is proportional to the cube of the velocity. State the differential equation 
representing the motion, using the velocity v as the dependent variable. 
Solve this equation. Distinguish between the constants appearing in the 
k^lution. How many initial conditions may be imposed on this solution? 
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(b) Experiment shows that when the particle has a velocity of 2 ft. per 
second, the acceleration is 16 ft. per second per second in a direction opposed 
to the velocity. Find a formula for the velocity at any time ^ if p = 3 
when < = 1. 

(c) Using the result of part (b), find a formula for thej distance traveled at 
any time given that this distance is 0 at f = 1. 

11. Show that s — A cos bt is a solution of the differential equation 
s" -f = 0 which represents simple harmonic motion. Determine the 
particular integral representing the motion when the maximum value 
attained by s is 3, this maximum value being attained at i = 1. 

12. In connection with equation (14), suppose that E = 100, R = 10, 
and L = 1. If i = 30 at t = 0, what is the value of i &t t = 1? 

4. Equations of the First Order and First Degree. The 

problem of finding the solutions of a given differential equation 
is often very difficult. It is frequently impossible to obtain 
a solution in terms of a finite number of elementary functions. 
However, certain types of differential equations can be solved by 
ordinary integration. Perhaps the simplest of these types are 
equations of the form 

M + = ( 1 ) 


where M ^ M{Xy y) and N ^ y) are functions of x and y. 
Since the two members of (1) are identical when y = f{x) is a 
solution of (1), it follows that their integrals with respect to x 
are identical, i.e., 


M + N- 


= Jo, 


By Theorem 11.2 of Chap. II, (2) may be written as 


jMdx + Ndy C'. 


(3) 


[Because of the form of (3), it is sometimes convenient to write 
(1) in the form 


M dx + N dy = 0, (4) 

it being understood that, while (3) is formally obtained from (4) 
by “integrating both sides,” the rigorous justification for writing 
(3) is as indicated above]. If we can find a function F(x, y) such 
that 

J*Jlf dx N dy — F{x, y) + <7”, 


(5) 
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then a solution of (1) is given by the equation 

Fix, y) = C, (C - C' - C") (6) 

provided; of course, (6) defines y as a function of x. In the 
succeeding sections we describe methods for determining Fix, y) 
in (6). 

6, Exact Differential Equations. By Tlieorem 12.2 of Chap. 
II, there exists a function Fix, y) satisfying (5) of the preceding 
section when and only when M dx + N dy is exact, i.e., when and 
only when 

dMix, y) _ dNix, y) ,,, 

~ ~dy ^ ‘ 

A method is given in Sec. 12 of Chap. II for determining Fix, y) 
when (1) holds. 

Example. Solve the equation (2a; — y) dx -f- {Zy- — x) dy = 0. 

It is seen that this differential is exact. As indicated in Sec. 12 of Chap. 

11, 



- y) dx + (3?/“ - X) dy 


- xy ^ Id -h C\ 


Hence a solution of the given differential equation is given by 

x^ ~ xy -f y^ = (7. 
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Show that the following differential equations are exact, and solve: 

1. (12a: "f 5?/ — 9) dx -h (5a: -f 2^^ — 4) dy == 0. 

2. (e*' -f 1) cos xdx e" sin x dy — 0. 

3. 2 sin 2a: cos y dx -b cos 2x sin y dy =0. 

4. ^ dx + (.V® d* log x) dy = 0. 

X 


^ 2xt + l ^ 


ttt = 0. 


1 +»* , viu* + 1) j 

^ ^ 


0. 


7 ^dy X dy 

\/aJ» -f y* y 2/ V ic® 4- 2/® 

8. When one obtains (3) from (4) in Sec. 4 by “integrating both sides/* is 
one integrating with respect to a; or y, or both x and y at once? Explain. 

9. In what sense can we say that F{x, y) is an integral of M dx A- N dy in 
(5) of Sec. 4? (See Sec. 12 of Chap. II.) Does the validity of (5) depend 
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on the fact that y is being determined as a function of a: by (1)? Define 
exactly what is meant by a solution of (3). Explain fully why (6) gives a 
solution of (1). 

6. Varii^bles Separable. In the event that 

M dx + N dy ^ 0 (1) 

is not exact f then it is usually necessary to rewrite (1) in such a 
form that it becomes exact. The simplest procedure is to multiply 
or divide both sides of (1) by such a function ju(a:, y) (if it exists) 
that the coefficients of dx and dy become functions of x and y 
alone respectively, i.e., to reduce (1) to the form 

f{x) dx + g{y) dy = 0. (2) 

It is seen that (2) is always exact, and hence is always integrable. 
(Cf. Ex. VIII, 10 of Chapter II.) If (1) can be reduced to the 
form (2) by the above procedure, then we say that the variables 
are separable in (1). 

Example. Solve the equation xhj^ dx ^ dy — 0. 

Upon dividing by we have 


x^dx = 0 . 


Upon integrating we find that 


= C. 

4 y 


EXERCISES IV 

1. Solve the following differential equations: 


(a) - — tan = 0. (b) y' = 2xy. , 

X dx 

(c) x\/ 1 — y^ dx + y\/l — dy = 0. 

(d) xy>+r^ =x. (e) xUy - 3(1 + x)y‘dx - 0. 

dx 

(f) cos X sin* 2 / dx -f sin* xdy =0. 

2. Find those curves which have the property that the tangent to any 
curve of the family at (Xo, 2/0), the line joining the origin and (xo, 3/0), and 
the x-axis together form an isoceles triangle. 

3. The rate of decomposition of radium is proportional to the amount A 
of radium present. If i the original quantity Aq disappears in IfiOO years, 
what percentage disappears in 200 years? 
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4. The sum of $500 is deposited at 2 per cent interest, the interest being 
compounded each instant. How long will it take the deposit to amount 
to $1000? 

5. Find an expression for the position s and the velocity v of a particle 
falling vertically under the action of gravity and subject to resistance pro- 
portional to the velocity. Determine the constants of integration to meet 
the initial conditions that s = 0 and t; = 0 at ^ = 0. Find the limiting 
velocity that the particle can attain when allowed to fall a great distance. 

6. Solve Ex. 5 when the resistance is proportional to the square of the 
velocity, given that the resisting force is 3 lb. per unit of mass of the particle 
when V = 100 ft. per second. 

7. A tank contains 500 gal. of brine having 250 lb. of salt in solution. 
Pure water is running into the tank at the rate of 15 gal. per minute, and 
the mixture runs out at the same rate. How much salt is in the tank at the 
end of 3 hr.? (Assume that the water and solution are kept perfectly 
stirred.) 

8. The rate at which a certain substance S dissolves is proportional to 
the amount A of undissolved S present, and also is proportional to the 
difference between the actual concentration c of aS in the solvent and the 
saturated concentration y of S in the solvent. 

(a) State the differential equation which represents the process of 
dissolving. 

(b) A certain inert material contains 12 g. of sulphur which is tx> be 
removed by dissolving in benzol. It is known that i of the sulphur can be 
extracted in 40 min. when 300 g. of benzol are used, and that this amount of 
benzol is saturated by 13 g. of sulphur. How much of the sulphur would be 
removed in 7 hr.? (In the above notation, y = 5 % ) 

7. Homogeneous Equations. A function /(a:, !/, 2 , • • • , 0 of 
any finite number of variables is called homogeneous in 

if the substitution of 'Kx, \y, 'hz, • • ■ , X<, respectively, for 
z, y, z, • • • , t multiplies the function by X”, that is, if 

f(\x, \y, Xz, • • • , X<) = X" 'fix, y,z, ' ' ' , t), (1) 

where X ranges over all real numbers. The power n of X in (1) 
is called the order of homogeneity of the function /. For example, 
2 a;e»/» _ iy^/x^) is a homogeneous function of order 1, Tan“i iy/x) 
is homogeneous of order 0, and (x^ + is homogeneous 

of order —3. If in the equation 


Mix, y) + Nix, y) ^ = 0, (2) 

M and N are homogeneous of the same order, then equation (2) 
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is called homogeneous. Let us write (2) in the form 

^ y) 

dx N(x, y) 

If M and N are homogeneous of the same degree, then (3) 
reduces* to the form 


' + 4 - 


(4) 


upon substituting y = vx. We may separate the variables in (4), 
obtaining 


dv _ dx 
ip{v) — V X 


(5) 


from which we may obtain the solution immediately by integra- 
tion. Thus we have reduced the problem of solving a homo- 
geneous equation to the case where the variables are separable. 

Sometimes the substitution x = vy is more (convenient than th(? 
substitution y = vx; in this case we take the reciprocal of (3) 
before making the substitution x = vy. 


Example. Solve the equation 2®* dy = (x'^ -f y^) dx. 

This equation is homogeneous of order 2. If we let y — vx, we find that 


2dt; dx 
Iv - D* ^ ~x' 

whence 

2 2x 

log cx, and = log cx. 

e; — 1 X — y 

8* Equations Reducible to Homogeneous Form. Sometimes 
a differential equation may be reduced to homogeneous form by 

* Since M(u, v) and N{uy v) are homogeneous of the same order, 

M{xu, xv) x^M{uy v) M(Ui v) 

N(xu, xv) x^N{u, v) N(uy v) 

Now set w * 1, The left member of this equation becomes 

M(Xy y ) 

Nixy y) 

upon writing y * vx, and the right member becomes — Jf(l, v)/N(l, v), 
which is a function ^ of v alone. 
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^ 

dx azx + b^y + 

then the substitution a; = Xo + w, 2/ = 2/o + reduces (1) to 

du a^u + bnv + aaXo + ^> 22/0 + Cz 
If Xo and yo are determined so that 

ttiXo + biyo + Cl ^ 0, a>iXo + b^yo + C 2 = 0, 

then (2) becomes 

dv _ aiu + biv 
dy a^y + bfV 


(1) 


( 2 ) 


(3) 


(4) 


This equation is homogeneous and may be solved by the methods 
of the preceding section. 

It should be noted that Xo and yo are determined by (3) when 
and only when aibt — ajbi 9 ^ 0. If aih^ — a^bi = 0, then 
a 2 /ai = bj/bi = k (say). Let w — axx + b\y. Then 


dw 

dx 


a\ 


+ b 


w + Cl ^ 
^kw + C 2 


(5) 


This equation is evidently separable. The substitution 

yj — a2X + b2y 

m sometimes more convenient. 


EXERCISES V 


1. Which of the folloMiuK functiuus are honioi^eneous in x and y? State 
the order of homogeneity whenever possible. 

(a) 2x*y — xy\/" r* — 4y*. 

(c) h yOog y - log .t). 

y 

(e) 5(3x» - 


(b) + 2?/3\/r*'- 1. 

(d) x/Sx (2y/x). 


(f) 

y 


2. Solve the following differential equations by the method of Seo. 7: 
(a) {xy — y*) dx -f x* dy « 0. 

(c) {x - 2y/ xy)^ - y 0. (d) 


(b) dy — dx, 
dy X + y 


dx 


dx X — y 
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(g) a;(l -f* «*"'*) dy + ~ y) dx ^ 0, 

(h) X dy — y dx + \/ x’^ -f y^ dx. 

(i) l^ar^cos + 2/ j «??/ =* 2 /^co 8 ^ dx. 

(j) 2/(|) +2z|-,=0. 

3. Solve the following differential equations by the method of Sec. 8: 


dx x + y - s’ 
/(.) ^ == ^ + 2/ 
dx z -f 2/ + 1 

(.) 2?.^+S. 


dy _ 6x — 22/ — 7 
dx 2x + 32/ — 6 
dy 12x — 41/ — 7 
dx 3x — y 4- 4 


4. If Equation (2) of Sec. 7 is homogeneous, show that it may be reduced 
to the case of variables separable by means of the substitutions x = r cos d, 
y =* r sin 0. Use this method to solve Ex. 2a, h, e. 

5. (a) Find a substitution which will separate the variables in the 
equation 

y4>{xy) dx + x\p{xy) dy = 0, 

where 4> and x}/ are functions of the product xy. 

(b) Ue^ the method developed in part (a) to solve 

(x*i/® 4- 2 x 2 /* — y) dx 2x^y dy = 0. 

6. Develop a method for solving the equation 


- jf I 

\02X + 622/ + C2/ 


where is a function of the quantity indicated. Use this method to solve 

^ * I 3 ; 4- 2/ - 1 Y 
dx \2x 4- 22/ 4- 1 / 

7. (a) Prove the following theorem concerning the integral curves of a 
homogeneous differential equation M dx N dy =0: 

If the points of the X 2 /-plane are subjected to the transformation x » kX^ 
y ^ kYy, then each integral curve is carried into an integral curve. 

(b) State and prove a theorem converse to the preceding theorem. 

(c) Interpret geometrically the transformation x =» kX, y ^ kY, 

9. linear Equations. An equation of the form 
^ + P{x)y == Q{x), 


( 1 ) 
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where P and Q are functions of x alone or are constants, is called 
a linear equation of the first order. To solve (1), we make (1) 
exact by multiplying both sides by obtaining 





But the left member of (2) is itself exact, and 


( 2 ) 


J * dy + Py dx) = J* dx. (3) 

Evaluation of the left member (see Sec. 5) leads to the result 

ygipdx = ( 4 ) 

SO that 

y ^g-jpdxj QgSpdx dj. 4 . Ce-^Pdx^ ( 5 ) 


Example. Solve the equation (dy/dx) + (y/x) = x^. 

Here P = 1/a; and Q « x^. If we multiply both sides by 

eJrdx glOKX 


we obtain 


Hence 


dy 


+ y 



X*. 


xy 


jx*dx+C' 



and 



10. Bernoulli’s Equation. An equation of the fonn 


g + P(x)y - Q(x)y", 


( 1 ) 


where P and Q are functions of x alone, is known as a Bernoulli 
equation. To solve (1), let s = y^~^. Then 


I = (1 - n),- 


dx 


( 2 ) 


If we solve (2) for dy/dx and substitute in (1) we obtain 
y" dz' 


ndx 


+ Py = 


(3) 
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If we multiply both sides by (1 — n)y“” and substitute z = 
the result is 


^ 4- (1 - n)Pz = (1 - n)Q. (4) 

This equation is linear and may be solved by the method of Sec. 9. 

Example. Solve th(' equation xidy/dx) A- y - x^y'^. 

Divide by x to put the equation in Bernoulli's form. Let z = y"*. 
Since dz/dx = —2y~Hdyldx), the given equation may be written in the 
form 


Hence 

2 = -2x^ A- Cx\ 


Since z ~ p”*, it follows that 


— -f = 1. 


EXERCISES VI 

1, Solve the following equations by the methods of Secs. 9 and 10; 


dy 

(a) - — I- p ctn x - X. 
dx 

<ic J + “ j :(1 + x^) 

dx 

(e) {y A- 2x^) 7- = 
dy 

dy 2 

(g) xy --- A- . 

dx 


(i) xy* ^ y ± 

dx 2x 
(k) ^ -f “ - 

dy y 2/» 


(b) (a; — 2) ^ — 3v = (x — 2)*. 
dx 

(d) X Jog X dy = (2 log X — y) dx. 

dx X 


(h) xy' - ryy = x -f- 1. ^ ^ 

(j) X dy + dx^^ sec* y dy. 


2. In the discussion of Sec. 9 and in the example following, no constant 
of integration was used in evaluating fP dx. Justify this omission. 

3. Develop a method for solving (a) {dx/dy) 4- p{y)x « q{y)y and (b) 
(dx/dy) -f v{y)x = ^{y)x\ 

4. Show that Bernoulli's equation may be solved by means of the sub- 
stitution y =« inasmuch as this substitution separates the variables. 

Use this method to solve (x^y^ + xy) dx « dy. 

5. An electric circuit consists of a constant resistance of R ohms and a 
coil of constant inductance of L henries in series with an electromotive 
force of I? volts. In each of the following cases state and solve the differ- 
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ential equation for this circuit under the condition that the current i = io 
amp. at time t ~ U sec. 

(a) E ^ 0. (b) E En. (c) A’ — A'o sin wt, where A’o and ware constants. 

Case (c) arises in tlie study of alternating currents; in this case 27r/w is 
the period, and Eo the inaximiim value, of the electromotive force E. 

Give the physical intcjrpretation of your solution in each of the above 
eases. 

6. A condenser of capaiuty C farads and a resistance of R ohms are 
connected in series with an electromotiv<‘ force of E volts. It is known by 
experiment that the potential drop across the condenser is q/C volts, where 
q is the charge (measured in coulombs) on the condenser; it is also known 
that the current Ls the time ratfj of change of the charge g. State and solvti 
the differential equation for this circuit to determine the charge and current 
under the condition that tin* charge g — go coulombs at time t = U sec. 
and (a) E =» 0; (b) E — Eo; (c) E = Eo sin cjt. Give the physical inter- 
pretation of each of your solutions. 

11. Integrating Factors. We p<dn(ed out in See. o Kbat tlie 
equation 

M(x, y) dx + N{Xy y) dy — 0 (1) 

may be integrated immediately if it Ls exact. In Secs. 6 and 9 
we showed that, if (1) was not originally exact, then (1) could 
sometimes be made exact by multiplying by a suitable function 
ju(x, t/); in Sec, 6 we chose M(:r, y) so as to separate the variables, 
and in Sec. 9 we took y as This raises the question, can 

(1) always be made exact by multiplying by a suitable function 
y{Xj y)l The answer is that, not only does there always exist a 
multiplier p(x, y) which makes (1) exact, but there exist infinitely 
many such multipliers. However, we shall not prove this funda- 
mental fact. 

A multiplier y{Xj y) which makes (1) exact, i.e., which is such 
that (mAT) dx + {y>N) dy is an exact differential, is called an 
integrating factor. While the existence of integrating factors is 
established, it is seldom easy to find them. However, experience 
has shown that it is well worth the trouble to try to determine 
such a factor by trial, for when one is found, the integration is 
relatively simple. Sometimes a change of variable will aid in 
effecting a solution. 

Example. The factor l/y^ makes 

(3a;*2/ V* + y) dx — xdy ^0 (2) 

exact, for application of this factor enables us to write (2) in the form 
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y dz xdy 


~-3a:V* dx. 


Integration of this equation leads immediately to the result 


2 = -e** + C. 

y 

Many rules have been devised for finding integrating factors. 
A few of the more common ones are included in the following 
exercises. 


EXERCISES VII 

1. Determine integrating factors for the following and integrate: 

(a) (4x*y — 3i/*) dx ^xy) dy = 0. 

(b) (x V — 4x2/*) dy ~ 

(c) {x -]r y) dx ^ {y - x) dy ^ 0. (d) 2x dx + (x* -j- 2/® + 2y) dy = 0. 

(e) (Vx^ ~ l)xdy — (V^ -f \)y dx = 0. 

(f) (2x* -f 3x2/) dy -f (3?/* + 6xy + 3x*) dx - 0. 

2. (a) Show that 1/t/*, 1/v*, -ft;*), l/(w* ~ r*), l/(w — t>)*, 

l/(w + t^)* are integrating factors oi v du — u dv = 0. 

(b) Solve the equation vdu — udv =0 using the seven integrating factors 
in (a). (The student is advised to keep a careful record of the results of 
this problem.) 

3. Subject to certain mild restrictions on M and iV, equation (1) is 
known to have a solution of the form fp{x^ yy c) ~ 0, where c is an arbitrary 
constant. By Theorem 20. 1 of Chap. I, the equation y^ c) « 0 defines 
c as a function of x and y, i.e., c = ^(x, y). By comparing equation U) 
with the equation = 0, show the existence of an integrating factor 
M(Xy y) for (1). 

4. (a) Show that if m is an integrating factor of (1), then kfi is also an 
integrating factor, where k is any real number other than zero. 

(b) Show that if a* is an integrating factor of (1) leading to the solution 
\^(x, y) ~ c, then is also an integrating factor of (1), where jr(^) is 

any single-valued continuous function of f . 

It follows from this result that, if (1) has an integrating factor, then (1) 
has infinitely many integrating factors. 

5. If M is an integrating factor of (1), show by the criterion for exactness 
that M must satisfy the differential equation 



While M might be found in some cases by solving (3), it is usually easier to 
solve (1) than (3). 

6. Prove the following statements, including qualifying conditions where 
necessary: 
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(a) If (1) is homogeneous, then ll{Mx •i- Ny) is an integrating factor for 

( 1 ). 

(b) The function Jp jg integrating factor of the Bernoulli 

equation (dy/dx) + P{x)y == Q{x)y^^ where P and Q are functions of x 
alone. 

(c) The function l/{Mx — Ny) is an integrating factor of (1) if 
M = yg{xy) and N ~ xh{xy)^ where g and h are functions of the product xy. 

(d) The function is an integrating factor of (1) when 

\(dM dN\ 

N\Ty “ 

(e) State a theorem similar to (d), but in y instead of x. 

(f) The function ig integrating factor of 

x°‘y^{rny dx + rix dy) ~ 0, 

where k is arbitrary. Determine k so that this function is an integrating 
factor of 


x^^y^^(miy dx + n\x dy) + x^^y^^im^y dx 4- dy) = 0. 

7. Prove the following theorems, including any additional assumptions 
needed to insure the validity of these theorems: 

(a) If a solution of (1) is known, then an integrating factor for (1) may 
be found. State and prove the converse of this theorem. 

(b) Let /(a?, y) = C and g{x^ y) — C be two solutions of (1). Show that 
g = <i>(J) or / = ^'(g). (Hint: Form the Jacobian of / and g.) Show that 
any function of g, say H(g)y is also a solution of (1). Would H(f) be a 
solution? Illustrate these results, using the equation y dx — x dy =0. 
(See Ex. 2.) 

(c) Let/(x, y) = C be a solution of (1) obtained by means of the integrat- 
ing factor /i(x, y). Show that the normal derivative df/dn equals 

mV" M* 4- N\ 

(d) Show that, if m and v are any two integrating factors of (D, then 
either fi/p = C is a solution of (1) or y/v is identically a constant. 

Hint: divide (3) by and then write (3) in the form 

,^dlogM log Ai dN dM 

^ __ jyr ^ — 

dy dx dx dy 

Repeat this operation with Py and obtain the equation 


M 


a log - 

p 

ay 


d log “ 

N « 0. 

dx 


Show that F(Xy y) « C is a solution of (1) when MFy — NF^ » 0. Prove 
the theorem from these results. 
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12* Equations of the First Order and nth Degree. The general 
first-order differential equation of arbitrary degree may be 
written in the form 

F{x, y, p) = 0, (1) 

where we let p denote dyldx, p^ = {dy/dxYj etc. We give two 
methods for solving equations of this type. 

Method /. If (1) can be factored in the form 

\p - Mx, y)][p - f 2 (x, y)] • ' Ip /n(x, y)J = 0, (2) 

then the solutions of the various equations 

P - /i(^, J/) = 0, • • • , p - fn{x, y) = 0 (3) 

are solutions of (1). Methods for solving (3) have already been 
given in the preceding sections. 


£xaiii]ile 1. Solve the equation — 2xp 4- 22/p — Axy « 0. 

This equation may be written in the form (p — 2a;) (p -h 2y) * 0. Upon 
integrating the equations 

p — 2a: * 0, p -f 22 / « 0, 
we obtain as solutions of the given equation 

2 / = a:* -h C, log Cy ~ —2a:. 

Method IL In this method we eliminate p from (1) by a 
process somewhat similar to that indicated in Sec. 3. SupiX)se 
(1) is solvable for y in the form 

.V = gix, p). (4) 


Differentiation of (4) with respect to x eliminates y and gives an 
equation 


^ dx dx dp dx 


( 5 ) 


of the first order in p and x. Suppose a solution of (5) is 

G{x, p, C) = 0. (6) 

Elimination of p from (1) and (6) leads to an equation 

y, C) = 0 (7) 

which may be a solution of (1). It is necessary in eveiy case to 
test (7) by substitution in (1) because the above process of 
eUmination may introduce extraneous factors. 
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Example 2. Solve the equation py — 2p* -f- 2 « 0. 

If we solve for y and differentiate with respect to x, we obtain 

dv 

y = -2p-^ -f p = {2p 2 -f 6p*) (8) 

ax 

If in the latter equation we separate the variables and integrate, we find 
that 


X - - p ^ + a. (9) 

Elimination of p from this equation and the first equation (8) gives the 
desired solution. However, the following dmdce is sometimes useful. In 
(9) and the first part of (8) let us formally substitute an arbitrary parameter 
u instead of p: 


X - + <\ y = 2a» - 2u~\ (10) 

Elimination of u from (10) leads to the same solution as obtained above. 
But (10) may be regarded as a parametrie representation of this solution. 
Hence the equations 

X == 3//-' - p " -f (\ y = 2/»-‘ - 2/r', (11) 

in which p is regarded merely as an ordinary parameter, represent a solution 
of the given differential equation. In testing this solution by sul>8titution 
in the given equation, we may utilize the fa(;t that p is not only a parameter, 
but also denotes dy/dx. 

If (1) is not solvable for y, it may be possible to differentiate 
(1) as it stands with respect to x, obtaining an equation 



and to eliminate y from (1) and (12), obtaining an equation 
analogous to (5) in p and x alone. 

A spc^eial case of (4) is Clairaufs equation 

y = px+f{p). (13) 

Upon diflferentiating (13) with reape(!t to x, we find that 

lx+/'(p)]g = 0. (14) 

If we set dp/dx = 0, then p — c, and a solution of (13) Js 

y = ca;+/(c). ( 15 ) 

Another solution of (13) is given by the parametric equatioins 
X « -/'(p), y = -p/'(p) +/(p). 
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It is sometimes possible to eliminate a:, instead of y, from (1) 
by differentiating with respect to y. 

Example 3. Solve the equation p* + P 2 / — a: «= 0. 

If we solve for x and differentiate with respect to y, we find that 


dx 1 dp dp 

X ^ py -\~p\ • 

dy p dy dy 


Hence 


A \dy 

Kv-VTv-^ 


2p. 


This is a linear equation of the first order, the solution of which we leave 
to the reader (see Sec. 9). 

EXERCISES Vra 

1. Solve the following differential equations by the methods of Sec. 12. 


,.,(*)■ -i'-e-o. 

I ~ I 

\dx) 

{dy/± 

+3]=0- 


(b) 


(c) 

(e) (dy/dxY 


dy 

+ {x + y)-f + xy 
ax 


0. 


(s)’ 

( dy\ 
\di) 


+=4' 

dx 


3x\ 


■f 22/f - X = 0. 
dx 


(i) 2/* 
(k) y 


= 4(1 -f- p*). 

(1 + p)x = p*. 


(d) 

(f) X ^ yp + 4p*. 

(h) 2pa; -f 4- log p » 0. 

(i) a; - 2 / = 9 log p. 

(1) p = X* - 2xy 4 p*. 


(m) 2/ *= px 4 Sin”' p. 

2. A particle of mass m moves around a horizontal circle of radius a. If 
its initial speed is F, and if it is resisted by the air with a force proportional 
to the square of the speed, then the motion of the particle is found by solving 

d^e ka( de\ 

the differential equation m— 4 ZJ'l ^ i ** 0, where 6 is the angle of 



dt^ 


rotation of the radius vector through the 
particle. Show that a solution of this equa> 
m 


tion is $ 


ka 


log 


[^4— ' 

L rn j 


3. Show that (a) the length of the tangent 
PA to the curve y “ /(x) from the point of 
tangency P(x, y) to the intersection A with 

^0*113. the x-axis is yy / 1 4 idx/dy)\ (b) The 

length of the normal PC from P to the x-axis is pv 1 4 (dy/dx)^, (c) The 

length of the subtangent AB is y dx/dy. (d) The length of the subnormal 
BC IB y dy/ds. 
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4. Using the results of the preceding exercise, determine the curves C 
having the following properties: 

(a) The subtangent at any point P on C is n times the abscissa of P, 
Find the particular curve of this family passing through the point (3, 4). 

(b) The area of the right triangle formed by the tangent at P, the normal 
at P, and the x-axis, is inversely proportional to the slope of C at P. 

(c) The area bounded by C, the x-axis, and any two ordinates, is equal to 
the length of C between these ordinates. 

(d) The angle a between the radius vector and the tangent at the point 


(r, d) is constant. 


Hint: ct = tan"' 



(e) The polar subnormal at (r, 6) is proportional to sin 6, 

(f) The subnormal is constant. 

(g) The x-intercept of the tangent at (x, y) is kx. 

(h) The length of the tangent is constant and equal to a. (This curve is 
called a tradrix^ and represents the path of P when P pursues A with the 
same speed as A.) 


PART B. LINEAR EQUATIONS 

13. Linear Equations. A differential equation of order n is 
said to be linear if it is of the first degree in y and each of its 
derivatives. Such an equation can be written in the form 


d^y 


) V d^^ , 

+ + 


+ X„. 


'dx 


+ X„2/ = Z, 


(A) 


where Zj, Zs, • • • , Z„ and Z are functions of x alone or are 
constants. We shall denote the left member of (A) by P{D)y. 
If Z is replaced by 0 in (A), the result 


PiD)y 


d^y , Y 1 

dx” 


+ Z„_,^ + Z„2/ = 0 (B) 


is known as the auxiliary or reduced equation corresponding to 
the complete equation (A). We first state several theorems about 
the solutions of (A) and (B). It will appear that the solutions 
of (B) are intimately related to the solutions of (A). 

Theorem 13.1. If y\, yt, • ■ • , Vr , are solutions of (B), so 
that P(D)yi = 0, • • • , P(Z))y„ = 0, then 

y = CiJ/i + C^i + • • • + CnVn .Xp) 

is also a solution of (B), where ci, ■ • ■ , c„ are arbitrary constants. 
Since 





348 


HIGHER MATHEMATICS 


(Chap. Ill 


it follows that 

P{D)[cry,+ ‘ • • +Cn2/n]-CiP(/>)2/i + • • • +cJP{D)v., (1) 

By hypothesis, eac^h term in the right member of (1) is 0, Hence 
the left member of (1) equals 0 and ?/ is a solution of (B). 

We say that 2 /i, • • • , ,Vn are linearly independenl if there 
exists no set of numbers Cj, • • • , Cn, not all zero, such that 

ClVl + C2I/2 + • • * + CnVn - 0. (2) 

It follows that, if the y's in (C) are linearly independent, then the 
number of c^s in (C) cannot be reduced without loss of generality. 
It can be shown that, if Xi, • • ? , Xn in (B) are continuous over 
an interval / of the a;-axis, then (B) has n, but not more than n, 
linearly indej)endent solutions in this interval. It is for this 
reason that, the y^s in (C) being linearly independent, we speak 
of these y^s as a fundamental set of solutions, and we call (C) a 
general solution of (B); incidentally, we also speak of (C) as a 
complementary function for (A). A criterion that the y's in (C) 
be linearly independent is given by 

Theor^im 13.2. Asetoffu7ictionsyij • • • ^ yn of x are linearly 
independent when and only when the Wronskian 


yi 

y[ 


yz 

y'i 



9 ^ 0 . 


y^n^V . . . 


This theorem is an immediate consequence pf a well-known 
theorem concerning homogeneous linear equations. (See Chap. 
VI, Sec. 4.) 

Theorem 13.3. // 2/1, • • * , yn dre linearly independent 
solutions of (B), and if Y is any particular solution of (A), then a 
general solution of (A) is 


y = Ciyi + • • ' + Cn2/n + Y. (D) 


Since P{D)[ciyi + • • • + c»2/n] = 0 and P(D)Y = X, it 
follows that F(D)y = X. 

14. Linear Equations with Constant Coefficients and X » 0. 

We shall here consider equations of the form (A) with the X’s 
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all constants and with X = 0, i.e., equations of the form 


d^y , d^~'^y 

dx^ 


+ 




(E) 


Equations of this type occur very frequently, especially in the 
study of acoustical, mechanical, and electrical vibrations. 

The case n = 1 has already been studied in Sec. 9; it is found 
by the methods of this section that the solution of the equation 
(dyfdx) + aiy = 0 is i/ = Let us next consider the 

case « == 2: 


The solution of the case n = 1 suf^jajests the possibility that (1) 
has a solution of the form 


y - cf--, (2) 

where c and m are constants. Substitution of (2) in (1) leads 
to the equation 

+ Uitn + az) = 0. (3) 

It is seen that (2) is a solution of (1 ) when c is arbitrary and m is a 
root of 

+ aiw + a>2 = 0. (4) 

If nil and m* denote the roots of (4), and if Ci and co are arbitrary 
constants, then 

yi == and y 2 = (5) 

are solutions of (1). By Theorem 13.1, 


y = ( 6 ) 

is a solution of (1). By Theorem 13.2, the solutions (5) are 
linearly independent if mi 9 ^ m 2 . Hence if mi 9 ^ m 2 , (6) is a 
general solution of (1). Equation (4) is called the characteristic 
equation of (1). 

If mi = m 2 , the solutions (5) are not linearly independent. 
To obtain a solution independent of (5), let y == zyu where 
yi « is one of the solutions (5). Since 



350 HIGHER MATHEMATICS [Chap. Ill 

equation (1) may be written in the form 

y't + ( 2 ^ + 

where u = dz/dx and where it is remembered that i/i is a solution 
of (1). If we substitute yx = in (7) and divide by 
we find that 


^ + {2mx + ax) = 0 . 

Since nii = m2, it follows by (4) that mi = — ^ai. Hence 
dujdx = 0, and u = C2. But u = dz/dx^ so that z = (72^? + C3. 
Therefore 

y = zyi (CiX + (8) 

is a solution of (1). It follows by Theorem 13.2 that this solution 
is linearly independent of the solution yx = cic*" If we add 
these two solutions (and combine ci and Cs), then by Theorem 
13.1, 

2/ = (Cl + C2x)e^i^ (9) 

is a general solution of (1) when the roots of (4) are equal. 

With reference to the general equation (E), it is seen that 

y = Ci€^i^ Cne^n^ (F) 

is a solution of (E), where mi, • ^ , rrin are the roots of the 

characteristic equation 

+ axm^~^ + * • • + Un == 0 (G) 

of (E). If the roots of (G) are all distinct, then (F) is a general 
solution of (E). However, if (G) factors into the form 

(m — mi)«(m — • • • (m — mr)'* = 0, 

so that mi, m2, • • • , nir are roots of (G) of multiplicities a, 
• • • , p, then a general solution of (E) is 

^ (ai + ttax 4* • • • + 

+ • • • + (pi + P2a; + • • • + ppxr^)e^^, (H) 

where ai, • • • , aa,* • • • ; pi, P2, • • • , pp are arbitrary 
constants. 
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EXERCISES IX 

1. Solve the following equations: 


(a) 


d^y 

dx^ 


dx 


^ ^ dx^ dx ^ 


0 . 


Ana. y => 
Am. y 


= (ci -f C2x)e®*. 


(c) 


d^y 

dx^ 


4^=0. 

dx 


«' ?. - 4! + - »• 

dx^ dx 


Ans. y = 4* 


To change the form of this solution, write e*^ = cos 6 -j- i sin 0 (see 
Chap. II, Sec. 5). Then the preceding solution may be written in the form 


y = c**(A cos ^ + B sin Zx). 


B 


( 10 ) 

sin 


But .4 cos ^ 4“ B sin ^ = \/a® 4- BH — — = cos B + - 

= X(sin \f/ cos 6 + cos ^ sin = X sin (t/' 4 
where X = \/ A* + and ^ == tan~^ {A/B). Hence (10) may be written 


as 


y « X6** sin (3x 4- ^), 


( 11 ) 


where X and yp are arbitrary constants. 

+4’ 


Am. y = Xe”* sin {2x 4 ^). 


cPy 

(0 j + 

d*y 

(g) 


0 . 


0 . 


Am. y ^ \ cosh (kx 4- ^). (See Chap. II, Sec. 5, (2) and Ex. II, 7.) 


(h) ^ ^ 
^ ' dx^ dx^ 


dx 


4 * 2 / ” 


d*« dx* (te 

d^y .d*y , ^ Jv , 


(i) — + 4—- + 4y 
dx* dx* 

(wg+.-o. 


y = 0. 


0 . 


16. The Particular Integral. Method of Undetermined Coef- 
ficients. We now consider equations of the form , 
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where X is a function of x alone. Since (E) is the reduced equa- 
tion for (I), it follows that (F) or (H) is the complementary 
function for (I). By Theorem 13.3, a general solution of (I) 
is 2/ = + F, where yc denotes the function (F) or (H), and Y 

is a particular integral of (I). Thus, to solve (I), it remains 
merely to develop a method for finding Y. In Sec. 17 we shall 
outline a general procedure for determining Y ; but in this section 
we shall give a much shorter method which may be used when 
the general form of F is known beforehand. We begin with a 
simple numerical example. 

The discussion of Sec. 17 below^ hmds us to suspect that a 
particular integral of 


(£y 

dx^ 


4 * 

dx 




+ 3a; 


( 1 ) 


is a function of the form F = + Bx + C. We wish to 

determine, if possible, the values oi A , B, and C so that F may 
satisfy (1). Since dY/dx = 2 ^ 4 ^^" + B and d^F/dr^ = 4Ae^^, 
we find upon substitution in (1) that the following identity must 
hold if F is to be a solution of (1): 


(-3^)c2" + {-W)x -b (-2B - 3C) - + 3^^ 


This will be an identity if 

-3^ - 1, ~W - 3, -2B - 3C = 0. 

Hence A = —i, B — —1, (7==f, and a particular integral of 

( 1 ) 

F= -x + l 

Since the complementary function for (1) is yr = cier’^ + a 
general solution of (1) is 

y = Cie'~^ + CaC*' — — j -}- f . 

This example illustrates the method of undetermined coefficients 
for finding a particular integral of (I). In this method we con- 
struct a function Y(x) whose form depends upon the form of X, 
and which involves coefficients A, By * • • . We then substitute 
Y in (I), and evaluate the coefficients Aj B, • » - so that the 
result is an identity. The following table gives a few rules for 
constructing F in certain cases. 



Sue. 16] OH DIN ARY DIFFERENTIAL EQUATIONS 


353 


I. If box*” -f . -f 6m, and if the characteristic equa- 

tion (G) has w ~ 0 as a root of multiplicity k, then 

Y =» x^(Aox^ + AiX^~^ ^ ^ And- 

(If, as is usually the case, m = Q is not a root of (G), then we say that 
m — 0 is a root of multiplicity 0 (i.e., k = 0), a;* = ~ 1, and 

Y = iiox”* 4 - Aix”*-'^ 4- ... 4. An,.) 

II. If - 6e®', and if (G) has m = a as a root of multiplicity A;, then 

Y = 

III. If X — 6 sin ox or if A" =6 cos ox, and if (w4 + a*) is a factor of (G) 
of multiplicity k. then 

Y ~ x^(A sin ax B cos ax). 

IV. If A" = c‘**V'(x), where \I is some function of x, let =* jbc**, divide 
by €“», and solve for z. 

V. If X ~ Ui(x) -}“ • -h Um(x), then Y is the sum of the functions 

constructed for the respective terms Ui(x), • • , Mm(x). 

EXERCISES X 

1. Find the complementary, particular, and general solutions of the 
following equations : 


' di 


(b ) ^ ~ 2~ — 8v == 4 cos 2x, 

Ox* dx 

Anti, y = c\e^ -f cje”** — ^ cos 2x — sin 2x. 


If 

d^y dy 

(e) ^ 4- == 5a,* 4- 1. 

dx* dx 

(d) ^ -t 3^^ -= 4*» - 2. 
dx* V dx 

<e. 

dx* dx 
d*w 

(g) " 7 % “f 36j/ = X -f 5 cos 4x. 
dx* 

dx* dx 


^n«. j/ = cie* 4* Cac®* -f a:* -f- 4* |J. 




^ 5 sin 


2x -4 8 cos 2x. 


(h) f“-4+6».,V.. 

dx* dx 

(i) “ 4 6^ 4 djy == <?»* sin 2x. 
dx* dx 


2. In many practical pioblems, linear equations occur whose right-hand 
members are sines and cosines. In such cases it is frequently convenient to 
regard these right-hand members as the real or imaginary components of 
complex exponentials (see Chap. V). For example, to solve the equation 



354 


HIGHER MATHEMATICS 


[Chap, m 


write the equation 


d^y dy 
dx^ dx 


dhi du 


2y = 3 sin 2x, 


2u — 3 cos 2Xf 


( 2 ) 


(3) 


dx^ dx 

and after multiplying (2) by i and changing y to v, add (2) and (3), obtaining 


/ d^u du \ / d^v dv \ o/ 


2x + i sin 2x). (4) 


If we recall that =* cos 2x + i sin 2x^ and if we let w = w -f iVy then 
(4) may be written in the form 


dhv dw 

2w ^ 3e««. 

dx^ dx 

A particular integral of (5) is found in the usiial manner to be 


(5) 


’e 4- 2i 


3(3 - i) 3(3 - i) 

L^ 2 is ^ 2x 4- 1 sin 2x) 


20 


20 


—9 cos 2x — 3 sin 2x . .3 cos 23; — 9 sin 2x 

-js ' •4“ % - — • " " ■' — —— * 

20 20 

Since w — u + iv and since y =* v, a particular integral of (2) is given by 

3 cos 2a: — 9 sin 2a: 


Y = 


20 


A general solution of (2) is 2^ = cie”* + cje** + 


3 cos 2a: — 9 si n 2x 
20 


Solve the following equations by the method illustrated above ; 

(a) ^ ^ — 21/ * 3 cos 2a;. 

oa:* dx 

d^y 

(b) — + y ^ 3 008 3a: + 7 sin 2a:. 
cte* 

d^y 

(c) — -f 42/ = 4 cos 10a:. 
dx^ 

(d) + 5 ^ + 7!/ - 4 . (Hint: 4 = 4e<^.) 
dx^ dx 

dy 

(e) — 4” 5^ ~ 7«*» sin 3a:. (The right member is the imaginary com- 
dx 

ponent of 7e^*’*”**^*.) 
d^y 

(f) _ 4- Sy ** a; sin 3a:. {The right member is the imaginary oom- 
ox* 

ponent of 
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16, Elastic Vibrations. Before we develop more general 
methods for solving linear equations, we give a few applications 
of these equations. The simplest application is in connection 
with 

Simple Harmonic Motion. A variable x is said to vary in 
simple harmonic motion if it changes in such a manner that its 
acceleration is always proportional and opposite in sign to its 
instantaneous value. Simple harmonic motion is the simplest 
type of oscillatory motion about a position of equilibrium and is 
typical (at least to a first approximation) of the great majority 
of phyKsical systems having one degree of freedom. 

Simple harmonic motion may be represented by the differential 
equation 


d^x 


— W^Xy 


( 1 ) 


where > 0. A general solution of (1) is 


X — A cos o)t + B sin o>t, (2) 

where A and B are arbitrary constants. This solution may be 
written in the form 


x = C cos (o>t — a)y (2') 

where 

C = VA^ + a = tan-i j- 


(Cf. Ex. IX, 1(d).) Solution (2') shows that any given value of 
X occurs periodically y for consider the value of x at the following 

instants: ^o, h + — ? <o + — > * • * , * ’ * , where k is 

0) U) 0) 

any integer. It is seen that x has the same value at each of these 
instants since 

+ v)" 

for every integer value of k. The common interval of time 
2jr/w between these successive equal values of x is called the 
period of *. The constant C is called the amplitude of the motion, 
and a is the phase angle. 


= C cos (co<o ~ a) 
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Damped Simple Harmonic Motion. Suppose the variable x of 
the preceding paragraph is subjected to some form of resistance 
(mechanical, electrical, or otherwise) proportional to the velocity 
and acting in the direction opposite that of the motion at any 
instant. This resistance may be represented by —2p{dx/dt), 
where p > 0, and the equation of motion may be reduced to the 
form 




So 


mg 




The coefficient 2p is known as the coefficient of resistance.^ As an 
example of a physical situation representable by (3) let us con- 
sider an elastic wire or spring of negligible 
mass whose upper end is fixed at A and to 
whose lower end P is attached a point particle 
of mass m. Let the natural length of the 
spring be Z = Afi, let So = BO be the amount 
the spring extends when supporting m while 
at rest, and let s = SP be an arbitrary exten- 
sion of the spring. If the tension T in the 
spring is proportional to the extension ,9, 
then T = Xs/Z, and in particular, mg = Xso/Z. 
Let P be displaced slightly from its position of equilibrium and 
then released. If / is a force of resistance proportional to the 
velocity of P and acting in the direction opposite the motion of 
P, then / = ’-kds/dty and the resultant force F acting on m is 




Fig. 114. 


F = mg - T - k- 


W 


By Newton’s second law of motion, F — m d?sldi^. Hence 


/y2o 


dt 


(4) 


But mg — T — — — so) = — where a: = « — «fl. 

Since da/di = dx/dt and dh/di^ = d^x/dl^, (4) may be written 
in the form 




( 5 ) 


This reduces to (3) when we write == X/fwi, 2p * kfm,. 
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By Sec. 14 a sohirioii of (3) is found to be 

= cosh (\/p2 — wH + B), (6) 


when p® — 5 ^ 0, and 

X == (A + Bt)e-p^ (7) 

when p2 — 4^2 = 0. The values of A and By or of A and J5, are 
determined by the initial values of x and v = dxldt. To discuss 
the variation of x with t we consider three cases: 

(a) p^ > 0)2. In this case \/p2 — a>2 in (6) is real and not 
zero. If A and B are both positive, then x is always positive; 
moreover, — p + \/ p-* ~ and — p— \/p2 — being both 




negative, r = dx/d^ is always negative. It is seen that x 0 
as < — ^ as indicated in Fig. 115. A similar situation occurs 
when A and B are both negative. If A and B have opposite 


signs, then x = 0 only once, i.e., at to = 
moreover, v = 0 only once, i.e., at 


1 

2\/p^w'“ 


log 





l_ 

2V^ 



B (p + y/ p’‘ — 

A(p — y/ — o)^)/ 


ii being later than to. When i > hy x and dx/dt have opposite 
signs, and x — ► 0 as ^ as indicated in Fig. 116. This type of 
motion is known as overdampedy the 
retarding force being so great that 
no vibration can occur. 

(b) p^ = Regardless of the 
signs of A and By the motion in this 
case [see (7)] is similar to that in the 
preceding case when A and B have 
opposite signs. This type of motion is known as critically damply 
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for [as indicated in case (c)] the motion becomes oscillatory with 
an arbitrarily small decrease in the retarding force (Fig. 116). 

(c) < 0)^. Let us write (6) in the form 

a; = = -1) (8) 

This may also be written in the forms 

X = cos \/ — pH + D sin \/a>2 ~ pH), (9) 

X = cos (\/a>2 — pH — 7)], 

where 

C = Vc^ + D\ y = tan-* ~ (10) 

In this case, x oscillates with alternating sign, the period of 
Owscillation being 2'Kly/bi^ — p^; since as oc, the 

amplitude of the oscillation continually diminishes toward zero. 
This type of motion is known as damped oscillatory (see Fig. 117). 

Forced Vibrations. Suppose the spring of Fig. 114 is subjected 
to an additional force w/(0 which is a function of the time. Then 
(3) assumes the form 

= ■ r - 

or 

^- + 2p| + «»x=/(t). (12) 


This is known as the equation of motion for a forced vibration. 
If the applied force is periodic, say /(<) = L cos pt, and if w*, 
then a solution of (12) is 


X = 


L 

(to^ — p^)^ + 4py 


cos {pt — 


(13) 


where A and B are constants of integration; but if p^ = then 
a solution is 


X = -j-i — 5 cos {pt — $) + {A + Bt)e~'“. (14) 

P + P 

When the impressed frequency p is such that the amplitude of 
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vibration [in (13)] has a maximum value, resonance is said to occur. 
Thus the maximum extension of the spring may become so great as 
to produce rupture. Equation (12) is of great importance in 
many cases of forced vibrations encountered in the theory of 
electricity, sound, and mechanics. The first term in the right 
member of (13) is called the steady-state solution, and the second 
term is called the transient solution; the significance of these 
names is evident when we consider the relative magnitudes of 
these two terms for small and large values of t. 


EXERCISES XI 


1. Solve Eq. (3) under the condition that x == Xo and t; = 0 at i = 0. 
Consider each of the three cases. Solve Eq. (12) under these same 
conditions. 

2. Suppose the mass m of a simple pendulum to be concentrated at a 
point P distant I from the fulcrum, (a) Find the equation of motion when 
there is no friction, (b) If the angular displacement 6 is small and is 

sin 0 

measured in radians, then sin 6 may be approxi matted by B since lim == 1. 



R i ,9 

r ~ - - AAA/VW - — jj-- 


E 


Flo. 119. 


Using this approximation, solve the equation of motion under the condition 
that ^ ^0 and dd/dt = 0 at ( == 0, 

3. An electric circuit consists of a constant resistance of R ohms, a coil 
of constant inductance of L henries, and a condenser of constant capacity 
of C farads in series with an e.m.f. of E volts. It is seen by Sec. 3 and 
Ex. VI, 6, that 


and hence that 


r* a. -L = P 


dt* dl C 


(16) 


For each of the fallowing cases solve (16) to determine the chaiige and the 
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current % m functions of the time t under the condition that ^ “ 0 and t *= 0 
when t ^ 0: 

(a) i? * 0. (b) E Eo. (c) E - Eo cos jd. (d) E * sin p(, 


where Ety Pt and w are constants, (e) Show that if R is small and /> is 
close to l/\/ LC, then the amplitude of the oscillation is large. 

4. Find the steady-state current in the circuit of Ex. 3 when /? - 60 ohms, 
L ^ S henries, C *= 3 inf. = 3 • 10~® farad, and E = 100 sin 120r^ 

5. A condenser of 5 mf . has a charge of 0.004 coulomb. Find the transient 
current when this condenser is discharged through a resistance of 2 ohms and 
an inductance of 14 henries connected in series. 

6. Set up the differential equation for Ihe motion of a simple p<;ndulurn 
when there is a resisting force propoiiional to the angular velocity. 

17, Metiiod of Variation of Constants. In this soidion w<- 
return to the general linear equation (A) of Se(\ 13 and we sliall 
show how the general solution of (A) may be found when th(^ 
complementary function (C) is known for (A). It will be setm 
that this method is merely an extension of the method described 
in Sec. 15. For the sake of simplicity, we shall base our explana- 
tions on the second order equation 


dx^ 


+ A-,y - A, 


( 1 ) 


where Xi, X 2 , and X are functions of x alone. Suppose 

y = Cxyxix) + r.>^2(x) (2) 

is the general solution of the equation 

g + A,| + A.„-0, (3) 

SO that (2) is the complementary function for (1). In (2) replace 
Cl and cj by functions C\(x) and Ct{x), and write 

Y = Cx{x)y, + C,(x)j/,. (4) 

We wish to determine Ci{x) and Cs(x) so that (4) is a solution 
of (1). Now 

^ - Ciix) ^ + C[{x)yy + C',{x)yt. (5) 

Since the two unknown functions in (4) are not completely 
determined by the single condition that (4) satisfy (1), we may 
arbitrarily impose a further condition on (7i(x) and Ct{x). It is. 
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( 6 ) 


S • ^ + c>w;2? + c: W t + «W (7) 


hk>< , j7{ ordinary differential equations 

c'oir/f'niemt to require C\{x) and C^ix) to be such that 
C[{x)y^ + C^(x)y, ^ 0. 

Upon differentiating (5) after substituting (6), we find that 

y d-Vi 

^dx^ 


When we substitute (4), (5), (6), and (7) in (1), and remember 
that yi and yt are solutions of (3), we obtain the equation 


C[{x) + C',{x) = X. 


( 8 ) 


If we solve (6) and (8) simultaneously for C[{x) and Ci(x)^ we 
find that 


C[{x) 


‘ y2X 


yiVu 


y'iy^ 


C',(x) = 




Vxy'i 




(9) 


where yiy!^ — yjj/a ^ 0 since we supposed y\ and j /2 to be linearly 
independent (see Theorem 13.2 and the paragraph preceding 
this the?oremi. Hence 

CAx) P-- , -dx, C,(x) = f ■ dx. ( 10 ) 

J yyV2 - ViVi J y^y^ - tAvt 

Substitution of these results in (4) gives a particular integral of 
(1). By (2) and (4) the general solution of (1) is 

= {ci + Ci(:r)}2/,(a:) + {c2 + C2{x)]y2{x), (11) 

where Ci{x) and C 2 (x) are given by (10). 


Example 1. Solve the equation (d^y/dx^) — (dy/dx) = x^. 
The complementary function for this equation is 

r = Cl + cv + C,e-'. 

Considering the Ci/s as functions of x, we find that 

dY 


dx 


- C,c* - C,e~* 


when we impose the restriction that 
C[ -f “f 


0 . 


( 12 ) 


(13) 


(14) 


Furthermore, 
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when we impose the additional restriction that 

~ a 0. 


Finally, 


d^Y 

dx^ 


= - Cjc-® + C[e* + 


(16) 


(17) 


Substitution of conditions (12) to (17) in the given equation b^ads to the 
result 

C'e* 4- Cie-* = X*. (18) 

Solving (14), (16), and (18) for Cl, Ca, and Cj, we find that 
C[ = —a?*, Cj = Cg =* JxV. 

Hence* 

Cl == “ix®, C 2 = + e“*, Cs =* (19) 

By (12), a particular integral of the given equation is 

Y = { — — xe"^ + e“*)e* + (ia;V — xe^ + e*)e’'* 

= — Ja;® — 2x 4 - 2, 

and the complete integral is 

2/ = Cl 4" C 2 C® 4“ CaC""* ~ Jx® — 2x 4“ 2. (20) 

While the method of variation of constants is far-reaching, it 
is inferior in practical value because it requires a knowledge of 
the complete complementary function and this in general fre- 
quently requires a great deal of laborious computation. 

EXERCISES Xn 

1. Solve by the method of variation of constants. 


(a)- + 2 /. 

(c)--,= 

d*y 

(e) - 4. 


tan X. 
sin X. 

* log X. 


(h) ^ 4- “2/ « x^, 
dx X 

d^y 

(d) — -h 42/ « 4 tan 2x. 
dx* 

(/) + P(*) y - Q{x). 

ax 


* It is unnecessary to add arbitrary constants in (19) because they would 
merely combine with the constants in (20). 
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(h) 


(i) 


dy 


^ + x,f“+Ar^+x.. 

dx^ dx^ dx 


0 . 


2. Prove rules I to V in Sec. 15. 

3. If a solution 2 / « 2 /i is known for Eq. (A) in Sec. 13, show that this 
solution may be used to transform (A) into an equation of order n — 1 
(see Sec. 14). 

18. Linear Equations of the Second Order. Because of their 
importance in physical applications, we shall consider linear 
second order equations of the type 


g + p| + 0, = x, 


( 1 ) 


where P, Q, and X are functions of x only. 

We have already considered in Secs. 14 to 17 (a) the case 
where P and Q are constants; and (b) the case where (1) is exact. 

If a particular integral y oi (1) with X == 0 is known, or can be 
found by inspection, the substitution y = yiw will reduce (1) 
to a linear equation of the first order in dwjdxy which can be 
solved by the methods of Secs. 5 to 12. 

If none of these methods seem applicable, try substituting 
y = uwm (1). This yields the equation 


dx^ 


+ 


( 2du , j\dw , ifd^u , jAu , ^ \ X 
If u can be selected so that the coefficient of dwfdx is zero, then 


and 


dx^ 




(3) 


If the coeflicient of w in (3) is a constant, the new equation 
(3) can be integrated by the methods of Sec. 14; if the coefficient 
of w in (3) is equal to a constant divided by the equation (3) 
may be integrated by the method indicated for (32) of Sec, 19. 

Sometimes replacing the independent variable x by Wy where 
w = (p{x) is an arbitrary function of x, will lead to a solution to 
(1). The first and second derivatives of y with respect to x are 
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SO that (1) is transformed into 



(4) 


If w can be so selected that, the coefficients of y and dy/dw are 
constants, the equation can be integrated by the methods of 
Sec. 14. 

It frequently liappens that all the methods mentioned above 
fail to solve equations met in certain applications. Such cases 
may be treated by assuming a solution in the form of an infinite 
series. The series arising from such an equation oftcui defines 
a new function, which must then be studied. This was the 
situation which led to the Bessel functions, Legendre functions, 
and others. However, we shall postpone this subj(‘ct until a 
later section. 


EXERCISES XIII 

1. Show that when Q = dPldx, equation (1; may he intcRrat^Hi U) yield 
(dyidx) Py — jX dz C, n, case considenjd in Sec. 9. 

d^y dij 

2. Solve:- + xy — x. Ans. y - \ + cjx -f dx. 

dx^ dx 


3. Solve: (1 -h 


d^y 

5? 


2x— + 2y = 0. 
dx 


d^y 


4. Solve: (1 -f- x) -f- (1 
dx^ 


x)~. - y = 

dx 


Hint: e* ia a particnilar solution. 


5. Solve: 9 (g) -!=(£)• 


4- Ca- 


Hint: Let dy/dx ~ p, dhyldx"^ * dyjdx. 
^ ^ 2 % . 9 
dx* xdx X 
-3 


9. Solve: -f ~ -f —y = 0. 


Hint: Let z == 


d^y 


7. Solve: 5 -^, -f 

dx* dx \ 


Ans. y ^ c\ cos 

Ox-* 




jj/ = 0. 
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8. Prove that if is a known integral of (1), then the general solution 
of (1) is 


y = ciyi 


■f dx -h yij* dz dx. 


9. Solve; xr~ ~ / -f •^X'^y — x® « 0, 
dx'^ dx 

10. So)v(‘ t h(‘ difTereiitial equation dyfdx = a;* 4* 3 / by assuming the solu- 
tion to hr ar infinite series of the form 

// = a(> tiix 4- 4- afiX'-^ + • • * 4- anX^^ -f -!-••• 

and determining tlie coefficients Ui, a^, * • • . 

Solutum. 


- 7 - = a, 4 - 2023* -f Za,x^ 4 - • • • 
dx 


4- nanX^~^ d- (n 4- l)an^ix^ 4* • • • . 


Substituting in the given equation, we must have 

fli 4 2 a *3? 4" Sa^a*^ 4" * • • 4 (w 4 l)an-fi3;” 4 • • * 

= x^ 4 ao 4- ayx 4 o^x^ 4 * • • 4 OnX” 4 • • • . 

Kquating the coefficients ol' like powers of x in this identity, we Imve 
oi = no, 2ai = ai, 3a.3 - 1 4 «2, 4a4 = as, • • • . (^/ 4 Dft/n-t = an, ' ' 
Hence, if we consicl(*r a,, to be th(‘ constant of integration, we find that 



so that the solution is 

Uo 1 / «o\ 1 / ciol 

?/ ^ ac 4aoX 4 2 ^* ^ 3(^1 + ^ ^ ^ 2 f ^ ' 


(a) 


11. Solve each of the following equations by the method of series: 
dy 


dx 


X* 4 ; 


/ V 

(o)-^xy. 

d^y 

(e) — + ” 0. 


. dy 

(b) ~ = y^ 4 2x, 
dx 

dhj 

(d) -- 4 . k>y = 0 . 


12. Solve: (x^ + ^ (^) +1=0- Let p = 
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13. Solve: 


14. Solve: 


d*y 



J ' 

d'y / 



Idx/ ^ 


1 ^. 

dx 


( 




) 


dy dp d*y 
Hint: Let p « p-- » — 

oa: op oar* 


■) 


(iv 

15. Solve: {x^ ~ j) -h (4a: -f 2) - — f- 2p 
ox* ox 


0 . 


16. Solve: cos 


d^y 


dy 

2 sin X-— ~ 10 (cos x)p. 
dx 


17. Solve: 4- -f 9p - 0. 

dx* dx 

d*v 

18. Solve: 3— — e*' =0. 

dx* 

19. Operator Methods. In this section we shall develop 
another method for solving the equation 


+ ■ ■ ■ + a„y = X, 


(I) 


where the coefficients a* are constants and X is a function of x 
alone. Let Z), Z)'\ • • • denote the symbols d/dx, d^fdx^, 

d^fdx^f * * * j respectively. Thus 2D^y + llDy — Qy, or writ- 
ten more briefly as (2Z)^ + HZ) — 6)2/, denotes 


If f{x) and g(x) are differentiable functions of x^ then 

Hence the operator D obeys the distributive law 

DUix) + g(x)] = Df(x) + Dg{x), (1) 

It may be shown in a similar manner that 

D[cg{x)] = c[Dg{x)] (2) 

when c is a constant but not when c is a variable. If m and n 
are positive integers, 


D”^[D-f{x)\ = D'^[D'i{x)] = D”+’‘f(x). (3) 

Thus D satisfies certain of the fundamentd laws of elementary 
algebra. 
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Equation (I) may be written in the form 

PiD)y = X, (F) 

where 

PiD) ^ D” + + • • • + a„. 

The expression P(D) is called an operator, and we say that we 
operate on a function f{x) with P{D) when we carry out the 
indicated operations of differentiation, multiplication, and 

addition. By virtue of (1), (2), and (3), it is possible to “factor” 

an operator PiD). For example, 

(2Z)2 + IID - 6y) = (2Z)2 + 12D)y - (D + 6)y 

= 2[DiDy) + D(&y)] - (D + Q)y 
= 2D[iD + 6)2/] - [(D + 6)2/1 (4) 

= i2D - l)[iD + 6)2/1 
= i2D -l)iD + 6)2/, (5) 

(4) following by (1). It may be shown in a similar manner that 

(2Z)2 + IID - 6)2/ = (Z) + Q){2D - l)y. (6) 

It is seen by (5) and (6) that the factors of an operator PiD) may 
be written in arbitrary order. If 2 / = — sin x, then by (5), 

i2D^ 4- llZ) — 6)(x® — sin x) = (2Z) — 1)[(Z) + 6)(ar® — sin a:)] 
= i2D — l)[(3a:;^ — cos x) + 6(a4 — sin x)] 

= (12x + 2 sin X + 36x® — 12 cos x) 

— (3x“ — cos X + 6x® — 6 sin x), (7) 

and by (6), 

(2Z)* + 11£> - 6)(x» - sin x) = (D + 6)[(2Z) - l)(x* - sin x)] 
= (D + 6)[(6x^ — 2 cos x) — (x* — sin x)] 

= (12x + 2 sin X — 3x* + cos x) 

+ (36x* — 12 cos X — 6x* + 6 sin x). (8) 

It is evident that (7) and (8) are identically equal. 

If Cl) is a constant, then = coe""', D^e“^ = co*c"*, • • , and 

P(D)e"* = F(co)e"*, (9) 

for • 

P(Z))c"* = (D® + + • * • + On-iD 4- o„)e"* 

= (co" 4- aico"-‘ 4- • • • + On-iw 4- o„)e"* = P(co)e“*. 
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Again, cos ojx = — cos wj;, 

cos oiX = ( — 0 ) 2)2 cos o>x, • • * , 

and 

P{D^) (iOS (Jix == P( — 0)2) cos 0 )X, (10) 

for 

P(Z)2) COS o>a: = _f_ . . . ^ an-iD^ + an) cos o)a: 

== (( — 0 ) 2 )“ + ai(-o)2)«~* + • * ‘ + an~i(-o)2) + anl cos cox 
= P( — 0)2) cos 0 )X. 

It follows in a similar manner that 


P(/P) sin o)^ = P(-o)2) sin o)x. (11) 


It is readily possible to derive many other formulas of this sort. 
For example, 

D[e-^f(z)] = 6--(P + w)f(x), 

D^[e--f{x)] = D[e--[(D + o>)f{x)]\ = e-^{{D + o))[(D + o>)f{x)]\ 
= c«*(P + confix), • ‘ , 

and 

P(P)[c-/(x)] = C-P(Z) + 0 ))/(x). (12) 

Thus, 

(2>2 - 5/) + 6)c3-y = c^-t(Z> + 3)2 - 5(Z) + 3) + 6jy 

' -’-(C- + D)y - ^(g + g). 

Complementary Functions^ It follows by (9) that the charac- 
teristic equation [see (G) of Sec. 14] of the equation 

PiD}y = 0 - (13) 

is P{m) — 0. Hence if P(D) is factored in the form 


P{D) = {D- rMD -r,) ■ ■ ■ (D- r,). 

then 

P{m) = (m - r,)(m - r*) • • • (m - r,), 


the roots of the equation P(to) = 0 are ri, r%, ■ ■ ■ , r„ and if 
the r's are all dstinct, the general solution of (13) is 


y =* Cie^i* -f- • ‘ • -f- 
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We wish to show how the general solution of (13) may be obtained 
with the aid of operators when some of the r’s are equal. 

It follows from the preceding discussion that the equation 

(D ~ r)Pt/ = 0 (14) 

has j/i == 6’’* for a solution. Let y = e^^/(x), where f{x) is to 
be determined so that is a solution of (14). If we substitute y 
in (14) it follows by (12) that 

(Z) ryw^s{x)] = e^[{D + r) - rYf{x) = e^^D^f(x) = 0. 

Hence D^{x) = 0 since is never zero. If we integrate p 

times we find that f{x) = Ci + + * • * + CpX^~^. 

Thus the general solution of (14) is 

2/ = (Cl + C 2 X + • • • + CpX^O^"*. (16) 

Now suppose (13) factors into the form 

(Z) — ri)^i(Z) — ••*(/) — rk)^^y = 0. (16) 

It is evident that any solution of the equation 

{D - VkY^y = 0 (17) 

is a solution of (16). By reordering the factors in (16) it is seen 
that the solutions of each of the equations 

(£> - riYiy = 0, (D - == 0, • • • (18) 

are solutions of (16). If all these solutions, each of the form 
given in (15), are added, the result is the general solution of (16) 
[see (H) of Sec. 14]. 

d}y d^y 

Example 1. Solve the equation 18- f- Sly « 0. 

dx* dx^ 

We may write the equation in the form 

{D* - 18D* + 81)j^ = (Z>* - 9)*y = 0. 

The characteristic equation is (Z>* — 9)* =0, where we write D instead of 
m, and the roots are —3, —3, 3, 3. Hence the general solution is 

2/ * (Cl -4- Cix)e^ + (C* 4- C4x)e'“»*. 

Example 2. Solve the equation (D* 4- 9)®j/ = 0. 

The characteristic roots are — 3f, —3», 3i, 3f, and the solution is 

y «. (Ci 4“ 4- (ci 4- 

or 

y * (Cl + Cax) cos 8x 4- (C® 4" Ca) sin 3x. 
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Particular Integral. To obt ain a particular integral of equation 
(I), let uj« first consider the equation 

(D - r)y = X(x), (19) 

which, by Sec. 9, has the solution^ 

y = c ’-^Xix) dx + Ce". (20) 

Let us formally wTite (19) in the form 

( 21 ) 


where the symbol \/{D — r) is as yet undefined. Comparison 
of (20) and (21) shows that (21) determines the solution of (19) 
if we interpret the symbol l/(i> — r) as an operator which, when 
acting on the function X{x)^ gives the right member of (20), 
i.e., if we define the operator \/{D — r) by the formula 

^-^-A'’(aO = e^'^ J e '^'^X (x) dx + Ce^^. (22) 

It is seen that the term Ce’’® in (22) is the compk^mentary function 
for (19) and that the term e^^fe~^^X(x) dx is the particular 
integral. It is also seen that if r = 0 in (22), then 1/D means 
the same thing as /, i.o., that 1/D is the inverse operation of D; 
in the same sense, 1/(D — r) is the inverse of D — r, i.e., 


(D - r) 



X(x) 

r ' ' 


= Xixd. 


Let us next consider the equation 

(D - rO(D ~ r 2 )// = X(x). (23) 

To solve this equation, let z ^ {D — r 2 )y. l^'hen (23) assumes 
the form 


(D ~ rOz = X{x), (24) 

and by (21) and (22) a solution of this ecpiation is 


z 



X{x) = 



dx + 


If we now replace s by (D — r 2 )y and solve the resulting equation 
we find that 
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J) ^ 


er^i^X(x) dz + C[e^ 


= J e-^^^X(z) dx + dx + (25) 

= J er^^^X (x) dx dx + (26) 

if Ti 9 ^ Tz. However, if ri = vz, then (25) rednees to 

y = dx + dx + CV'''"' 

- J J e~-^-X{x) dx dx + {C\x + (26') 

If we evaluate the intc^gral in (26) by integrating by parts 
(integrating and differentiating \e~^i'X{x) dx), then (26) 

assumes the form 


y = J 

~ ((ri - rijOT- 


e-'<’^X(x) dx 


e-'.^X{ 

r, - r« 

-i 


'^^X{x) dx 




\(ri - r 2 )(Z) - ri) (r 2 ri)(Z> - rz)/ 
By (24) and 21) we may writ(‘ (23) in the foim 


i'-dI,, nl-V, 


{D — r2){D - rU 


X(x) (27') 


It is readily verilied that (27) results from (27' » whcui the operator 

treat(‘d like an ordinary fraction and 

(Z> - rz){D - ri) 

resolved into partial fractions. Formula (26') may be reduced 
in a similar manner to the form 


y-^D- 


D — ri 


[x X(x)l. 


An immediate extension of the preceding discussion shows that 
the general solution of the equation 

(Z) ~ rx)(D - rz) • • • (D - r^)y = Xix) (29) 


• • • Je<^i-^^'>'^e-^i^X(x) dx dx, * * • <fo 
+ Cic’’** + . -p (30) 
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where the integrations are carried out by beginning at the extreme 
right and working to the left, and where all the r^s are distinct. 
However, if some of the r's are equal, then (30) must be suitably 
modified [see (15), and (H) of Sec. 14]. We may write the 
solution of (29) formally as 


y = 


1 


D — Tn D — fn-l D — ri 

1 


X(x) 


(Z> - rn)(D -- rn-i) •••(/>- rO 
If the r^s are all distinct, we may resolve the operator 

1 


(31) 


(D - rn) 


(D - rO 


into partial fractions in the usual way [see (27) and Ex. 7 


below]. If we define 


1 


to mean 


1 


*2) - ri 


P{D) D - u 

where P{D) s (Z) — ri){D — r 2 ) • • • (Z) — rn), then we may 
write the solution of the equation P{D)y = X{x) in the form 

y = p^^X{x), It should be observed that inverse 

of P{D) in the same sense that 1/Z) is the inverse of D. 


Example 3. Solve the equation (D® — 9D)y = x. 

Considering only the particular integral, we have 

1 1 1 1 1 , r 4-, . \ 

FTi" “ D • FTiV ' J * * 

“ 3 • + r " - r’*)] * 3 ■ +1 - 0 

"S' 


Hence the general solution is 


y 


Cl 4- Cte-** + C,e»* - 


1 $ 
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It is sometimes possible to simplify (30) and (31) considerably. 

Example 4. Solve the equation P{D)y » c"®. 

Let P(Z>) « (D — ri) • • • (D — rn) and suppose that w is distinct from 
the r's. It is readily verified by direct computation that 



where P(«) 7^ 0 and where we consider only the particular integral. 
Another way to arrive at tliis result is as follows: The operator — ~ is the 

inverse of P(D), But P(D)j when applied to _ ; gives the function 

P(w) 

[see (9)]. Hence - when applied to e"*, brings us back to 


Thus a particular solution of the given equation is y — — e"* when 

PM 

PM ^ 0. Again, if P(D) = (Z> — o)**, then it may be directly verified that 

7?r~ — (^2), — ~[c"*DP/(a:)] « In the 

(D — w)** p\ {D — w)p 

present instance, D^fix) ~ 1, so that /(x) =* } Finally, if the given 

equation is of the form 


4>(D) • (Z> - u})^y = 


where <^(D) does not contain the factor (D — w), then a particular solution is 


1 1 a:** 

*' “ (D - «)>■ ’ 0^*”* °° (Z> - «)»■ 0W " pi 

The complementary function is obtained in the usual way. 
Example 6. Solve the equation P{D^)y == cos wx. 

By (10), P(i)*)j ■ 7 cos ojx I ~ cos o>x. Hence 

LP(--«*) J 


1 

P(I>*) 


cos (OX 


1 

P(~c^*) 


COS (OX, 


and a particular integral of the given equation is y 


1 

— cos wx, pro- 

PC ~a>*) 


vided that P( — w*) 5^ 0. The case where P( — «*) « 0 is left to the student. 
Example 6, Solve the equation (Z>* -f 3Z> + 2)y « cos 4x. 

It is apparent that a particular integral of this equation is of the form 
y - A cos 4x + P sin 4x. By (10) and (11) we may write 


(ZP + 3I> + 2)y - (-16 + 3Z> -f 2)y » cos 4x. 
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Hence 


y == 


1 


D* -f 37) 4- 2 
1 


C 08 4x 


1 


-16 + 3/) -}- 2 


cos 4x. 


1 


cos 4x ~ 7-- KS/) -j- 14) cos 4 .tJ 

3D - 14 - (14)* 


-J(3/> + 14) cos 4 .t] 


340 


( — 12 sin 4a: -f- 14 cos 4a:), 


9(-16) - (14)*^ 

An equation of the form 

x^D^y + + • • • + a,,_i.rjD// + (inll = A'(.r). (32) 

wh€u*e • • • , (In an‘ constants, is known as a homogeneova 
linear equation. To solve this equation, let x = c^. Then 


dy ^ 

dy 

di 





dx 

di 

dx 

' di 




d^ ^ 


' . ,dy 

) 

..jry 

~ C~* 

'.ik, 

dx- 

dt\ 

; dt, 

/ dx 

dl- 


dt 

II 

,-.-3 

I'i'y 

df' 

dr- 

+ 2f- 

dt 


Hence 








dx 


Dy, 

(D^ - D)y, 


x‘‘—^ = 
dx^ 

= (/>•- 3£>^ + 2D)y, 


and so on, where D denot(‘s d/dt. Substitution of these results 
in (32) leads to a linear equation with constant coefficients which 
(*an be dealt with in the manner indicated above. 


<Py 

Example 7. Solve the equation 

dx^ 


dy 

i)x^ -f 6?/ 
dx 


x^. 


If we let X - and make the above substitutions, we obtain the equatiou 
(D* - 7D 4- 0)?/ = c** 

whose Solution is 

y « cic^ 4- •— 

Hence the given equation has for its solution 

y = Cxx T Cta?* — Jap*. 
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The operator \/P{D) may be written in many convenient 
and useful forms by skillful algebraic manipulations. For 
example, if X{x) in (equation (I) is a polynomial in x, then a 
formal solution may be obtained by expanding 1/P(D) in a 
power series in D. Thus, the solution of 

+ \)y - - 7x + 1 

is 

y = _ 72. _|_ 1) 

= (1 - /)“ + - Z)" + • • • )(r’ - 7a; + 1) 

= {x^ - 73; 4- 1) - (6x) = 3-» - 13x + 1. 


EXERCISES XIV 

I, Solve the following equations: 

(a) (/)* + 6/J3 + =0. (b) il)^ -f Zir -f 3/>2 -f l)v - 0. 

(c) (4/)*^ 4- Tiy - 2D^)y == 0. 


2. S<)lve the following (equations by formula (30) or by the method of 
l^xample 4: 


(a) />7/ = 1. 

(b) {lY -f i)y — sin x. sin x 



(c) {D - Z)hj == 0 . (d) (7>2 4 - /> -h 1)2/ = X*. 

(e) (D 4- 3)*y == (f) (/>2 - 16)?/ = 27e**. 

(g) (/)3 __ D'jy = 4- 3^-^ 


3. Solve the following (equations by the method of Example 6: 

(a) (I) — l)y = 9 sin 2x. (b) (D* 4- 3/7 4- 25)?/ = 48 sin x — 16 eos x. 

4. Solve the following equations by resolving i*ito partial fractiom 


(a) {D^ - l)y - 5 4- 7x. (b) (D^ - 2/7 4- l)y - 3c**. 

(c) (/7» -h l)y = 5 4- e-* 4- 4c**. (d) (l)^ - 3/7* - /> 4- 3)y - xK 

(e) (/)* — 3D 4- 2)y = xc*. 

5, Solve the following equations: 

(a) (D* - 4D -f 2)y - x. (b) (D* 4-/7 4 1)?/= xc*. 

(c) (D* 4 4)y = cos 2x. 

[Hint: Solve (D* 4 4)?/ = e*** and use the real part of your answer.) 


(d) (D* 4 4)2/ = sin 2x. 

(f) (D^ - l)»j/ = 0 . 

(h) (D* 4 1 ) 2 / « 3 4 + 7 e**. 

d) (D* - 2 D 4 4 )v « c* cos x. 


(e) (D — 1)*2/ = sin x. 

(g) (D* - 81)2/ = 

(i) (D* - 2D)y * 6** 4 7. 
(k) (D* 4 16)2/ sin* x. 
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(1) 

dx^ dx^ dx dx^ dx^ dx 


X*. 


(n) x*^ + 9x^ + 25y = 50. 
rfx* dx 


(o) (x*/)* + xD — 1 ) 2 / — 2x log X. 


(p) (1 + 2x)* ^ + (1 4- ic) ^ + 2/ - 4 cos log (1 + x). 

[Hint: Let 1 + 2x = e*.] 

(q) (x 41 )^ 7 -^- 4(x 4“ 1) ^ + 62 / =» X. 

ax’* ttx 

6. Show that 

P(D^)(A cosh cox 4- B sinh cox) = P(co*)(A cosh cox 4“ P sinh cox). 

7. Show that 


1 


(D - a)(D - b)(D - c) 
4- 


4 1 

[(a -6)( 


1 


b){a — c) D ~~ a 


1 


{h - a){b - c) 
when O, h, and c are distinct. Generalize this result. 


^ I 1 J 1 y 

D — b {c — a){c — b) D — c ^ 




8. In Fig. 120 the equations of the normals to the curve C at the fixed 
point (xo, 2 /d) and at the variable point (x, y) are 

Y -yo’-^ --^(X -xo), r-y--i(X-*). 

(V)o t/ 

Solve these equations simultaneously for the coordinates (X, Y) of the point 
Q of intersection of these normals, use the results to compute 

r - V(X - »o)* + (r - y.)*. 
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and evaluate lim r by L’Hbpital’s rule (Theorem 11.2, Chap. I) to show that 

lim r is the radius of curvature p of the curve C at (ajo, yo). 
a;— ►xo 

9. Let AB and A'B* (Fig. 121) be normal sections of a beam. Sup- 
pose that, after the beam is bent, these sections remain plane and intersect 
at Q. Owing to the bending of the beam, a tensile force F acts across the 
outer part of AB and a compressive force F acts across the inner part of AB. 
Let Po be the point of AB where this internal force F is 0, let P be any 
other point of AB, let QPo = r©, QP = r, PoP ^ r — tq ^ and let p be 
the radius of curvature of PoPq at P©. The value of P at P (in pounds per 
square inch) is B3, where E is the modulus of elasticity of the material in 
the beam and 3 is the elongation (or compression) per unit of length along 
PP'. Now 


5 = lim 

Po'— Po 


PP' 


PoPi 


PoP; er 

= lim 


^0 1 


(>—♦0 ^0 


Ky, 


for, as indicated above, lim r© is the radius of curvature p of the curve 
Po'-^Po 

PoP© at P© and K I /p, where K is the curvature of PoPq at P©. Hence 


EKy, 


and the total moment of all the forces F about P© is 

M = Fy b(y) dy = EK y* b{y) dy = EKI, (i) 

JVB JVB 

where h{y) is the breadth of the beam at height y and I is the moment of 
inertia of the section AB about the axis 
through P© perpendicular to the plane of 
QP© and PqPq. Show that this axis is the 
gravity axis of the section AB. 

In Fig. 122 it is seen that the moment M 
in (i) at any section AB is induced by, 
and exactly balances, the moment of the 
impressed force W about the point P© in AB. Hence 

EIK * Wa - x). (ii) 

But K y"/(l + where y now denotes the deflection at distance x. 

If the bending is small so that y'* is negligible, then (ii) reduces to 



Fig. 122. 


d*y 

£7-^ » -Wil - z). 


(iii) 


where we write —IF because y" is negative (the beam being concave down- 
ward). Solve this equation, determining the constants of integration 
suitably, and find the deflection of the beam at its end. The solution of 
(iii) is called the elastic curve of the beam. 
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10. Show that the following equations represent the elastic curves of the 
beams loaded as indicated, where shading over the beam represents a uniform 
load (including the weight of the beam) of tv lb. per foot of length. Solve 
these equations and find the maximum deflections. 




Fui. 12 : 1 . 


(dj Show that if a concentrated load 11 and a uniform load iv per foot 
are cornliined, the deflection is the sum of th(^ defle(‘tions for the separate 
loads. 

11. L<d there be suspended from two points A and H a flexible, inex- 
tensible cable of weight w per foot of length. Let 7\, be the tension at the 
bottom point Pa, let Tv be the vertical compom'iit of th(‘ tension at any point 
P, and let W be the total weight of the cable to the left of Then 

DrTv = />xir. 

But Tv = To tan <x = l\{dy/dx), the horizontal (omponent of the tension 
being the same at every point P as at Pa, 

DsT. = To-*~. and 
dx^ 

DxW - iJ.WDxS == 14 ^ cos a — w\/ 1 -f idy/dx)'K 
Hence 

where c = To/te. Solve this equation. 

Hint: Let p — dy ^dx and show that a first integral is 

\/ 1 4- JO* p = 

Taking reciprocals and rationalizing, we have 1 4* Jo* — p « 

Find the difference between these two last equations and integrate, deter- 
mining the constant of integration so that y ^ c where x ^ 0, 
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□ 




w 


Show that DxS = y/c and hence that the tension T at any point P is 
T ^ Tq sec a = TqDxS — wy. 

12. In the preceding exercise, suppose the cable is of negligible weight, 
but that a horizontal roadbed of weight to per foot is suspended from the 
cable. Find the equation of the curve along which the 
cable hangs. 

13. In the preceding exercises, states the differential 
equation representing the curve along which the cabh^ 
hangs when the weight of the cabhj, supporting rods 

(supposed infinitely close together), and roadbed are all taken into account. 

14. If a weight W is pulled (at constant velocity) along a horizontal 
.surface and if the motion is opposed by a force of friction F, we say that th(i 
coefficient of friction between W and the surface i.s fx == F jW . We may 
extend this idea of coefficient of friction to the case where we have a cord 
wound around a (circular) drum: We define the coefficient of friction y. 


Fio. 125. 


T^AT 



between the cord and drum by the formula 

(AF) cos (A0/2) , 

^ ^e-*o{2T -f- AT") sin {Ad/2) 

where (AT) cos {A6/2) represents the resultant force 
normal to ON and {2T -f AT) sin {Ae/2) represents 
the resultant force along ON. Since we may write 
(iv) in the form 


cos {AQ/2) 


ABj'l 


a = lim 

+ iAT 12) sin {AS 12) 


AB 


i 

rj 


dT 

de' 


de 


= mF. 


If T = To at ^ = 0, show’ that the tension T at any point is 

T = 


Show that if a brake band (m = i) is increased from a half circumference 
to a whole circumference, its effectiveness is increased about fivefold. 

15. Suppose that the bottom surface of a solid stone bridge is in the shape 
of an arch, the roadway being level. Show that the equation 

A p ^ /y ^ ^ 

dx y/ \ ^ dx 

represents the arch when there is no tendency to bend at any point and when 
the weight of the bridge is supported by the arch alone. 

16. A particle P is dragged slowly over the horizontal .r 2 /-plane by a line 
PA of constant length Z, A moving along the a:-axis. The path of P is called 
a tractrix. Show’ that this path is represented by 
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V ^ y 

\/l + P* ^ ^ dx 
and solve this equation. 

17. A river flows with speed v and a boat sails (relative to the water) with 
speed F. Find the path of the boat when it sails across the river from A to 
B, A and B being directly opposite and the boat always pointing to B, 

18. The point P(x, y) moves with speed v and Q moves along OX away 
from 0 with speed F. If P always moves toward Q, show that the path of P 
is represented by 



and solve this equation. 

19. A particle moves in the xy-plane subject to forces attracting it toward 
the axes and proportional to its distance from the axes. Find and solve 
the equations representing the motion. 

20. A mass m is attracted to a fixed point Q by a force inversely propor- 
tional to the square of the distance from m to Q. Find the path of m. Also 
find the path of m when the force is directly proportional to the distance; 
also when the force is proportional to the square of the distance. 


PART C. SYSTEMS OF DIFFERENTIAL EQUATIONS 
20, Total Differential Equations. A differential equation of 
the form 

P{x, 2/, z) dx + Q(x, y, z) dy + R{x, y, 2 ) dg = 0 (1) 

is called a total differential eqitaiion in three variables. Suppose 
a solution of (1) can be written in the form 

Vy z) = c. (2) 

Differentiating (2), we obtain the equation 

dx ^dy ^ dz ^ ^ 

The left member of (3) is either (a) identically the left member of 
(1), or (b) the left member of (3) differs from the left member of 
(1) by a factor 2 ), so that 


dx ^ ’ 


dip 

dy 


- yQ> 


dip 


yR, 


( 4 ) 


with M = 1 in case (a). Thus in case (6), m ^ 1 is an integrating 
factor for (1). 
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We now seek an answer to the question: Given an equation 
of the form (1), does it always have a solution of the form (2)? If 
(1) has such a solution, then P, Q, and R must satisfy equations 
(4), leading to cases (a) and (6). A third case (c) to consider is 
the one where (1) does not have an integrating factor. 

Case (a), /X s 1. In this case the left member of (1) is exact 
and the solution to (1) can be found by the method of Sec. 12, 
Chap. II. The method given below for case (6) may also be used 
to solve (1). 

Case (6), /X ^ 1. In this case the left member of (1) has an 
integrating factor /x 5 *^ 0, so that 

fiP dx + nQ dy + iiR dz = 0 (5) 

is exact. From Sec. 12, Chap. II, we then have (subject to the 
proper assumptions as to the existence and continuity of the 
derivatives of /xP, /xQ, and fxR) 

^(mP) _ d(txQ) _ d(fxR) ^ djixR) _ ditiP) .gv 

dy dx ^ dz By ^ Bx Bz ^ 

Multiplying the equations in (6) by P, P, and Q, respectively, 
and adding we find, upon simplifying the result, that 


■(§ - If) + - f ) + - 1^) “ 


Equation (7) is often written in the operator form 

P Q R 

± ± ± 

Bx By Bz 

P Q R 


= 0. 


(7') 


Thus, Eq. (7) is a necessary condition that (1) have an integrating 
yactor. 

We shall now show that relation (7) is also sufficient by indicat- 
ifig a method for obtaining a solution for (1) when (7) is satisfied. 

Assume that the coefficients in (1) satisfy relations (7). Hold 
z constant. Then (1) becomes 

P dx +,Qdy = 0 (8) 

which (under the proper restrictions on P and Q) has a solution 
of the form 


/(x, y, z) = C(z), 


( 9 ) 
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whei'fj of course the constant C of integration may be a function 
of z. 

We now determine C so that (9) is a solution of (1). From (9), 
U + fv dy + (/. - C') dz - 0. (10) 

Hence, as before, if (9) is an inti^gral of (1), then there exists a 
nonzero factor X such that 

= /. = X(?, = (11) 

From (11). 

/. - X/e = C'iz). (12) 

Supposes (9) detiiH‘s y as a function of .r, z, and C\ say 

y = <p{x, z, C). (13) 

Substitute (13) in (12). In order that the left-hand side of the 
resulting equation be independent of r, it is necessary and suffi- 
cient that 


-(/. - x/e) = 0. 


d( f, - x/e) 

dx 




dR j^dX 

X*r 

dy dy 


dy/\dx/^,fj 


From (10), with C' dz — dC, we have {dy/dx)z,c — ~ fx/fyy and 
from (11), (dy/dx).r,c = ~ P/Q- [We shall suppose that Q ^ 0, 
for if Q = 0, (1) is reducible to an equation free of y,] 

Equation (15) may now be put into the form 


d( /. - \E) 

dx 


Of.. - PS.. + «(/'! - <a|) 


From (11), it Is easy to show that 

/» = ^(xp), = |(xe). 


+ - <€) 


d{\P) ^ d{\Q) 
dy dx 


dy ^dx 


P-9 _ 

\dx dy) 


( 17 ) 
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so that (16) may be written 

as 




P Q R 

- XK) 

- X 

z.C 

d a d 

dx dy dz 



F Q K 


08 ) 


We now see that if (7) holds, then so does (14); consequently 
(12) can be expressed as an (equation in C, C'. and z. and solved 
for C. flquation (9) is then of the form 


4'(:r, y, z, C) - 0, 


( 19 ) 


which is a solution of (1). 

If (7) is violated, our method of solution fails, for (7) is a 
necessary condition for the solution of (1). If (1) is exiAct, (7) 
holds. Thus we have proved 

Theorem 20.1. A necessary sufficienl ctniditton that 

P dx + Q dy + R dz = 0 have a solution of the form 


4^(a:, y, -2, C) = 0 


is that 


P 

d 

IP 


Q 

d 

dy 

Q 


R 

dz 

R 


= 0. 


Example 1. 

Evidently, 


Solve zy dx. ~ zj dy — y^ dz = 0. 


zy 

—zx 

-y* 

a 

a 

a 

dx 

dy 

az 

zy 

— zx 



= zy(--2y a:) + zx(0 


y'^ 


v*( —z — z) =0. 


Let z be a constant. Then we have zy dx 
find that 


zx dp — 0. Intej?i*atinj 5 , we 




dC, 


Differentiating, we have 
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and combining with the given differential equation, we find 

y* dz « yh dCf 

which has for a solution log z « C -f C 2 , where C 2 is a constant. Thus the 
solution of the given equation is 

X 

log z « - 4- C 2 . 

y 

EXERCISES XV 

1. Solve: y^dx + zdy — y dz =« 0. Ana. yx — z cy * 0. 

X y 

2. Solve: yz* dx + ~ xz^) dy = y® dz. Ans. — h - = c. 

y ^ 

3. Solve: {ye*^ + z) dx (xe**') dy ’i- x dz =0. 

4. Solve: (?/ -f 2 — — 7 ) dx + (x -f- 2 — 7 — a) dy 

+ (a: -f 2 / — a — /3) dz * 0. 

5. Solve: x dx -f- 2 / d^/ + \/a^ — y^ dz = 0. 

.4n5. X* -f- 4“ (-2 — c)* » a*. 

6. Verify the relations indicated in (17) and (18). 

Case (c). [Equation (7) not satisfied.] In case (7) is not 
satisfied, (1) is said to be nonirUegrabley i.e., (1) has no integral 
of the form/(x, y, Zj c) = 0. Since (1) is an equation in three 
variables, we might suspect that (1) really has infinitely many 
integrals. If we assume any arbitrary relation whatever between 
the variables x, y, 2 , say g{x, y, z) = 0, this relation g = 0 will 
then (with suitable restrictions) determine any one of the vari- 
ables in terms of the other two, say, z = h(x, y). Substituting 
h for z in (1), we then obtain a new differential equation in the 
two variables x and y. The resulting equation may have an 
integral w{x, y, c) = 0. The general solution of (1) for the 
nonintegrable case then consists of an arbitrarily chosen relatiofi 
= 0 together with a second relation w{Xy y, c) = 0 
containing an arbitrary constant. 

Example 2. Find a solution oi xdx ^ y dy — xz^ dz 0. This equation 
is nonintegrable for relation (7) does not hold, 

X y 

JL 

dx dy 

X y 

Suppose g(x, p, z) « X* 4- y* ~ — a * 0. Then x dx 4~ y4y ^ zdz ^ 0. 

Subtracting this relation from the given equation we find (x«* — z) dz 0, 
dz » 0, z ^ c. Hence 


— xz* 
d 

^ yZ^ ^ 0 . 

dz 

— XZ* 
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\ 4- y* - 2* - o ■* 0, 

} z ^ c, 

is a solution of the given equation. This solution consists of the curves cut 
from the hyperboloids a;* + 2 /* — z* — o® » 0 by the planes z « c. 

Geometrical Interpretation. The statement that (1) satisfies 
the condition (7) of integrability may be interpreted geometrically 
as stating that through each point (xo, 2/o, ^o) there passes one of 
the surfaces of a family of surfaces (p{x, y, z) = c, namely, 
(p{Xy 2 /, z) = <io(xo, 2/o, 2;o), and that the equation of the tangent 
plane at any point (x, z) of this surface is 

P{x, y, z){X - x) + Qix, y, z){Y - y) + R{x, y, z)(Z - z) = 0. 

(Here is assumed to be single-valued to avoid certain diflScul- 
ties.) To find the integral of (1), then, is the problem of deter- 
mining a family of surfaces such that the surface passing through 
any point (P is tangent to the plane corresponding to that point (P. 

If (1) is nonintegrable, that is if (7) does not hold, the assump- 
tion of a second relation g(x, 2 /, z) = 0, determines in conjunction 
with (1) a curve 6 at each point on the assumed surface 
ff(x, y, z) = 0, i.e., 

( P(X - x) + QiY -y)+ R{Z - z) = 0, 

Thus, the problem of finding the integrals of (1) is that of deter- 
mining a family of curves such that the curve passing through 
any point (P is tangent to the curve C corresponding to that point 
(P. In other words, finding the integrals of (1) is the problem 
of finding that family of curves on any arbitrarily selected 
surface S whose tangent at any point of the surface S lies in the 
plane determined by the given differential equation at that 
point (P. 

The differential equation (1) may be interpreted as a statement 
that two vectors having direction cosines proportional to P:Q:J? 
and dx:dy:dz, respectively, are perpendicular to each other. 
To solve (1) is to determine geometric loci which satisfy the 
property of perpendicularity mentioned above. If (1) is inte- 
grable; the loci corresponding to the solution of (1) consist of 
surfaces which are orthogonal to the direction P:Q:R at each 
point (P. Clearly then any ordinary curve drawn on the surface 
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has this orthogonal property at each of its points. If (1) is 
nonintegrable, there exists no such family of surfaces. The 
solution to (1) then consists in finding a family of curves upon 
some assumed surface having the property of orthogonality 
to a vector of direction P:Q\R. 

Example 3. Consider tht^ nonintt'grable equation 

2xf) dx + 4// dy -\- z dz = 0. (20) 

Here P = 2x,v, Q R ~ z. Then' exists no family of surfaces p(u- 

pendicular at each point (x, ?/, z) to the dinjction P:Q:R. However, we 
shall find a family of curves upon some surface, say, 

~ 2 ^ 9 , ( 21 ) 

which has the property of being perpendicular (o the direction 2xy:4y:z. 
From (21), 

X dx y dy — z dz — 0. (22 ) 

Adding (22) to (20) we have 

{2xy x) dx ^y dy = 0, (23) 

whose solution is 


^ + i/ - 5 log (22/ + 1 ) = e,. (24) 

O 2 

Hence, in a certain sense, the curves cut by (24) from (21) satisfy (20). 
Other solutions of (20) may be found by assuming various other surfaces 
instead of (21). 


EXERCISES XVI 


1. Given: y dx A- xdy = {x y A- z) dz. 

(a) Find solution on x 4- y z == 1. An», xy - z. 

V 2 * 

(b) Find solution on x -j- i/ = 1. Ans, xy - z c. 

A 


(c) Find solution on some other surface. 

2. Given : xz dx + y dy z dz — 0. 

(a) Find solution on sphere a;* = 100. Am , x - c. 

(b) Find solution on y ^ xz. Am. (1 z) y / 1 4* a?* = c. 

(c) Find solution on some other surface. 

If P, 0, and JR are all homogeneous and of the same degree, then the 
variables are separable by means of transformations such as, x » 7 / 2 ;, 
y * va, • • • . Use this method to solve : 


3. (y* — yz)dx («* — xz) dy -h (xy — y^) dz 


0 . 


Am, 


yjx - s) 
y —z 
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4. (y^ - yz z^) — + icz -f x^) dy -f (x* — xy -Y y^) dz ^ 0. 

5. t{y - z) dx A- t(y ^ Y) dy — t dz {z — y) dt ~ 0. 

Am. (y — z)e^'^'' *= ct. 

6. Interpret geometrically the solutions in Kxs. 1 and 2. 

21. Simultaneous Linear Equations with Constant Coefficients. 

Operators may be used advantageously in solving a system of 
7 ] linear equations with constant coefficients in rj dependent 
variables and one independent variable. When 77 = 2 we may. 
n^present such a system in the form 

{(XolF + a\D^~^ + ■ • • + ag)x 

+ (6oZ>- + biZ>- ’ + • • • + b^)y = Z,(0, ... 

■+ CiD^-^ + ‘ ‘ • + Cp)x ^ 

+ (doD^ + diD^ i -j- dq)y — Xz{t), 

where the a\s, 6\s, c’s, and rf’s are constants, t is the independent 
variable, D = d/dt, and x and y are the dependent variables to 
be determined as functions of t. For convenience we shall write 
(1) in the form 

An{D)x + A,,{D)y = X,{t)A 
A.AD)x ^ A 2 ^{D)y = X2(0.i 

To solve; ior x and y we may resort to the usual algebraic proc- 
esses, since the symbols D, A\\{D), Ai2{D), A2i{D)^ A22(D) obey 
the necessary algebraic laws. If we apply the operator Az2iD) 
to the first equation (2), to the second, and subtract, 

we find that 


lAn{D)A 22 (D) 

Hen(;e 


A 2 dD)An{D)]x 

= A 22 (D}X,(t) - Ai 2 (D)X 2 (t). ( 3 ) 


^ An(D)A,,CD) 

-AMD)X 2 it)], ( 4 ) 

where the operator ^ — rfi\ has the 
^ An(D)A22{D) - A2i{D)Ai2(D) 

significance indicated in Sec. 19 . A solution for y may be 

obtained in a similar manner. Thus the solution of (2) is 


1 

x^ 

AuiD) 

1 

AiliD) 

Xr 

* A 

\X2 

A22iD) 

2' = A 

A2,iD) 

X 2 


( 6 ) 
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where A == ^ provided of course that A ^ 0. 

[The case where A s 0 will not be considered, since it implies 
either the inconsistency or dependence of Eqs. (2). In expanding 
the determinants in (5) the terms involving Xi or should 
always be written with Xi and X^ to the right, as in (3) ; thus, we 
write AiiXi^ and not X 1 A 22 ] 

To illustrate the method, we shall solve the system 

(3D + Z)x + {2)y = e\ | 

(4)0: + ( -3D + 3)1/ = 3/./ 

By (5), we have 

1 2 1 3D + 3 

^ A3i -3D + 3 ’ ^ A 4 3i’ 

where 


3D + 3 
4 


Hence 


2 

-3D + 3) 


1 - 9D». 


_ (-3D + 3)e‘ - 6< _ -6( 

* 1 - 9D^ 1 - 9D*’ 

_ (3D + 3)3< - 4e‘ _ 9 + 9( - 4e‘ 

1 - 9D2 1 - 9D» 

By the methods of Sec. 19, we find that 

X = — 

2/ = + 9 + 

The constants of integration appearing in the solutions for x 
and y are not independent, nor are they necessarily identical. 
To determine the relations between these constants, we substitute 
(10) in one of the Eqs. (5), say the first. Upon simplifying the 
result, we find that 

(4ci + 2c8)e*''® + (2 c 2 + ss 0. 

Since the terms and are independent, it follows that 
each of the coefficients must vanish. Hence 




4ci + 2ci = 0, 2ci + 2c4 = 0, 
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so that 

C8 = -2ci, 

Thus the solution of (5) is 

X = — + Ci6' 

2/ == 9< + 9 + 


Ci C 2 . 


■ I (11) 

W - 2cie‘''» - cje-*/*. / ^ ^ 


While the above method leading to (11) includes the comple- 
mentary solution of (6), we now wish to show how the comple- 
mentary solution may be obtained directly. The complementary 
solution o^ (6) is the solution of the system 

(3Z) -1- 3)x -H (2)y = 0, 1 
(4)a: + (-3D -1- 3)y = 0. / 

By (5) this solution is 


(12) 


X = ^0 = cie'^’ C2C~‘^*, 


y 


^0 = cse'^* + C4e-‘'», 


(13) 


where the c’s are related as indicated above. 

In the same manner, the complementary solution of (2) is 


x = i0 


+ 026 ***^ + 


2/ == ^0 = + 


• + Cne*'n«, 

* + 


(14) 


where 


A = 


and where ri, r 2 , 


An(Z)) Ai2{D) 

A2i{D) A22{D)' 

, Tn are the roots of the equation 
A = 0. 


Here A is regarded as a polynomial in the variable D, so that 
A s kiD - ri)(Z) — Vi) • • • {D - rj, 

k arising from the coeflScients in (1). [Of course, (14) must be 
suitably modified if some of the r's are equal.] Substitution of 
(14) in (2), Xi and X 2 being replaced by 0, leads to the equations 


[ciAniri) + dii4ia(ri)]6»‘i< 

+ * * ' + [Cn4ll(rn) + dnAniVr^e^**' = 0, (15) 

[cii42i(^i) + diAn{Ti)]e^^^ 

+ * * * 4* [c»A2l(rn) + dnA22(r^]€fn*^ = 0. (16) 
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The r^s being all distinct, the coefficient of each factor must 
be 0. By (15), 


Since 


CiAii(ri) + diAniri) = 0, 

1 1 n) ”1“ d-nA 0. 


(17) 


|^ii(n‘) 


^4i2(rt) 
A 22(^1) 


- 0 , 


a = 1 , 2 , 


, '0 


it follows that the coefficients of in (15) and (16) are linearly 
dependent, and (17) insures that the coefficients in (16) an' all 
zero. 

The general theory of systems of differential equations would 
require too great a space to present here. For a more extended 
treatment the reader should consult a good treatise on th(^ 
subject. The exceptional cases where A = 0 has multiple roots 
occur rarely in practice. In the exercises below several such 
special cases are encountered. The method of undetermined 
coefficients will be found to be quite useful at times. 

The following remarks in regard to methods for finding solu- 
tions of n ordinary differential equations involving n dependent 
variables may be helpful. It often happens that differentiating 
the given equations a sufficient number of times enables one to 
eliminate (n — 1) of the* dependent variables and their deri^\a“ 
tives, leading to a singh^ equation containing only one dependent 
variable, Xi. If this equation then be integrated and the value 
of Xi thus found be substituted in the other (n — 1) equations 
there may be obtained a system of (n — 1) equations in (/i 1) 

dependent variables. By a repetition of this method a system 
of one equation in one dependent variable' may be eventually 
obtained. From the solution of this latter equation the com- 
plete solution of the given system may then be obtained. Sys- 
tems of n equations in n dependent variables of order higher than 
the first may be replaced by systems of 1st order differential 
equations. Thus the equation 

is equivalent to the system 
dy 


du 



Sec. 21 ] ORDINARY DIFFERENTIAL EQUATIONS 


391 


EXERCISES XVII 


1. (a) Solve by ( 5 ): 


dx dy 


X — (*-OS t, 


( d^x dy 

(b) Fiiic! the e.omplemcutary solution by (14). 


Arwj. X 


Cl ( C‘i c» 3\ . /c-i c-i 1 \ 

F'+W -2 +2 +4)' 


2 t 

+ + - cos 

o I 


y = cic^ 4 - C 2 sin i -f Ca cos t + gc*' -f Ji(sin t -f cos /). 

Solve each of the following systems: 

( d^. dy 
2— ~ 4x = 2t, 

dt^ di 


dx du 

2_+4-^_3,=0. 


a: = (ci 4 - C2<)e' + 

2 

y — (6c 2 — 2ci — 2c2t)e^ — — J. 


17 ?; -f 2-* - 82 = 0, 
fit* 


dv 

13-p^ = 532/ + 22. 
di 


X — CiC*‘ + C 2 e~* cos (^s/st — or), 


A ns. I y == Cic“ + c-ie * cos 


2 = Cie** + C2C“* cos 


dx. ^ 

^ ^ y = 0, 

at 

.J'+x= 0 . 

T + 2 ^ - 4* - 23 / = e" + 5e“, 
^ di di 


I T = Ci< H- C2<■'^ 

y = -- cii. 


^ I ^ 


3 ar - V « 0 . 
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7. The differential equations of the transformer circuit indicated in 

the figure are 



dt Cl di 

_L T 1 a 


where the e.m.f. impressed in the first mesh is E sin wt, ii and qi are the 
current and charge, respectively, in mesh one, and fs and g 2 are the current 
and charge, respectively, in mesh two. 

(a) Recalling that dqildt * i\ and dq^jdi = t 2 , write these equations 
entirely in i’s. (Hint: Differentiate.) 

(b) Solve the resulting system for the currents i\ and u. 

(c) State the transient (complementary) solution. 

(d) State the steady-state (particular integral) solution. 

(e) Find the solution to this problem if at < = 0, 


ti = 0, u — 0, qi — 0, and qz = 0. 

8. The equations of motion of a particle of mass m in pounds are 


d^x 
n — 
di^ 


gX, 


d^y V 


dH 

m- = gZ, 


where x, t/, and z are measured in feet and where X, F, and Z are the x, and 
z components, respectively, of the force acting on the particle, measured in 
pounds weight. 

(a) Find the equation of the path of a projectile shot into the air with a 
given initial velocity Vq in a direction making an angle ao with horizontal 
plane. (Assume flight to be in a vertical plane.) 

(b) Solve (a) if the air exerts a resistance proportional to the velocity 
and directed along the path. 

9. A particle moves in the xiz-plane under an attractive force propor- 
tional to its distance from the origin, (a) State the equations of motion 
of the particle, (b) Show that the path followed by the particle is an ellipse, 

(c) State the period. 

10. Solve Ex. 9 if the particle is subject to a resisting force proportional 
to the velocity and directed along the path. 

11. A particle A moves about a particle S which exerts an attracting 
force inversely proportional to the square of the distance between A 
and S, 

(a) Show that the equations of motion are dHIdt^ « —Kxl'r^^ 
4 l*y/d<* « —Kylr^f where X is a constant and r* » x* H- y\ if the particle 
B is located at the origin. (This is the case of the motion of a planet about 
a central sun.) 

(b) Show that the radius vector 8A sweeps out equal areas in equal 
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Hint: By substituting x — r cos 6, y ^ r sin 6^ rewrite the equations of 


motion in polar coordinates and integrate, obtaining the integral r‘ 




- h. 


Ans. 



K drde dH 

— , 2 -j- T — “ 

r* didi dt^ 


0 . 


(c) Show that r ®= — : : is a solution of the equations 

K[l + a cos {e - i8)] ^ 

found in (b). (This shows that the path of motion is a conic with focus at S.) 

12. A particle moves under the influence of the force of gravity near the 

surface of the earth (taken to be plane). K the particle is projected at 
time / = 0 with an initial speed of u ft. per second at an angle a with the 
horizontal, determine the equation of motion of the particle. Solve this 
equation, assuming that at ^ 0, the particle is at the origin of a given 

coordinate system. What is the time of flight of the particle if the ground 
is perfectly flat? What is the angle a for maximum range? What is the 
envelope of the family of trajectories, for fixed u? What is the physical 
significance of this envelope? How "many trajectories touch this envelope 
at a given point? How many trajectories reach a point on the interior of 
the envelope? Above the envelope? If the ground slopes at an angle 
with the horizontal, find the range. Find the maximum range. 

13. By Newton’s law of gravitation, the force of attraction exerted by 
the earth on a body is given by F = —ymM /r^, where m is the mass of body, 
M the mass of the earth, r the distance between the bodies and 


y “ 6.65(10) * g.""^ cm.® sec“*. 


What is the differential equation of motion of a body falling to the earth from 
a great distance? Solve this equation for the velocity, assuming that at 
/ as 0, r »= To and i; — 0, and that if a is the radius of the earth, F = — mg 


and M 


a^g 


Ans. = 2a^g\ 


0-0 


If the body starts at a very great distance from the earth what is v at the 
surface? Neglect the resistance of the air. Ans. 7 miles per second. 


22. Simtiltaneous Total Differential Equations. We shall 
consider the following special system which is of considerable 
importance: 


Pi dx + dy 4” Pi = 0, ) 
P2 dx + Q2 d^/ + P2 d2 = 0, / 


where Pi, Qi, Pi, P2, • * • are functions of y, and z. Equa- 
tions (1) may be written 


^ _ dy _ & 
P ~'§ ~ R’ 


(2: 
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Qi 


It can be shown that the general solution of (2) consists of t\A {> 
relations involving two arbitrary constants: 


iPiix, y, 2 , c,) = 0, \ 
<Pi{x, y, z, Ci) = 0. j 


( 3 ) 


Equations (3) may be interpreted as representing a family of 
curves whose direction at (Xj y, z) is given by dx:dy:dz in (2), 
curves whose tangent at (x, y, z) have direction cosines propf)r- 
tional to P:Q:R, 

We shall indicate certain methods of obtaining solutions to 

( 2 ). 

Method 1. It is sometimes possible to deduce from (2) two 
equations each of which contains only two variables and their 
differentials. 


Example 1, Consider 


Evidently 


which have the solutions 


dx 


zx 


dz 

xy 


dx 

z 


dz 

X 


dy 


dz 

y 


+ Ci, 


if = _j_ cjj. 


(4) 


(5) 


(h) 


Equations (6) are solutions of (4). 

Method 2. It may happen that but one equation containing 
f)nly two variables and their differentials is readily obtained. 
In this case the solution of this equation may often be used to 
obtain another equation in two variables. 


Example 2. CoriBider 


y 


dy 


dz 

y 


X + z 

From the first and third members of (7) we find 


( 7 ) 


a: « « -h ei. 


(fi) 
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(Substituting (8) in (7). we find 


vvhofije solution is 


dy dz 

2z 4- Cl y, 


fF 

2 


-j- Ci2 4 Cl!. 


(9) 


( 10 ) 


T1h‘ solution of (7) consists of (8) and (10) taken together. 

Method 3. Each of the fractions in (2) is equal to 

I dx + m dy + n dz 

IP + mQ + nk 

where m, and n are arbitrary multipliers not necessarily con- 
stants. This fact may sometimes be used advantageously to 
obtain a zero denominator and a numerator that is an exact 
differential, or to obtain a nonzero denominator for which the 
numerator is the diff(.‘rential. 

Example 8. Consider 


Evidently 


<ix dy dz 

y -r z e' j- x A- y 


dx — dy dy — dz dx - dz 

y ~ X z — y z — X 

from which we find 


!l — X = c\(z — y), z — y ~ 02 ( 2 — x). 

Example 4. Consider 

dx dy 2dz 

y A- 2z xAyA2z —x 


Then 


( 11 ) 


( 12 ) 


(13) 


dx dy 2dz ^ dx — dy — 2dz 

y A 2z X A y A2z —x (y A 2z) - {x A y A 2z) — (—a:) 

dx — dy — 2dz 


^enee 


dx — dy — 2dz - 0, 
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80 that 


X y — 2z ^ C\. (14) 

Substituting (14) in the first fraction of (13), we find 

dx 2dz 

X — c\ —a; 


whose solution is 


c%{x - Cl) == 

The solution of (13) is (14) and (15) taken together. 
The relation of (2) and the equation 

P dx + Q dy + R dz = Q 


(15) 


(16) 


is of some geometric interest. 

Equations (2) define a family of curves whose direction vector 
V at each point (x, z) has direction cosines proportional to 
P\Q:R, If (16) is integrable, its solution consists of a family of 
surfaces everywhere orthogonal to the direction vector V and 
normal to the curves (3) defined by (2). While (2) always has a 
solution, (4) does not in the nonintegrable case. This means 
that if a family of curves is given, it is sometimes impossible to 
find a family of surfaces orthogonal to them. On the contrary, 
for a given family of surfaces, P, Q, R are defined, so that equa- 
tions (2) may be solved. This means that to a given family of 
surfaces a family of curves orthogonal to the surfaces can always 
be constructed. 


EXERCISES XVin 


Solve, check, and interpret geometrically each solution: 


1 . dx/l = dy/\ = dz/l. 

2. dx/x « dy/xyz^ ** dz/z, 

3. dx/y * dy! —X » dz/O. 

4 dx dy dz 

' z{x + y) z(x - y) x* + y* 
^ dx dy dz 

y -h 1 X + 1 * 


Ans. 



- Cl, 
= C2. 


Ans. 


•! 


Z * CiX, 

Ci(x — l)e* 


log CiV* 


Ans. x* + ** Cl, y « cj. 



X* — y* — » Cl, 

2xy — e* « C 2 . 


Ans. z » Ci(2 + X -f y) 


c« 


X - y 
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6 . — 


dx 

X 


dy 


dz 


7. 

8 . 

9. 


dx 


a; + V 2 4" X* 
dy 


Ans. 


X = ei(y - X), 

t 

log (2/ ~ * C2 -h 




dz 


bz — cy cx — az ay — bz 
dx/yz = dy/zx =* dzjxy. 

dx dy dz 

__ ^ 


■I 


Ans 


Ans. 


ciiy — x) 
ax by cz =* Ci, 
4" y* 4" 2^* 


C2. 


( z 4- 2a: = Cl, 

} y - 


a:* sin Cl 4“ ca. 


0. 


1 3x* sin (2a; 4” z) 

10 . 

11. Find curves of Ex. 9 which intersect the circle x 
Find and name the surface generated by these curves. 

12. Show that the lines of the system in Ex. 1 meet the curve a:* 4- y* ~ 4, 
2 ** 0, to form the surface (x — a?)* 4- (2/ -“ «)* =4; also the curve 


In Ex. 7 determine the circle which passes through (0, — c, 6). 

r* 4- 2/2 = 1, 2 


<p(Xy y) ^ Oy 3=0 
to form the surface <p{x -- z, y — z) =0. 

dx dz 

13. Show that a general integral of y====== ^ dy ^ is 

I + \'e - X -y 2 

.p{2y — z, y + 2 \/ z — x — y) =0, when v> is arbitrary. 

14. Discuss from a geometrical standpoint the solution of 


dx dy dz — 0 


and the solutions of Ex. 1. 

15. Find a set of surfaces orthogonal to the set of curves given by 


dx dy dz 

yz 2zx —Zxy 


Ar^. xy* = c^*. 


16. Show that there exists no set of surfaces orthogonal to the curves 
whose differential equation is dx/z = dyl(x 4- y) = dz/1. 

17. Find a set of surfaces orthogonal to the set of curves given by 


dx dy dz 

X z y +2z 


Ans. x^ 2yz 4- 23* = cj. 


18. Find a set of curves orthogonal to the surfaces represented by 
zy dx — zxdy — y* dz = 0. 

19. Find the set of curves orthogonal to the family of surfaces xyz = c*. 

Ans. See Ex. 9. 

20. Show that the problem of finding the orthogonal trajectories of a 
family of surfaces whose equation is /(x, y, «) = c necessitates solving the 
system 


dx dy dz 
df/dx “ df/dy "" df/dz 


Blustrate this by finding the orthogonal trajectories of the family of surfaces 
xz » cy; o*x* 4- &V + » e;y ^ x tan (z 4- c). 
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21. Solve 


dx 

X* -f 2/* 


22. Solve 



dy dz 

~ 

2xy xz -f yz 


X -^y + t X A- z 


PART D. SINGULAR SOLUTIONS 
23. Singular Solutions. Siip])ose that a trcmeral solution of 
the equation 


/y, p) = 0 


0 ) 


</>(^, Ih c) - 0 , ( 2 ) 

where p = dy/dx. It sometinuss happt'us that (1) has on(* or 
more solutions which cannot ])c obtainc^d by assigning a valine 
to c in (2); sii<;h solutions are frequently called singular. In 
this section we shall illustrate the way singular solutions may 
sometimes be found; because an accurate treatment of singular 

solutions is v(iry difficult, we shall rely 
largely on geometric intuition. 

If the family ^ of curves (2) ar(' all 
tangent to a fixed curve jB, then K is 
called an envelope of the family $1. At 
each point P of P, x, y, and p have the 
^ same values for E as for the particular 
* curve (2) passing through P. Henc(‘ E 
represents a solution of (1). 

To determine the equation of E, let (xc, y^ be the point of 
tangency of E and the curve (2) for any particular value of c. 
Thus Ze and yc are functions* of c, i.e., Zc = x(c), yc = y(c). 
Since the point (xc, yc) is on the curve (2) for each value of c, 

<t>(xcy yc, c) = <t>lx(c)y y{c), c] - 0 

for every value of c. Hence 

dit>[x{c), y(c), c] j^dx ^ ^dy , ^ 



W© pass over various difficulties in this discussTOJi. such as the possibility 
that X and y are multiple-valued functions of c. 



Fig. 128 . 
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when <i>vy 4>c are evaluated at points (t, y) on E, On the other 
hand, if we regard c as constant in (2), then 


y, c) 

dx 


<t>x + <l>] 


*dx 


0 , 


( 4 ) 


where (4) holds at any })oint (.t, y) on any curve (2). Hence, 
when (x, y'^ is on E, botli (3) and (4) hold simultaneously, and 

4>c{x, y, c) == 0. (5) 

Thus, as (x, y) raiiges along E, c varying correspondingly, (2) 




and (5) bold simultaneously, and the ecpiation of E may be 
obtained by eliminating c from thes(» e(|uations, i.e., from 


</>(x, //, c) == 0, <i>rix, y, c) = 0. 


(6) 


We call the result of eliminating c from (6) the c-discriminant of 
(2). It turns out that the c-discriminant iimy include other 
loci besides E, but we shall not try to analyze? these other loci 
except to mention in passing that they may involve nodal loci N 
(.see Fig. 129) or cusp loci C (see Fig. 130), and that these other 
loci are seldom solutions of (1). 


Example 1. A jjencral solution of the equation 
A:p^x = (3x - lY 

(y -f- cY — x(x — 1)2 - 0 


(7) 

( 8 ) 


Here the left member of (8) is <f> and <^c = 2(2/ -h c). Eliminating c between 
= 0 and <i>c — 0, we find the o-discrim inant of this solution to be 


x{x - D* 


The line x * 0 is the envelope E of (8) and the line x « 1 is the nodl^d locus 
Nin Fig. 131. 
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Example 2. A general solution of the equation 


is 


4p* = 9x 

(y cy == 


and the o-discriminant of this solution is 


= 0. 


The line a; = 0 is a cusp locus C, and there is no envelope (Fig. 132). 






Fio. 132. 


It should be observed that if (2) is solved for c, so that it is 
of the form c — yl/{x^ y) = 0, then the second equation (6) reduces 
to the absurdity 1 = 0, and the above procedure fails. Thus 
the applicability of this procedure depends upon the form in 
which (2) is written. This illustrates the need of carefully 
analyzing the preceding discussion in order to render it exact. 

The equation of an envelope E may sometimes be obtained 
directly from the differential equation (1) without first obtaining 
the solution (2). Suppose that neighboring curves of (2) 
intersect at points Q near E (see Fig. 128), ahd suppose it were 
the case that, for some point (xi, y\) on E, Fj,(xi, y^ pi) lA 0. 
Then Fp A ^ throughout some region about (xi, ya), and in 
particular at a point Q near (xi, 2 / 1 ). By Theorem 20.1 of Chap. 
I, Eq. (1) would determine p as a single-valued function of x 
and y near (xi, yt). But p is obviously not a single- valued 
function of x and y at points Q near (xi, pi). Hence, for each 
point (x, y) on E, 

Fp(x, y, p) = 0. (9) 

Since (1) and (9) hold simultaneously for each point (x, y) on 
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Ef the equation of E may be obtained by eliminating p from (1) 
and (9). The expression resulting from this elimination is called 
the jhdiscriminant. It turns out that the p-discriminant may 
include other loci besides Ey such as a taclocus T or & cusp locus 
Cy and that these other loci are seldom solutions of (1). 

Example 3. In Example 1, F(x, y, p) s 4p2x — (3x ~ I)*. Hence, 
Vt v) 8px. If we eliminate p from E ~ 0 and Fp = 0, we find the 
p-discriminant of (7) to be 

x(3x - 1)2 - 0. 

In Fig. 131 we see that the line x =» 0 is the envelope E and that the line 
X — i is a taclocus T. 

The p-discriminant method for obtaining the envelope is 
subject to the same difficulties as the 
c-discriminant method (see paragraph 
following Example 2). Thus, the equa- 
tion p = has no p-discriminant, 
while the equation p® = has the 
p-discriminant y = 0; moreover, y = 0 
is the envelo[pe of solutions of 

pS ~ 32^2 

EXERCISES XIX 

Find the singular solutions of each of the following equations. Use two 
methods where possible, and verify that the solution obtained actually 
satisfies the differential equation. 

1. 2 / = xp — (1/p). 2. xp* — 2yp — X = 0. 

Ans. y* = — 4x. Am, -f y® = 0. 

3. 4p* « 9x. 4. (1 + x2)p2 - 1. 

5. p* 4- 2xp = y. 

6. p* — 4xyp 4" 8y® 0- Am, y = 0, 27y “ 4x^. 

Find the envelopes of the following families of curves: 

7. y « 2cx 4- 8. y* = cx — c*. 

9. (y - c)2 * x(x - 1) 

24, Evolute and Involute. Consider the curve C whose equa- 
tion is y = f{x) and let (a, h) be a point P on C. Then h = /(a) 
and the equation of the normal to C at (a, h) is 

y-m = -jr^^ix-a). 

The envelope of these normals to C is called the evolute E of C. 
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By the method of Sec. 23, we find the parametric equations of 
evolute E oi C to be 


X ~ a 


1 + If (a)] 

/"(a) 


/'(«), 


y = /(«) + 


1 +J/M' 
' ria) 


y 

* 

i 


( 1 ) 


In these equations {x, y) are the coordinates of the point T on 
E corresponding to the point P on C, i.e., the normal at P is 
tangent to E at (x, y). By (1), the square of the line segment 
PT is equal to 


{x - a)2 + \y - f(a)y^ 


{1 +[/'(a)Pl® 

iriaw ' 


which is the square of the radius of curvature p of the curve C at 
(a. b). Consequently T is the center of curvature of the curve C 

for the point P. This proves that 
the evolute of a curve C is the locus of 
the centers of curvature of C, 

It is quite easy to show that the 
length of the line segment PP is equal 
to the length of the curve E meas- 
ured from some fixed point A. 

Now regard E as a given curve. 
Draw the tangent line r to J5 at a 
point P ~ A, and thinking of P as 
fixed on r with A fixed on let r roll 
around E without sliding. The locus 
of P is called an involute of E. It is seen that, at any later 
position of r, 

TP = TA, 

where T is the point of tangency of r with E, It follows from the 
preceding paragraph that E is the evolute of the locus of P. 



EXERCISES XX 

1. Find the evolutes of the following curves: 
(a) I/* = 4aa:. 
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(c) 4“ 

2. Find involutes of the following curves: 

(a) X* A- ^ 

(b) ~ 4ax. 


PART E. ELECTRICAL NETWORKS 
26. Linear Networks.* Electric-circuit theory is a branch of 
general electromagnetic theory and deals with electrical oscilla- 
tions in electrical networks. An electrical network is a connected 
set of circuits or meshes (forming 
closed paths) each of which can be 
regarded as made up of circuit param- 
eters called resistance, capacitance, 
and inductance elemc^nt s. In a linear 
network, the circuit ] 3 aram(‘ters are 
assumed to be constants (ind('p<‘nd('ii1 
of current strength). A passive n(4- 
work is one which has no internal 


[^m\ 


^21 


n Meshes 


Fi*,. 135. 


source of power, and an active network is one w^hich has one 
«>r more internal sources of power. Ordinary network theory 
proceeds from the assumption that the network is linear and 


passive. 

'Pwo laws of great importance in t theory of such networks 
an; Kirchhoff’s laws (see Ex. XI, 3 for the relations connecting 
R, L, C, i, and e) : 

(a) The total impressed e.ni.f. around any closed loop or circuit in 
the network is equal to the potential drop due to resistance, capaci- 
tance, and inductance. This total must indude applied e.m.fs. 
as well as voltage drops due to the effects of self-parameters and 
induced couplings with neighboring circuits. 

(b) The algebraic sum of currents flowing into a branch (or junc- 
tion) point is zero. 

Consider the m-t(Tminal pair /t-mesh linear electrical network 
containing (lumped) resistances, inductances, and capacitances. 
Let Cl, • • • , e„, be the (real) e.m.fs. impressed on terminal 
pairs 1, 2, • • • , m, respectively; q, and i„ be the instantaneous 
(real) charge and (real) current, respectively, in mesh «; R,t, 
L,t, D,t, a t, (real numbers) be the (lumped) circuit parameters 


* GcimBMiN, “Communication Networks,” Vols. I, II. 

Bohington, R. 8., Matrices in Electric Circuit Theory, Jour. Math. 
Physics, Vol. XIV, No. 4, December, 1936. 
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(resistance, inductance, and elastance’^, respectively) mutual to 
meshes s and t) and D,,, the total circuit (real) parameters 

of mesh s, that is, the total resistance, inductance, and elastance 
of mesh s (s, ^ = 1, • * • , n). The meshes are so chosen that 
mesh s (s = 1, • • • , m) is the only one which passes through 
the terminal pairs s. 

By Kirchhoff^s laws, an equation for each circuit of the network 
may be written. The complete differential equations for the 
network of n meshes are: 


where 


ail fi + ai2 

t2 + * 

’ * + ain 

— eij 

am,i 'i'l “4” am, 2 

22 + * ‘ 

' • + Umn 

In ~ ^m. 

Um-fl,! fl "H am-f.1,2 

t2 + • 

"4” am+l,n 

o' 

II 

Uni “b an2 

22 + * 

“4“ an,n 

in = 0, 


*4“ Lgtp “b J^BtP 


P 


d 

dt 


( 1 ) 


p being the usual derivative operator and p~^ its inverse. f These 
equations, together with a description of the initial conditions of 
the network, completely specify the network performance. 

If the row by column rule for multiplying matrices^ be used, 
Eqs. (1) may be written 



where A == (ar«) is a network matrix for the given network. 

We shall assume that the mutual impedances are (bilateral) 
reciprocal, that is, ar« = o,r, and hence Rf == i?«r, Lr$ — 

CtB = C,r, DrB = D*r. In other words, A is a symmetric matrix. 


* By definition the elastance is 
common to meshes « and t. 

t dg,/dt « u, q, « i, dt « p^H,. 
t See Chap. VI, Part A. 


1/C»t where is the capacity 
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It is important to note that the network matrix A is dependent 
not only upon the circuit parameters ar„ but also upon the 
particular agreement made upon the selection of the circuits 
of paths forming the meshes, the numbering of these meshes and 
the directions which the currents in these meshes are assumed to 
take. 

28. Steady-state Solution of A{I} == {e}. The solution of 
(1) in the preceding section is divided into two parts, the particu- 
lar or steady-state solution and the complementary or transient 
solution. The general solution of (1) is the sum of the particular 
and the complementary solutions. 

Let the driving force e.m.fs. for the terminal pair in mesh 
/L4 be* 

e^ = for At = 1, • • • , m, = -1, 

e^ = 0, for At = w + 1, * * * 7 /i, 

or more briefly, 

{el = 

where e^ is the complex e,m.f, impressed in mesh /x, and where 
is the complex voUage for terminal pair At* The real part of 
is the actual e.m.f., e^ i.e., e^ = (R(0. Since phase relations 
are to be taken into account, the E^y being complex numbers, 
may be made to take care of the situation. Thus, if the actual 
e.m.f, in mesh 1 is 100 cos {(at + a), the complex e.m.f. is 
€i = Eid^^y where Ei = 100c'®, and where 

(R(ei) = 100 cos {(at + «). 

Suppose that 

{il - (2) 

that is, 

ifl ~ M ~ 1> ' * ‘ f 

is a solution of (1), Sec. 25. {t^ is called the complex current in 
mesh At, the actual current being the real part of i„.) Then 

A{il = A{l\e^'-^ = 

* In order to avoid confusion, we shall usey = \/ — 1, « « 2.71828 • • • t 
instead of the symbols i and e, usually used by mathematicians. Here a, a> 
are measured in radians. 




406 HIGHER MATHEMATICS [Chap. Ilf 

hence 

Bjl) = {E|. (3) 

where {1} and {Ej are column arrays and B ^ 

= hu = X = JO), i* - -1. 

If d(B) 5*^ 0, from (3) 

and 

\l\ = B-MEI, (4) 

or in the usual notation, 


h: - 



' , n) 


where B^k is the cofactor of bf^k and Z^jc = (i(B)/B^k is the general- 
ized network impedance^ being a transfer impedance if /u 5*^ fc and 
a driving-point impedance if m = k. 

The steady-state solution of equation (1), Sec. 25 is (2), where 
{Ij is given by (4). From (4) follows the 

Superposition Principle. The result of m voltages of the same 
frequency simultaneously impressed in the various meshes is a 
linear superposition of the individual responses in mesh k for 
the voltages ei, • • • , e„, impressed successively in meshes 
1 , 2, • - • , m, respectively. 

If all the e.mis. are zero except at terminal pair /u, then 


h 

h 


Bj., 

Bu. 


b^k 


(5) 


Now it is known that B^ = Bk^^, Hence if h = EJhuk and 
I a ™ Ek/bkfi, then = h if E,, = Ek. Thus, the reciprocal 
Theorem 26.1. Let an be impressed in mesh y, and. the 

current t* be measured in mesh k. If the same e.m.f. be placed 
in mesh k instead of y, and the resulting current measured in 
mesh Pf then the currents % and. Ik dre exactly the samCj both in 
magnitude and relative phases, as before; i.e., 

For simplicity of notation, we shall frequently omit the factor 
from notations for currents and e.m.fs., and shall speak of 
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the actual currents and e.m.fs., in terms of their complex repn^- 
sentations I and E. 

Theorem 26.2. If a set {E'j of e.tn.fs, all of the same frequency 
acting in the m branches of an invariable network^ produce a current 
distribution jl'j, and a second set !E"| of the same frequency 
produce a second current distribution them 

(E')!I"| - (E"){rt, 

m m 

i.e., = YiK'J'r 

y * 1 y « 1 

Proof, By (4) iFj = and H'M = B“ME"! or 

(I") = (E")(B“0^- [(I) is a row vector (Ii, • • • , Im)]. Multi- 

ply by the transpose (E") of jE"}. Then 

(E"){r} = (E")B~ME'! = (r'){E'(, 

for (I") = (E")B-^ (B-i)^ = B-S since B is symmetric. 

If several different e.m.fs. of different frequencies are 
simultaneously impressed, each of th(* type Cr^s = Cr,* 

being the e.m.f. impressed in mesh r of frequency co„ then 

lit = (/r,.)(e'“-'i j (6) 

is the steady-state solution, where (Ir.J is a rectangular array 
and /r,« is the current amplitude in response to frequency in 
mesh 7* , — I , 

In connection with (1) of Sec. 25 and its solution, it may happen 
that (3) are insufficient to yield a unique solution due to the fact 
that all the independent relationships that can be expressed by 
Kirchhoff 's laws have not been utilized, or some of the equations 
may be linearly dependent upon certain others, i.e., a linear 
dependence relation may exist between the e\s, etc. Such situa- 
tions arise in the theory of ideal transformers. The rank r oi B 
is the number of equations determining uniquely r of the currents 
jl} as linear functions of the remaining (n — r) /^s, and (n — r) 
is the number of linear independent mesh currents. 

27. Transient Solution. In this section the complementary or 
transient solution of A{i} = {e} is considered, that is, the solu- 
tion of 


Alii = |0|. 


(i) 
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where {0} is a column array all of whose elements are zero. 

Let a solution of (1) be 

V = i.e., {i} = (m = 1, • • - , n) (2) 

Then 

A{i} == = {01, 

hence 

= 10} , (3) 

where 

<^Yk — ^Jk + LjkPp + DjkPp~^. 

If (2) is valid, then (3) must hold. For each mode pp of the 
system there is a set of equations (3). 

A trivial solution of (3) is {J^*'^} = {0}. This means that 
the natural behavior of the system may be to remain at rest. 
However, nontrivial solutions are desired. In (2), the pp are 
as yet undetermined. By Corollary 4.5 of Chap. VI, a necessary 
condition that (3) have a nontrivial solution is that 


d{C<^>) = D(Pp) = 0. (4) 

This polynomial equation is of degree r g 2n and is known as the 
determinantal equation. Let pi, P 2 , • • • , Pr be the solutions 
of (4). 

The number of independent solutions of (3) is (n — p), while 
every other solution is linearly dependent upon them, p being 
the rank of 

A solution X of the matric equation = 0 of rank p, 

where p is the rank of is called a complete solution. Let 
{x} == {xi • • • , a:n} be arbitrary. Then it is known that if 
is a complete solution of = 0, then 

{J(')j = 5<'){xl (5) 

is a general solution of (3). 

The solution of (1) for p, is 

{i} = (6) 

If all the natural modes p, are distinct, the transient mesh 
(complex) currents are 
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T 

ik = (fc = 1. • 

• • , n) 


P-1 


or 


(7) 


J ~ {JP) being a rectangular array. 

The following theorem concerning the determinantal equation 
is well known: 

Theorem 27.1. The r ^ 2n roots of (4) are the natural modes 
Pr of the network. If the network is passive^ the 
matrices R, L, D are positive semide finite, the real modes are negative, 
and the complex roots always occur in conjugate pairs with their 
real parts negative. 

The individual terms of (7) are known as natttral or 

normal functions; r is the number of normal meshes, “fictitious 
meshes’^ having one natural frequency and one rate of decay. 

is the transient current amplitude in mesh k of mode v. 
If Ph P 2 are conjugate complex numbers, then and are 
conjugates. For pi = —a+jg,a real and positive, then 

= 2|Jjt^>|€"«^[cos (gt + 

where g is the natural frequency in radians per second, a is the 
decrement per second, 2|Ji.^^| = is the initial amplitude 

in amperes, and is the phase angle in radians. 

The number n of degrees of freedom of a network is the number 
of linearly independent mesh currents; i.e., the least number of 
meshes by which a network may be specified. 

Theorem 27.2. The maximum number of modes that a network 
may contain is twice the number of independent meshes. The 
degree r of D{p) = 0 is ^2n. r is the number of independent 
integration constants of (1), the maximum number of initial condi-- 
tions that can be specified for the network, the number of independent 
modes of the system and the number of transient current amplitudes 
for a given mesh current. 

While (7) contains 2n^ amplitudes only the amplitudes for 
one mesh current need be considered as the integration constants 
of the system (1). 

In electrical networks the rank of C is either n or (n — 1). 
Then from (3), for the mode and any f = 1, * • • , n, 

(fc - 1, 2, • • • , n; r = 1, 2, • • - ,2n) (8) 
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where 


= (H)factor of 

and the are arbitrary constants. 

Since C is symmetric, = (rjitO the adjoint matrix of 
and for arbitrary i and s, 

T(t') 

•/r = (A- = 1, • • • , p == 1, • • • , 2n). (9) 

Thus, all the J\s are expressible in terms of those for the sth 
mesh and may be considered the true integration constants of (1). 

If certain of the modes are coincident, instead of (7) the tran- 
sient mesh current solution will be of the form 

!il = (10) 

where is a column array with elements 

Pft being a representative g coincident mode, and pi a representative 
distinct mode. 

The general solution {ij^ of (2), vSec. 25 is the sum of th(^ 
steady-state solution {ij, and the transient solution of (1), 

!il. = li}.+ !i!e (11) 

If it is required to find th(i charges ^a, recall that 

{q|=p-‘|i!. ( 12 ) 

Equations (1), Sec. 25, may be replaced by a similar sot in jq}. 
The solution for {q}^; could then be carried out in a manner 
entirely analagous to that given here for {ij,,. 

It should be emphasized here that the actual currents (and 
charges) are given by the real part of {i}^ and {q}^,, written 
(R{i} and (R{q}. 

The use of elementary divisors in the transient solution of (1), 
Sec. 25 is well known* in the theory of differential equations. 
This method will not be discussed here. 

28- Energy Relationships. If both sides of equation (1), 

Sec. 25 be multiplied on the left by the transpose of {I|, 

ur - (I), 

* Moulton, J. R., Differential Equations.” 
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a one-rowed array, then we have the expnvssion 

n 

(P = (I)A!i| = (I){e} * (1) 

which is the rate at which the applied e.m.fs. are supplying 
energy to the network. (P is known as the instantaneous power. 
The left-hand side of (1) is evidently equal to 

n n 

XX 

/p 1 y 1 

Since a,* = Rjk + LjkP + Djkp \ we may express (P in the form 

(P = ri)R|t| + (3) 

where R ^ {Ryk) is the resistance matrix^ L = (Ljk) the inductance 
matrixy and I) (Djk) the elastance matrix. 

The rate at which energy is being converted into heat, the 
total instantaneous power lossj is 

n n 

(R = (I)R|1) XX 

y-1 A:=l 

the rate of increase of magnetic energy, the total instantaneous 
magnetic energy, is 


2 2 


ljjk%ftk , 


y»l Ar-l 


and the rate of increase in electric tmergy, the total instantaneous 
electrostatic energy, is 




p(q)DU ) 

2 


P 

2 


n n 


y=i 


It is important to note that the network matrix A is actually 
the matrix of the instantaneous power, A = R + pL + 
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In applying matrix theory we should emphasize the fact that 
the network matrix A can be written down quite readily from the 
wiring diagram of the network, once an agreement has been made 
as to the numbering and path of the mesh currents. It is merely 
a step then to state the differential equations A{I} = {gj of the 
network, and the relation for power. 

29. Equivalent Networks. Let Y = (Y,<) be with all but 
the first m rows and columns deleted. Then from (4), Sec. 26, 
we have 



or 

{lU- Y{EU. (1) 

The matrix Y is called a chardcteristic (admittance) coefficient 
matrix of the network N, 

Two m- terminal-pair networks, Ni and are said to be 
equivalent if, for all frequencies (w = “-Xj), they have equal 
characteristic coeflScient matrices Y; i.e., for all w they have equal 
electrical characteristics. 

The element 5 of F is the short-circuit transfer admit- 
tance between terminal pairs s and and the element F„ is the 
short-circuit driving-point admittance between terminal pair 
«, (s = 1, • • • , m). 

Assuming that /i, • • • , /m are linearly independent, we know 
that F is of rank m, and that (1) gives 



or 


{E}« = Z{IU, 


( 2 ) 
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where 

Z = (Z.d = (s, < - 1, • • , m) (3) 

The matrix Z is known as a chardcteristic {impedance) coefficient 
matrix of the network. 

The element s 9 ^ ol Z is the open-circuit transfer imped- 
ance between terminal pairs s and and the element^ Z„ is the 
open-circuit driving-point impedance between terminal pair 
s, (s = 1, • • • , m). 

The admittance may be shown to be equal, save for sign, 
to the ratio of the determinant of B\^ where B\ is B with row t 
and column s deleted, to the determinant of B as given in (3), 
Sec. 26, that is, 

4k. 

r., = (±)^' = 1, • • • ,/«) (4) 

where (+) is used if (s + t) is even, ( — ) if (« + f) is odd. 

Equation (2) may also be obtained from (1) of Sec. 25 by 
eliminating the inner currents z’m+i, * • • , u, provided, of course, 
that the matrix A};;;™ obtained from A by eliminating the first m 
rows and columns, is nonsingular. 

The rate at which energy is being supplied to the network 
(1), Sec. 25, the instantaneous power, is (dropping the symbol 
~ from above I and e) 


n n 

<p = iiCi + • • • + im.€m = ^,i,R,tit + 

M-l M-1 

n 

+ (5) 

or in the language of matrices 

(P = (i)(e} = (i)A{i} = (i)R{i} + |(i)L{il + |(q)D{q}. (6) 

Suppose we fix the impressed e.m.fs., cj, • • • , Cm, but let the 
currents and charges in the quadratic form (P be subjected to the 
real cogredient nonsingular linear transformation T, 
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or, more briefly, 


• (P = (i)te) = (i)|e! = (i)A|i}, (8) 

where 

A = T'^AT, A ^ (d.,). (9) 

Hence the matrix corresponding to B in (3) of Sec. 26, becomes 


B = T^T, (10) 



where 


B = R + tX + Dx-', X=ia). (11) 

Hence ' 

R = TTIT, Z = TT.T, D = TT)T. (12) 

It can be shown that the elements of Y as given in (1) are 
absolutely invariant under nonsingular m-affine transformations 
T operating upon A as given in (7).* Hence Y is an absolviely 

* That is, A and A have the same characteristic coefficient matrices Y. 
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invariant matrix of A under T, Z is likewise absolutely invariant 
under T. We thus conclude that any m-terminal pair network 
having the network matrix B is electrically equivalent to the network 
of matrix B. Moreover, if the network of matrix B is passive 
then the networks (if any) of matrix B are all passive. 

Inspection of the transformation T clearly shows that the 
currents passing through the terminal pairs 1, • • • , m are 
left absolutely invariant under T. Consequently, if the e.m.fs. 
eiy j Cm are kept fixed, the instantaneous power 

m m 

(P = ^ijCj = 

i-1 i-1 

is absolutely invariant under, the transformation T. In fact, if 
the matrix Z in (2) is fixed, then under transformation T, {e} 
remains absolutely invariant. 

EXERCISES XXI 

1. Solve Ex. XVII, 1 to 7, by matrix methods. 

2. In each of the following circuits: (a) Set up the equations of the network 
in matrix form; (b) find (or indicate) the steady state solution; (c) find (or 
indicate) the transient solution if at ^ =* 0, u - q, - O ia all meshes; (d) find 
instantaneous power; (e) find the driving point and transfer impedances. 


E COB Oft 

Fig. 136. 


ScoBitft 

L2 

Fig. 137. 


a Co 



Ri Bi 

Fig. 138. 
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3. Show that the following networks are equivalent: 



(a) (6) 

Fig. 140 . 


PART F. NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS 
30. Numerical Solution of Differential Equations. When the 
equation 

g-/(x,,) (1) 

eannot be solved by any direct method, we may sometimes find 

a numerical approximation to a solution y under the condition 
that y — Vq when x = xq. Let us write (1) in the form 

2/ = 2/0 + S{Xy y) dx, (2) 

where y is to be determined as a function of x. Evidently this 
equation determines y as ya when the upper limit x is Xo^ As a 
first approximation to the solution y\n (1) and (2), let* 

?/<i)(x) ^ 2/0, (3) 

and for succeeding approximations, let 

2/(2) (x) = 1/0 + p/lx, y^^^ dx, 

j/(s)(a;) = 1/0 + r*/[a;, (4) 

•fXo 

y(»)(x) = yo + r*/[x, dx, 


• The figure 1 in y^^\x) is merely a superscript, and not an exponent or a 
03 rmbol indicating differentiation. 
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It can be shown that, under certain conditions, lim y^^''ix) is 

n— * 

the desired solution y of (1). 

Example 1. Solve dy/dx ~ x — y under the condition that y ^ \ when 
a: = 0* 

Write 


2/ = 1 4- 



- y) dx. 


By (3) and (4), 
y^^{x) - 1 , 

- 1 + 

y<«)(a;) = 1 -I- 

y<4)(;c) == 1 -f. 


r 

r 

r 


{x — \) d^ — \ - aj-h’ 




dx — I — X -f ap* 


dx 




and so on. It is readily verified that y = 2e"* -j- x — 1 is a solution of the 
given equation, and that y^*\x) contains the first four terms of the Mac- 
laurin series for y. 

It may happen that the integrals in (4) cannot be computed 
directly. In this event we approximate a solution y of (1) by a 
procedure consisting essentially of two steps: 

Step I. Evaluate the integrals in (4) by some numerical 
method so that accurate numerical values of y in (1) are deter- 
mined at a few values of x near xoy say Xi, x^y xzy these being 
equally spaced at a distance h apart. (The computational labor 
makes it impractical to extend this procedure to very many 
values of x.) 

Step IL Extend the tabulation of values of y for later values 
of X (say 0 : 4 , X 6, • • • ) by a step-by-step process using values of 
y already obtained. 

To describe step I in detail, write • 

y^^'^ixo) = yo \ * * • , y^^^(xo) == • • • . 

Then by (3) and (4), 
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2 /S*’ = yih yi‘ = = y»+ r‘f(^, yo) dx, 

J/s*' = Ho + f fix, yn) dx. = yo + f f{x, yo) dx, 

*/Xo ^XO 

yo being a known number. We evaluate and by (27) 
and (23) of See. 39 Chap. II, and we find y^^'^ from the relation 

fix, yo) dx - yo + f fix, yo) dx + I fix, yo) dx 

Xo */3J0 9xXl 

= '</)** + fj^’f(^’ 2 /n) dx, 

the last integral being evaluated in the same manner as j/**’ 
By (4), 

= Vo, vT = y>^ + r' fix:, j/' 2 >) dx, 

*/x« 

yii'' = yo+ r^fix, dx, ,v^’> = 1/0+ r^fix, y^x>) ^3., 

Jxo *fXtl 

where the values of and hence the values of /(x, are 

known at Xo, xi, X 3 by (5). This process is continued until 
/y 2 ‘^ yf^ remain constant (to within th(i desired accuracy) 
as n increases. If we denote the values of t/ in ( 1 ) at Xi, X 2 , X 3 
hy Vh y% Vz. then 


■Vi = yT\ y 2 = yi^\ vz = yf\ (6) 

when n is sufficiently large. 

Step II is now readily carrie’id out. By (2), 

?/4 = yo + r*f(^y y) dx, 

%/Xo 

where y is evaluated by (6). This integral may be evaluated by 
formula (25) of Sec. 39, Chap. II. Again, 

2 /fc = yo + fix, y) dx = yo + r' fix, y) dx + \ fix, y) dx 

Jxd Jxq JXi 

= y^ + C'fi^' y) dx, 

where the last integral may be evaluated in the same manner as 
y4. Since we may write 
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«/* = 2/0 + r**/(a:, y) dx = yo+ y)dx+ f" fix, y) dx 

= yk-i + C" fix, y) dx, 

JTk A 

this process may be continued as long as desired. 

To guard against errors, either accidental or arising from the 
approximations involved, it should be verified for each k that 

2 /a == 2/0 + y) dx ( 7 ) 

Jxa 

by computing the integral by Simpson's rule, using the values of 
y given by the preceding formula, or by some other more accurate 
formula involving yu (as previously estimated by the above 
method). If this check is carried out simultaneously with the 
above computation, it may be possible at each step to eliminate 
small discrepancies in the last computed number yk by adjusting 
2/a by trial and error so that (7) is accurately verified. Extreme 
care must be taken to avoid small errors in 2/1, 2/2^ 2/8) to this 
end h may have to be very small. 

Sometimes the integrals (4) may be computed directly, but the 
successive functions y^'^'^ix) converge slowly (or not at all) to y 
except in the immediate neighborhood of xo. In such a case it 
may be possible to use t/^”^^) (for sufficiently large n) to evaluate 
Vh 3/2, 2/3 directly (thus shortening step I), and then to find 
^4, 2/6» • ‘ * by step II. 

The above method may be readily extended to higher order 
equations, and to systems of equations, but we shall not give these 
extensions here. Many other methods have been devised for 
approximating a solution y of (1), but in most cases the gist of 
these methods is to replace y in (1) or (2) by its Taylor series 
and then to manipulate this series in some convenient fashion. 
We shall give an example to illustrate the manner in which this 
manipulation may be effected. Let us consider the wave equation 

^ + pix)y = 0 (8) 

which occurs in connection with many forms of wave motion. 
If y = fix), we have 
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y, = f{xo + 2h) = fixo) + 2hf'{xo) + 

+ .. 

j, - /(lo + (■) - /(».) + vM + 

+ v£^+-'--, ( 

yo = Sixo), 

= /(xo - ;i) = fix,) - hf'ix,) + 

. . . 


Let us introduce the notation 

Aoy - yi - y, = fix, + h) - fix,), 

^ly - y, - 2 / 1 , Aiy = y* - yt, - - ' , 

A? 2 / = Aiy - A,y = yt - 2yi + y,, 

A\y = Aiy - Aiy, • • • , 

Aly = A\y - Aly = y, - Sy, + Syi - y,, 

Aly = Aly - Aly, • ■ ■ , 

and so on. It is readily verified from (9) that 

+ • • 


= 

rA-»y = 


+ 


( 10 . 1 ) 

( 10 . 2 ) 

(10.3) 


If we neglect terms of order higher than the sixth, it follows by 
(10) that 

,,/«>(xo) 1 

* T “ 51''^’ 
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\jet<fi{x) = -p(x)y = -p{x)f{x). By (8), 
y" ^ y>(x), y'" ^ .p'(x), ■ 


Hence, by (10.1), 


1 

2t 


AliH = h 


2 !‘ 




'(x„) 


4! 


+ 




(^o) 


6 ! 


-r n 8! ^ 



v^Cfo) , 1. / 
■' 2 ! ^121 



( 12 ) 


Since (11) holds for an arbitrary fuiKdion /, we may replace / 
and y in (11) by <p and snbstitnte the results in (12). We find 
that 


^-iV = 


^iXa) + 


240 




, -^1 a6 


. ( 13 ) 


.Now supposse the values 2 / 0 , 2/i> 2 / 2 , • , Vn of a particular solu- 

tion y of (8) have been determined in some way [as by a power 
series solution of (8)] at the values Xo, Xi, • • • j Xn of x, and sup- 
pose the following table has been constructed (neglecting A^(p 
and higher differences) as far down as the line: 


] 

2 

3 

4 

5 

6 

7 

8 

9 

10 

<Po 









2/0 


Ao^ 







Aoy 

2/1 

<p% 

Ai^ 

Aq^ 

ihAl^ 





Aiy 

2/2 


A2<P 


i\Ai<p 

A\ip 



^\y 


2/3 

<pi 

A^<p 


t\Al<p 

A?^ 

AW 

— :J4oAyV? 

^ly 

Azy 



A4^ 

j 

i?iiAl<p 

^\<P 

\ 

aJv^ I 

".jloAfv? 

Alv 

Aiy 


<Pn 

An-lif 

aL-.v’ 


A„_«^ 

1 

1 

! ~2ioAj„4vP 

AL 22 / 

An^iy 

Vn 




i 

1 

1 1 

A-^l 

aL.j/ 

i 

i 



Make preliminary estimates of This is a 

simple matter when A^(p varies slowly; but if A^v? does not vary 
slowly, then a smaller value of h should be used or AV should 
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be included. These estimates need not be strictly accurate 
because of the small coeflScients h^/12 and h^/240 applied to 
these quantities in (13). By (13) we may compute Xo in 

(13) now being replaced by Xn with n added to the subscript of 
each A. The entries Any, yn+i, <pn+h ^n<p, A^-i^, • • * in the 
next line of the table may now be computed in the order named. 
If the computed value of A^j^ agrees with the value previously 
estimated, the computation is correct and the process may be 
repeated for the next line; but if there is a discrepancy, the 
computed value of A^_i<p should be used as a new estimate and 
the computation done over. If the discrepancy is small, there 
will (probably) be no change in column 4, and hence no further 
change in this computation. The preliminary estimates of AV 
should be checked in a similar manner, it being unnecessary to 
repeat any computation so long as the discrepancies cause no 
alteration in column 7. 

With regard to the early values of y in the table, yo and yi are 
determined by the initial conditions^’ on the solution y of (8). 
If A^<;cj is almost constant, it is sometimes possible to follow the 
above procedure right at the start by guessing y 2 , ys, and y\ 
adroitly; however, great care must be exercised because the only 
cheek on the accuracy of these values is the uniformity of varia- 
tion of A^v?* 

Other formulas like (13) may be obtained by combining 
formulas (9) in different ways to express the derivatives in terms 
of differences. 


EXERCISES XXII 


Solve by numerical methods: 

1. dy/dx = a; -f y*, with y = 0 at x =0. 

2. dyidx = 2y — 2a;* with y = 1 at a; = 0. 

3. dyidx — {y — x)/{y 4* x) with y = 1 at a; =0. 

4. dy/dx = 1 — {y/x) with y = 1 at a; = 1. 

5. Extend the methods described above to solve the system 


dy 

dx 


= -S’, 


dz 

dx 


= x^{y 4 z) 


with y ~ 1 and « = i at a; == 0. 

6. Solve (d^y/dx*) -f (\/ a; + l)y » 0 under the set of conditions 
y^Oataj^O, y« 0.2 at a; = 0.1. 

7. Solve (d*y/da;*) 4 y sin a; « 0 under the set of conditions y = 1 at 
a; » 0, y 0.95 at a; » 0.1. 
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PART G. LEGENDRE’S AND BESSEL’S EQUATIONS 

31. The Linear Differential Equations of Mathematical 
Physics. It has been shown that all the linear differential 
equations of certain branches of classical mathematical physics 
are special cases of the generalized Lam6 equaiion: 


d^u 

dW'"^ 


i , / i — 2ar\ du 
^ .ZliF -OrJdW 


+ 


lar(ar + i) 


+ 


(F - ar)^ 

r-1 

AW^ + 2BW + Cl 




r-1 


= ( 1 ) 


where 


/ 4 \ 2 4 4 

\r-l / r-1 r-1 


and where w, Wj and z are complex variables. 

By suitable selection of the constants in (1), a number of the 
important equations of physics are obtained, among which we list r 

Lam6^8 equation: 


d^u 


r 3 


2 


§ 

(W - Ur) 


du 

dW 


[w(n + 1)F + h]u ^ Q ^2) 
4n(F - ar) 


where h and n are constants. 


Maihieu^s equation: 


dz^ 


+ (a + 16^ cos 2z)u 


0 , 


(3> 


where a and q are constants. 
Legendre^ s equation: 


(The case where m — 0 is also called Legendre’s equation.) 
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Bessel’s {cylinder) eqtiaiion: 

jdPu . du 


dz^ ' dz 
Weber’s (Hermite’s) equaiion: 


+ 2^ + (2* - n»)M = 0. 


d^u 

dz^ 


+ (n + I - = 0. 


Stake’s equaiion: 


^d^u 

dz^ 


+ *E + G’-5)“-“- 


Gauss’s equaiion: 


2(1 — 2 ) ^ + [t — (a + /3 + l)z] ^ — a^u = 0. 


Hermite’s equaiion: 


d^u - dw . _ - 

— 22 j — h 2nM = 0. 

dz^ dz 


(5) 

( 6 ) 

(7) 

(8) 

(9) 


Laguerre equaiion: 

We shall not have space to undertake a detailed study of these 
important equations. However, we will make a sufficiently 
detailed study of the Legendre and Bessel equations so as to 
acquaint the student with many of the properties and methods 
relating to functions defined by such differential equations. 

In most of these cases, the equations— such as BesseLs equation 
— cannot be solved in terms of the so called elementary functions. 
Such equations define a new class of functions. 

We shall begin our study of these equations by considering the 
Legendre’s equations for real variables. 

32. Legendre’s Equation. We consider the equation 

where n is a real constant, and x and y are real variables. 
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We shall solve this equation by assuming a series solution of 
the form 


Ar»0 


y = aoor"* + ^ +■•••+ (2) 

DiflFerentiating, we hav(' 

fx = 2^"* + 

A:-»0 

QO 

^ {m + /[•)(m + A: — I 


,~ n ' i-t A -- 


(3) 


ifc =«0 


Substituting (2) and (3) in the left hand member of (1), we find 


#n(m — l)aox'"~‘' + (m + + ^\a***, (4) 

Ar-O 

where 

X* s (w + A; + 2)(m + k + l)ak +2 — {rn + k){m + k — l)a;. 

~ 2(m + k)ak + n(n + l)aA. 

If (2) is a solution of (1), the expression (4) must vanish identi- 
cally. Hence 


m{m — l)ao = 0, (5) 

(m + l)mai = 0, (6) 

Xo ~ (m + 2){m + l)a 2 — (m — n){m + r# + l)a(, = 0, (7) 

Xit ^ (w + fc + 2)(m + fc + l)ajfc4.2 

+ (n — m — fc)(n + ^ + fc + = 0. (fc = 1, 2, • * • ). (8) 


From (5), we see that m = 0 or m = 1 if uo is assumed to be an 
arbitrary constant; by (6), Ui is arbitrary if m = 0 or —1. 

Case m = 0, Substituting m = 0 in (8), we have 




— (n — k)(n + k + l)dk 

(A; + 2)(A: + 1) 


(9) 


from which we can determine all the coefficients of (1) in terms 
of do and oi. The solution of (1) is then 
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n{n + 1) , rt(n — 2)(n + l)(n + 3) . 

2! 4! ~ 

LziI(»L+ 2)^, 

Sf ^ 

(n - l)(n - 3)(» + 2)(7t + 4) 

^ - a; 

By the ratio test, Theorem 7.6, Chap. IV, this series may b(^ 
shown to converge for — 1 < x < 1. In fact by Ex. XXIII, 8, 
Chap. IV, the series is uniformly convergent in any subinterval 
of [“1, 1], which justifies the operation of differentiation carried 
out in (3). 

Since Co and ai are arbitrary, (10) is the general solution of 

( 1 ). 

Case m = 1. Substituting m — 1 in (8), we find the cor- 
responding solution of (1) to be the first series in (10), so that 
we arrive at nothing evssentially different from the solution found 
for m = 0. 

When n is an even iriUiger, the first series of (10) reduces to a 
polynomial. Similarly, if n is an odd integer, the second series 
of (10) is a polynomial. 

Selecting ao = 0, Oi 5^ 0 when n is an odd integt^r, and Oo 9^ 0, 
a, = 0 when n is even, we find the following particular solutions 
of (1): 




y = ao| 1 - 


+ ai X 


Po{x) s 1, 

Pi{x) = X, 

Piix) = - i, 

Pz(x) = -fa;’ - ix, 

n y \ 7 ■ 5 4 ^5 ’ 3 2 , 

Pi(^) = 4T2^' ^4-2* 


31 

4 - 2 ’ 


5-3 

4 - 2 *' ■ ’ 


( 11 ) 


where ai, or ao, are so determined that Pn(l) = I* 

These solutions Pn{x) are called Legendre polynomialSf each 
satisfying a Legendre differential equation in which n has the 
value indicated in the subscript. 

The general value for Pn{x) is given by 
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[n/2I 


Pn{x) 




3-5 


(2n — 2 p — 1) 


2*'p!(n ~ 2 p)! 


-2r 


( 12 ) 


where [n/2] = n/2 if n is even and [n/2] = (n — l)/2 if n is odd. 
From (12) it is possible to show that Pn{x) satisfies the following 
recursion formulas: 


(1 -- x^)P^^ = (n + l){xPn - P„+i), (13) 

= xP'. + (n + 1)P„, (14) 

(2n + l)a;P„ = (n + l)P»+i + nP„_i, (15) 

(2n + 1)P„ = P;+i - PLi. (16) 

If the function 

# = (1 - 2x* + hP‘)-y‘, (17) 

be expanded in the form 

n«» 00 

4> = ^ Onh'', (18) 

n«-0 


it will be found that the coefficient an of is identically equal 
to the Legendre polynomial Pn{x). 

Zeros of Pn{x), We shall have need of the following theorem: 

Theorem 32.1. If y is any solution of the linear differential 
equation 

a{x)y'' + h{x)y' + c{x)y = 0, (19) 

where x is the independent variable, and a, b, c are continwus 
functions of x having continuous derivatives, then the function y 
cannot have any repeated zeros except {possibly) for those values of x 
which satisfy a{x) = 0. 

If y{x) has a repeated root at xo then j/'(xo) = 0; so from (19) 
if a{xo) 7 ^ 0, y"(xo) == 0. Differentiating (19) with respect to 
x and evaluating the resulting expression at Xo, we see that 
y"\xo) = 0. 

Repeating this process we find that 


0 == y^'^ixo) ='••== = • • • . 

If y{x) is expandible into a Taylor's series, we then ^e that y{x) 
vanishes identically at Xq, 
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Thus the Legendre polynomials Pn(x) being solutions of 
Legendre^s equation, an equation of the type in Theorem 32.1 
in which a{x) ^ 1 — has no repeated zero between — 1 and 
+ 1 ‘ 

It can be shown that the n zeros of Pn{x) are all real and lie 
between —1 and +1. 

Associated Legendre Polynomials. If one differentiates equa- 
tion (1) m times with respect to x and then replaces d^y/dx^ by w, 
one finds that 



d^Pnjx) ^ 

dx”' 


( 20 ) 

( 21 ) 


evidently satisfies Eq. (20). 

If we let w = we find from (20) that 

( 22 ) 

which is known as the associated Legendre equation. This equa- 
tion has for a solution, 

«, = (!_ (23) 

where w is usually denoted by P^{x) and is called an associated 
Legendre polynomial. When m > n, P^(x) = 0. 


EXERCISES XXIU 

1. Verify the formulas (14) through (17). 

2. Prove that the coefficient a„ in (18) is equal to the Legendre poly- 
nomial Pn{x), 

3. Show that Pn(x) *= _ jjn 

2"w! dx^ 

4. Prove that ftl Pn{x)Ptn{x) dz = 0, m < n, 

2 

J- 



430 HIGHER MATHEMATICS [Chap. IJI 

6. The Lagiierre polynomials Lk{x) in a variable Xy i) S x < «, may be 
defined as the coefficient of in the identity 


Prove that: 

(a) jL,(*) “ 


to 



k^O 


ax” 


XU 
— u 


1 — U 


(„l)n 


Aii{n ~ 1 ) 


(n -Jb T vr 


fc! 


A :»0 


(b) L„+i(x) ~ (2n + 1 - x)Ln(x) -f n^Ln-i(x) = Oy n ^ 1. 

(c) Ln(x) is a solution of xy'^ -f- (I — x)//' -f ny = 0. 

W Jo e^^L,JLrn dx = 0, w > m. 

6. The Hermile polynomials H„(x) may be (b^fined ri> the (coefficient of 
in the identity 



U arO 


Prove that: 

(a) H,(x) = • 

dx” 

(b) //«+i(x) ~ 2xH„{x) 4- 2nHn-i{x) = 0, n ^ b 

(c) Hn(x) is a solution of y" — 2xy' H- 2ny = 0, « ^ 0. 

(d) S^HmHn€-^Ux = 0, 

7. Develop the theory of Sec. 32 for the case m = — 1 . 


33. Bessel’s Equation. We shall now solve BesseVs equation 


dx^ 


+ + (x^ — n^)y = 0 , 


(i) 


where n is a real constant, and x and y are real variables. We 
shall use a method similar to that given in See. 32. Let 


y = x”‘'^akxK (2) 

*-o 

Upon twice differentiating (2) and substituting the result in (1), 
we find that the left member of (1) becomes 
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(m^ ~ n*)aox^ + [(m + 1)^ -- 




In order that (2) may be a solution of (1), (3) must vanish identi- 
eally. This can happen only when the coeffieient of each power 
of X is zero i.e., only if 

(m^ — n'^)a{i = 0, (4) 

l(m + 1)2 - n^ax = 0, (5) 

[(m + 2)2 — n2]a2 + Uo = 0, (6) 

i(m + A;)2 - n2]afc + ak-2 = 0. (fc = 2, 3, • • • ) (7) 

Equation (4) is called the indicial equation for (1), and a value of 

ni sati 8 f 3 ring (4) is called an index for (1). If we consider ao to 
be arbitrary, then (4) shows that m = ±n. 

Case m = n. If m = n, then by (5), (6), and (7), 


ai = 0, 


ao 

■2(2n + 2)’ 


_ _ 
'k(2n +T)’ 


. ( 8 ) 


Substitution of these coefficients in (2) leads to the result that 


2(271 + 2 ) 


yy = aox** 1 


^ 2 • 4(2n + 2)(2n + 4) 
provided that n is not a negative integer. 


Ca^f m 


-n. If m 


n, then 


ai = 0 , 0,2 


'2{2n - 2)' 


= ; 


2(2n - 2) 


fc(27?. fc) ’ 


so that (2) assumes the form 


^ 2 • 4(2n -- 2)(2n - 4) 
provided that n is not a positive integer. 
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If n = 0, then (9) and (11) are identical. 

It can be shown that, if n is not an integer, (9) and (11) are 
independent solutions of (1), so that the general solution of (1) is 

y = ciyi + C22/2. (12) 

34. Bessel Functions of the First Kind. Formula (9) of the 
preceding section may be written in more convenient form when 
we let* 


2^(71 + 1 )’ 

where r(n + 1) = n! when n is a positive integer. The particu- 
lar function (9) resulting from this determination of Uo is known 
as the Bessel function of the first kind of order n and is denoted 
by Jn(x). It follows at once that 


Jn{x) = 2 


(- 1 )* 


k-0 


k'.rin + A: + 1) 


(ir 


(n not a negative integer) (2) 


It can be shown that the series (2) is absolutely convergent for 
all values of x. We shall show below how Jri{x) may be defined 
for negative integer values of n. 

The Bessel functions are related to each other in many ways. 
To derive a few of these relations, let us construct the product, 


x^J^ix) - 2fc!r(n + A; + 1)2"+**^*”'^“ 
and differentiatef it with respect to x. We find that 

oe 

Jfc-0 

* See Sec. 36, Chap. II. 

t All of the series in these sections may be shown to be uniformly con- 
vergent over any finite interval; hence they may be differentiated and 
integrated term by term, and they may be multiplied and divided. 
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But the right member of (4) is merely x’‘Jn-i(x). Hence 

^lx'‘Jn{x)] = ( 6 ) 

where n is not a negative integer or zero. However, 

~[x”Jn(x)] = x'^^J^(x) + nx"-‘./„(a;). 

If we equate this result with the right member of (5), we find that 

~'dx ^ ( 6 ) 

We may obtain the relation 

A[:r-./„(z)] = -rr-V„+,(x) (7) 

by the method used to derive (5), and also the relation 

in the same way that we derived (6). If we add and subtract 
(6) and (8), we see that 


tf n— 1 (x) •/ n-f 1 (x ) 

'h 

(M 

II 

(9) 

dn~l(x) “1“ t/n-j~l(x) 

= -Jr,(x), 

X ' 

(10) 


where n is not a negative integer or zero. 

We now define Jn{x) inductively when n is a negative integer. 
We first define J^i(x) by (10) with n = 0, i.e., 

J^,(x) = ( 11 ) 

Next we define J^%{x) by (10) with n = — 1 ; the resulting formula 
reduces to 

J^,ix) - J,{x) (12) 

by means of (11) and (10) with n = 1. In general, 


J..n{x) = (~l)Vn(x), 


(13) 
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It follows from (13) that formulas (6) and (10) hold for negative 
integer values of n and n = 0. In (11) of Sec. 33 we let 

1 

ao - 2-nr(-n + 1)’ 

then yi — J-n{x), for (9) in Sec. 33 reduces to (11) upon sub- 
stituting —n for n. By (12) of Sec. 33, the general solution of 
Bessel’s equation is 

y = CiJn(x) -I- CiJ-„(x) (14) 

when n is not an integer. 

It is possible to express certain Bessel functions in terms of 
sin X and cos x. By (2), 




I 


*-0 


ik + V 

( — l)*X^'*''*‘* 
iklf (jfc + |)2=‘*+‘’ 


But 


(2* + l)(2fc 


1 ) 


+ 0 ■ 


2 * 


(2k + 1)1 

2»+i 


Vi 


TT) 



- in i 
‘2; 


1 

<2, 

( 1 ) 


~ 2*+* Vir' 

(2fe) ■ 2(k - 1) • 2(fc - 2) • • • 2(1) 


(15) 


<-0 


and (15) reduces to 



{2k + 1)! 



(16) 


ib»0 

since the summation is merely the Maclaurin series for sin x. 
It may be shown in a similar manner that 




cos z. 


(17) 
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It follows by repeated applications of (11) that may be 

expressed in the form 

Jk+aix) — Pk sin X + Qk cos x, (18) 

where k is an integer, and Pk and Qk are polynomials in x~^‘‘. 

36. Bessel Functions of the Second Kind. If n is an integer, 
then J-n{x) — ( — l)"J„(x), and J„ix) and J-^(x) are not linearly 
independent. We shall now obtain a solution of Bessel’s equation 
which is linearly independent of J^ix). Let 

y = uJn{x), (1) 

d du 

let Jn(x) denote P ~ If we differentiate (1) 

twice and substitute the result in,Bessers equation, we find that 


dp 

dx 


+ 


\Jn{x) 


i)’’ ~ “■ 


Since a solution of this equation is 


^ - x[J„{x)Y’ 


we have the result that 


( 2 ) 

(3) 


u- Jp* = C,Jjp^, + C,. (4) 

We shall now represent by a power series in the case where n 
is a positive integer. If we express Jn{x) by (2) of Sec. 34, then 
x[Jn{x)Y = + b2^2n+3 + + • • • , 

+ c_„,x— + ■ • • + 

4- CoX~> + Cix' + • • • , 

where the 6’s and c’s denote certain numerical coefficients, and 
where the term Coa:“^ occurs because ra is a positive integer. If 
we integrate this last series term by term, we find that 

u = + • • • + d^ix'^ + d« log x 

+ diX^ + ■ ■ ■ + Ci. 

Choose Cl in (4) so that do = 1. Then by (1), 
y = J„{x) log X + L{x), 


( 5 ) 
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where 

L{x) ~ 4- 

+ • • • + + . . . . (6) 

To determine the a's we .substitute (5) in Bessers equation and 
follow the procedure of Sec. 33; we find that 

xHJ'ix) + xV{x) + - n^)L{x) + 2xJi{x) = 0. (7) 

Substitution of (6) in (7) leads to the expression 





2(n + 2k){-iy 
k\V\n + k + 1 ) 2 ”+ 2 A: 


^ 0 . 


Jt = 0 


(8) 


Since the terms of the first sum for which p < n do not combine 
with any term of the second sum, it is convenient to group these 
terms by themselves; let us renumber the remaining terms of the 
first sum (beginning with v = n) by writing p = n + /t, where 
A = 0, 1, • * • . If we combine these latter terms with the cor- 
responding terms of the second sum, then (8) assumes the form 


n — 1 

{ 4 p(p — n)a 2 ^ + atv~-^\x 


+ 2 { 4/b(n + A;)a 2 n+w 


+ <l2n+2.--2 "f" 


2(n + 2A;)(-1)* 
fcl(n + fc)!2"+» 


\x 


n+ti 


= 0 . 


(9) 


With reference to the first sum we see that, each coefficient 
being 0, 

= 4vf47)- (10) 

Taking p = 1, 2, • • • , we find that 


ai 


a^p 


do 

2*(n - 1)’ ■ ' ' ’ 

Uo 

2*'v!(n — l)(n ~ 2) • • • (n — i») 


(v < n) (11) 
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Because the first term (k == 0) of the second sum in (9) involves 
only one of the a’s, this coefficient is determined explicitly when 
this term is set equal to zero; it turns out that 


Substitution of this value in (11) with i/ = n — 1 shows that 

« = - 1) ^ n 


Hence, substituting back in (11), 

_ 1 (At — — 1)! 

To determine the remaining a’s, let us vset 


(i^ < n) (14) 


Ni — - . (15) 

Upon equating to zero eacrh coefficient in the second sum of (9), 
where fc > 0, we find that 


” 2Hn 'VWNk ^T+lc' 


It follows from (15) that 

2k{n + k)N, - (17) 

Substitution of this result in (16) shows that 

_2?i«±2* ^ + 1 + _ 1^. (18) 

iVA- Nk-\ k n + k 

The coeflScient a 2 n i« as yet undetermined; for certain applications 
it is convenient to choose a%n so that 

-^r:-‘+5 + 5+ ■+H- (•“) 


Taking k — 1, 2, 


in (18), we find that 




('+l+---+„-Tl)} 
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All the a’s are now determined, and (5) may be written in the 
form 


— J n(,x} log X 


l'^(n - V - 

2^ v\ \2/ 

|»«b0 


-s 


(- 1 )* 


2^k\in + k) 


k-O 


l( 


1+2 + 


0 


( 21 ) 


+ 


( 


1 + 2 + 


+ 


1 


n + fc 


)](r 


where 1 + ^ + * * * + ^ is to be taken as 0 when fc = 0. The 

function i^n(x) is called Neumann's Bessel function of the second 
kind of order n. The series (21) may be shown to converge 
uniformly for all values of x. It is possible to show that rela- 
tions (6) to (11) of Sec. 34 hold for Kn{x) as well as Jn{x), The 
general solution of the Bessel equation is 

y = CiJn{x) + C2Kn{x) (22) 


when n is a positive integer. 

Other solutions of the second kind have been constructed, but 
they may all be obtained by assigning proper values to the c’s 
in (22). 

A modified Bessel function is defined as follows: 


In(x) = i-^Mix), i^ = ~1. (23) 

It may be shown that In{x) satisfies the equation 

and relations similar to (6) to (11) in Sec. 34. 

36. Representation of Bessel Functions by Definite Integrals. 

If we expand the function by Maclaurin's series, treating 

X as constant and i as variable, we find that* 

X x\ 

* Expand and set w * or w * -• 
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IQ-I) 


5f 

^2V 


} - ( y 

\^2*fcrA^ 2’v\ t\ 

\ A ;-0 /\ k -0 / 


= 2 


M-O 


J2"+=*^M!(n + m)! 


” = 2 


= JoW + 

ifc-1 


( 1 ) 


[Cf. (2) and (14) of Sec. 34.] In (1) set t = where = —1. 
Since t — (1/0 = = 2i sin <j>, the left member of (1) is 

e^\ «/ == gjj^ ^ gjjj gjj^ (2) 

Since + (l/<^^) — = 2 cos 2A:<^, and 

~ ^ 5^1 = 2i sin (2fc - 1)<^, 


the last member of (1) may be written in the form 

wo to 

Jo(x) + 2^J2k{x) cos 2fc</) + i2'^J 2 k-\{x) sin (2fc — 1)<I>. (3) 

Since (3) and the right member of (2) are equal, we may equate 
their real and imaginary parts: 

00 

cos (x sin 4>) = Jo{x) + 2^J2k(x) cos 2fc<^, (4) 

*-1 

00 

sin {x sin tpi) = 2^Ju--i{x) sin {2k — 1)0. (5) 

ifc-i 

Let us multiply both sides of (4) by cos n0, both sides of (5) by 
sin n0, and integrate from 0 to noting that 


j: 


cos k(l> cos n0 d4> • 


■j: 


sin k<l> sin nif>d<l> = 


if 

if 


k = n, 
k ^ n. 
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We find that 

/ Jn{x) if n is even (or zero), 

\ 0 if n is odd. . . 

j Jn{:x) if n is odd, 

I 0 if n is even. 

Hence, for any integer n (even or odd), 

I 

J n{x) = “ I (eos {x sin <t>) cos + sin {x sin <^) sin n<t>] d<i>. 

^Jo 

* ^onseqnently, 

1 T’" 

Jn(x) — - I cos (n<t> — X sin </>) d<f>. (?? any integer) (7) 
Tjo 

Bessei fun(;tions may be represtnited l)y integrals in many other 
ways. For example, 

- r. 3- w 

where n is any real number. 

37. The Zeros of the Bessel Functions. Properties relating 
to the zeros of the Bessel functions have many important 
applications. 

Theorem 37.1. Every zero of the Bessel function Jn{x) is a 
simple zero, except possibly x = 0. 

This is a direct consequence of Theorem 32. 1 since the Bessel 
equation is of the type discu.ssed in this theorem. 

Theorem 37.2. Two linearly independent solutions P{x) ami 
Q(x) of BesseVs equation can have no common" zero except possibly 

X = 0. 

By Ex. 30 below, PQ' — P'Q = C/x, where (7 is a constant. 
Suppose that both P and Q vanish at x = Xo (xo 9 ^ 0). Then 
C = 0 and P'/P == Q'/Q- Hence the Wronskian of P and Q 
is zero. But this is impossible, for P and Q are linearly 
independent. 

It follows from this theorem that Jn(x) and Kn(x) have no 
common zero except possibly at x = 0. 

Theorem 37.3. Jnix) and Jn+i(x) have 'no common zero except 
possibly X — 0. 


1 

I cos (x sin <t>) cos d<l> = 
'S’Jo 

if’" 

- I sin (x sin </>) sin n<l> d<t> = 
ttJu 
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If Jn{xo) == Jn+}{xo) = 0, then by (9) of Sec. 34, 

Jn(Xo) - JUXo) = 0 . 

But by Theorem 37.1, Jn and ,/' can have no (^ommoii zero 
except possibly x = 0. 

Theoreu 37.4. Between any two consecutive (real) zeros of 
xr^Jnix) there lies exactly one zero of x~^Jn+Y(x), and between 
any two consecutive zeros of Jn{x) where n is an integer, there lies 
exactly one zero of Jn+}(x). 

It follows by Rolle\s theorem that, between two cotiHecutive 
zeros of there lies at least one zero of 

= -x-\J,^i{x) 


[see (8) of Sec. 34]. Let y — xr-^^Jn(x), Then 


d^y 

dx^ 


1 + 2ndy 


+ ?/ = 0. 


( 1 ) 


Now y and i/' can liave no common zero Xo, for if 
y(xo) = y'ixi)) = 0 , 

then by (1), y^'ixo) == 0, Moreover, successive differentiationg 
of (1) show that y'"(xo) = y^'^ixf) = • • • = 0. Hence y 



would be a constant. By Rolle’s theorem, between two %erm 
of x'*'^KIn^i(x) there lies at least one zero of (ooe (7) of 

Sec. 34 with n replactni by n + Ij. This proves the theorem 
except for the numerically smallest zeros ±X of z^Jn{ic)^ But 
a: = 0 is a zero of x~"^J n-^\ix) , There can be no other zero of 
a:““«/n+i(x) numerically leSvS than as othenriae z'^^'^Jn(x) 
would have another zero numerically less than X. 

We omit the proofs of the following theorems: 

Theobbii 37.5. // n ^ 0, there lies exactly one ztro ef Ji(a-) 

between consecutive zeros of 

Thsorkii 37.6. The function Jn{x) has infinitely many real 
zeros. 
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Theorem 37.7. Between any two consecutive positive or nega- 
tive zeros of any real Bessel function of order n there lies exactly 
one zero of any other real Bessel function of order n. 

EXERCISES XXIV 

1. Show by the ratio test that series (9) and (11) of Sec. 33 converge for 
suitable values of n. 

2. Show that series (2) of Sec. 34 is absolutely convergent for all values 
of X. 

3. Show by direct computation with (2) of Sec. 34 that = — /i(x). 

dx 

4. Prove (7) and (8) of Sec. 34. 

5. Verify (14) of Sec. 34. 

6. Find expressions for J’*:+j,^(a:) in terms of sin x and cos x. 

7. Prove: J^ix) — Jo(x) = 2Jq{x). 

Jnix) = Jq{x) - x-^Jq{x), 

Ja(x) -h SJoix) + 4/;"(x) = 0. 

8. Show that: /„(x) = ’ 

ifc-0 

-^[Wn(a;)] = X”In^l{x), -^[x^^Inix)] = X^^h + lix), 

dx dx 

In.i{x) - - — /„(x), /„_,(x) + /„^..(x) = 2|-[/,(x)). 

X dx 

9. Prove: =■ j’ 

£[x/,(x)/„+.(x)] = x[/i(x) - /*+,(x)I. 

10. By Ex. 9 show that 

1 - Jlix) + 2J\{x) + • • • + 2Jl{x) + • • • . 

X =* 2Jfi{x)Ji{x) ^ \{x)J ^{x) -{-*•• + 2(2n H- \)Jn{x)Jn^dx) + • • * . 

11. Show that /-.^(x) =* y/2Jvx cos x. 

12. From the theory of the Beta functions it is known that 

1 2^+*' f’" 

aai — — — I sin*^ A cos** ^ 

(n+jb)! 1 *3 • • 1 (2n~l) • 1 ‘3 ‘ • (2A;--l)irJo ^ 

Substitute this expression for (n 4- ^) ! in (2) of Sec. 34 with n an integer^ 
and from the resulting expression show that 
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Jn(x) 


1 -3 


(2n 




sin*** 0 cos (x cos 


Hint: cos (x cos ( — 1 




(x cos 0)** 


I:»0 


(2A:)! 


13. In the result of Ex. 12 set < == cos 0 and show that 

►+i 


x^ 

Jn(x) = — — (1 ~ tv-- 

1 • 3 • • • (2w -> IVJ_i 


cos (a;0 dt. 


To this expression add 0 ~ /1[(1 — sin (xt) diy and prove (8) of 

Sec. 36. 

14. Show that the following functions are solutions of the equations 
indicated : 


( 1 + 2n\ 

— ~ — ]y' y - 0. 


(b) x-Jn(x) of y" -I- I 


Jy' -^y ^ 0* 

(c) a; “**/*/„ (2\/x) of xy" + (1 + n)y' -f y = 0. 

(d) x"/*J„(2\/i) of xy" -f (1 — n)y' -f 2 / = 0. 

/ 4^2 _ j\ 

(e) VxJ„{Jbx) of y" + U* h = 0. 


15. From (1) of Sec. 36 show that + v) = ^,t'Jr(u) ,(v). 

not — » 

16. Show that 


rma — to 


Jh(U -f v) = ^Jk(u)Jn^{v) 

n « 

= ^Jr{u)Jn^r(v) + ~ ^ ^ -f /r(l»)/«+r(w)], 


r — O 


r-1 


where n is an integer. 

17. Neumann’s Addition Formula for Jo (x). Show that 


•/o(\/h* -be* — 26c cos a) = ^e*’*^*’'"®^/n(6)/-n(c) 

n»« — flo 

00 

= Jo{b)J(i(e) + 2]^/,(6)J’»(c) cos na. 
n-l 
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Hint: Show that 

ae oQ 


-(6sin/? — csin y) 


n SB: — w 


in’" — 

\(b sin 0-~c sin y) 


n SB — 00 

00 

2)^.(6e«» + ee-'Vl". 


n * 


Then let o = 6 sin fi — c sin y = 0, a = tt — — -y, so that 

a* = c- — 2hc cos a. Finally, equate terms independent of t in the 
above identity. 

18. Develop relations similar to (6) to (11) of Sec. 34 valid for KAz). 

19. Show that (7) of Sec. 36 satisfies the equation 

sin nic 

xhj -f xy -h ix^ — n^)y = (x — n). 


20. Show that Jo{x) = 


if 

^Jo 


cos (x cos <i>) d<f>. 


21. Show that Jn{x) 0 as w «. 

22. Show that J-(n+i)(x) — ► ( — l)"J»(x) as « 0 if n is an inteiger. 

23. Show by (11) of Sec. 34 that 


Jn-i(x) « - 
X 


24. By Ex. 23 show that 

2I 


2 (-!)*(« + 2fc)y„4.2»(x) 


*-0 


/'(x) = 


^V„(x) + 2J(-l)*(w -f 2 Aj)/„+2*(x) 


k"\ 


25. Show that, if n is any constant, cos nd Jn{r) and sin n$ Jn(r) are 

, , dh} I dv i dh) 

solutions of — z + - —■ ■f' — T-i-f*' -0. 
dr^ r dr dd^ 

26. Show that cos n<f> Jnikr) and sin ri<^ Jn(kr) are solutions of 

dh) 1 dh' dH I dv 

_j_ _j- Q, 

dy>2 J.2 ^2* r dr 

Is a solution? 

27. Show that, if n is a positive integer or zero, 


. +2r)(n -r - 1)1, ,, 

x« = 2" >, ; J,+tr{x). 


r-0 
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28. If On{x) = — [J^nix) - e'^^*Jnix)]y show that 

2 sin nx 

Gn{x) = -Kn(x) -f /n(a;)(log 2 - 7 -f iiv)j 

where y = 0.6772 • • • is Euler’s constant. 

29. Show that xG^ix) = ~nGn(x) + xGn-\(x). 

30. Let P(x) and Q(x) be any two Bessel functions, i.e., functions obtain- 
able from (22) of Sec. 35. Show that 


Piz)Q'(x) - r(x)Q{x) - 

X 


where C is a constant. 

31. In Ex. 30, let P(x) = Jn(x} and Q(x) = J-.n{x). Show that 

2 

lim [x{Jn{x)J'^nix) — J'jx)J-n{x)] sin mr. 

x -*0 

32. Show that f:“*^Vn(Xr)(i4 cos nO B sin nd) is u solution of 

dv ( bH \ dv 1 dh\ 

- = — -f - -f V 

dt \dr^ r dr r® dO^ j 

33. Show that Jn{x) and J'j^x) have no common zero except possibly 
a* = 0. 

34. Show that and AxJ^ix) -f BJn(x) have no repeated eero 

except possibly z ^ 0. 

35. Prove Theorems 37.3, 37.5, 37.6, and 37.7 by methods similar to 
that given for Theorem 37.4. 



CHAPTER IV 

INFINITE SEQUENCES AND SERIES 

PART A. SEQUENCES 

1. "Sequences of Numbers. If to each positive integer n, 
n = 1, 2, • • • , there corresponds a definite number then 
the ordered set {«nj of numbers 

is called a sequence. 

A sequence { Sn 1 is said to be hounded if a real constant K exists 
such that \sn\ ^ K for every positive integer n. If no such 
constant K exists, the sequence is said to be unbounded. Thus 

the sequence {^n} = 1 1 — ^ ^ is bounded, while the sequence 
{ 5 ,^} ~ {2n} is unbounded. 

A sequence {««} is said to converge to the number or to be 
convergent with the limit if for any preassigned positive number 
€ there exists a number N, which may be dependent on e, such 
that for every n > iV, [sn — < €. We shall indicate that 
{snl converges to { by writing ^ { as n --» + oo , or lim Sn == 

n-^-f oo 

If f = 0, then {^n} is said to be a null sequence. Thus 1, 
i, , 1/n, • • • is a null sequence, for if 6 beany preassigned 
positive number, then 1/n < € for every n > N, where N > l/e. 

A sequence* which is not convergent is said to be divergent. 
Thus, 1, 2, 3, 4, • • • , n, • • • is divergent. ' 

If the sequence {««} is such that for any arbitrary positive 
number G a number N exists such that for all n > Nj Sn > G, 
then we shall say that { Sn ) definitely diverges positively, or increases 
without bound, and we then shall write Sn — ^ as n + oo ; if 

{Sn} is such that for any arbitrary negative number — G, there 
By a sequence we shall hereafter mean a real sequence unless otherwise 
stated. The notation ^ preceding a definition, theorem, or section, indi- 
cates that the statements involved hold, with at most slight modifications, 
for complex numbers. The notation indicates a similar extension for 
vectors. 
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exists a number N such that for all n > N, Sn < — G, then we 
shall say that {sn! definitely diverges negatively ^ or decreases 
without bound, and shall write oo asn“~>+oo. Thus, 

if $n — n^j +«5, while if <rn = ( — does not 

diverge definitely, either positively or negatively. 

A divergent sequence {sn} which is not definitely divergent 
is said to be indefinitely divergent. Thus the sequence {<rn} 
mentioned above is indefinitely divergent, as is also the 
sequence 0, 1, 0, 2, 0, 3, 0, 4, 0, 5, • • • . 

If two sequences (^nl and {o-n}, neither necessarily convergent, 
are so related to one another that the quotient SnAn tends, as 
n — ► + cx) , to a definite finite limit K different from zero, then we 
shall say that {snj and {(Jnl are asymptotically proportional, and 
we write Sn'’^ (Tn- If X = 1, we shall say that the two sequences 
{sn} and {(Tn} are asymptotically equal, and we write Sn = <Tn- 
Thus, for instance, \/n^ + 1 = n, since \/n^ + I /n 1 as 
n + 00 ; \/n + 1 — 's/n ~ l/\/ n, since 

•y/n + 1 — \/n 1 1 

Xjy/n J 2 

EXERCISES I 

1. Examine each of the following sequences for convergence, or type of 
divergence : 

(a) In + 11. (b) ln2 - n\. 

(c) {lognl. (d) i(-l)’*-^2nl. 

(e) |(-l)Vnl. (f) 1(-1)«1. 

(g) l(-3)-l. (h) 13'» + (-2)M. 

(i) ln* + (~l)«nl. 

2. Prove: 

(a) 1 + 2 + • • • + n n*. 

(b) 1* + 2* + • • • + n* ^ in». 

(c) log (7n» + 17) ^log n. 

3. If a > 1, prove that \/a — > 1 as n -+ + <». (Hint: Let 

Xn == y/a — 1, 

show a « (1 + Xn)~ > 1 + nXn > nxn, and finally prove 
x„-->0asn~* + 00 .) 

4. Prove the theorem stated in Ex. 3 for the case where 0 < a ^ 1. 

6. Prove that 1 as n •— + «. (Hint: Follow the method used 

in Ex. 3.) 
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2. Coavergent Sequences. The following theorems indicate 
a few^ of the elementary properties of convergent sequences: 
'^'Theohem 2.1. A convergent sequence {snl has a unique limit. 
We base our proof on the fact that if a number a is such that 
|a| < e for every positive number e, then certainly a = 0. Sup- 
pose J and Sn f'. Then for any arbitrary positive number 
€ there exists a number N such that for n > N, |sn — f| < c/2 and 
\Sn - f'l < c/2. Now 

If - f'( - IbSn - f) - (Sn - f')| ^ |6n " f| + |f' » ^n| 


By the preceding remark, f' = f. 

‘"‘^Theorem 2.2. If a sequence {snj is convergent^ U w bounded; 
and if j.Snj ^ K, where K is a finite number ^ then the limit f of 
the sequence is such that |f| ^ K. 

If Sn f, then for any given positive number e there exists a 
number N such that for (^very n > N, f ~ c < 8n < { + c. 
Hence, if if is a number greater than the AT values |si|, j 82 |, • • • , 
|8a|, and greater than |f| + €, then |8n| < K for every n. 

We sliall leave to the reader the proof that |f| ^ if. 
^^Theorem 2.3. If Sr, — ^ f, then l^nj — » |f|. 

Since || 8 n| - |f|| ^ |.s„ - fj, it is clear that (Isnj - |f |)--^0 
when (Sr, — f) — > 0 . 

‘’Theorem 2.4. If {^nl is a convergent sequence all of whose 
terms an different from zero, and if lim Sn = f 7 *^ 0 , then the 

w— 00 

sequerm 1 1 /*•„ j is hounded. 

Then^ exists an integer N such that for every n > N, 
| 8 n — fj < Ilf I, and consequently \sn\ > ||f|. Let y be the 
smallest of the positive numbers | 6 i|, | 6 * 2 |, • • • , |sAr|, Hfl- Then 
7 > 0 and for every n, |tS„| ^ 7, so that |l/8n| ^ if = I/7. 

If bsrJ is a given sequence and if 

ki < k2 < ks < • • • < fcn < • • • 

is any increasing sequence of positive integers, then the numbers 
« = L 2, • • • , are said to form a subsequence of the 
given sequence. 

*^®Theorem 2.5. Let U'| he any subsequence of {^nj. If 

then 
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Using N and e with the significance given in Sec. 1, we see that 
for every n > N, < €. Hence for any n > Nj 

|Sn - = |S*„ - 


since kn > N when n > N. 

‘"'Theorem 2.6. If the sequence {snl can he subdivided into a 
finite number p of suhsequenms, each of which converges to then 
{ 8n 1 itself converges to 

We shall prove the theorem for the case where p == 2. Let e 
be any arbitrary positive number. By hypothesis there exist 
numbers r?/ and n" such that for every n > n\ |s' — < €, and 

for ev(*ry n > n", js'' — {| < e. The terms 5 ' and s'' have 
definit(‘ positions in the original sequence {snj. Hence there 
€»xists an N suflSciently large in {s„} such that for every n > Nj 
|s« - 11 < t. 

Let jFCi, * • • , • • • be a sequence of positive integers 

such that every positive integer occurs once and only once in the 
sequence; the sequence {s'j formed from the sequence {»«} by 
letting si = Sk^ is said to be a rearrangement of the given sequence. 

‘'Theorem 2,7. Let {5^} be an arbitrary rearrangement of 
I «n 1 . If i then < ^ 

For every n > Nj |sn — < c. Let n' be the largest of the 

indices belonging to the finite number of places which the 
terms «2. * • • y Sn occupy in {si}. Then for every n > n', 

i< - II < «■ 

Consider any sequence {sn). If we alter this sequence {sn} 
by omitting, or inserting, or changing a finite number of terms, 
or by doing all or a part of these things at once, and then renum- 
ber the resulting sequence {si}, then we shall say that {si} is 
obtained from {sn} by a finite number of alterations. 

‘"'Theorem 2.8. Let {si} be derived from {sn} by a finite number 
of alterations. // Sn f then si — > f . 

The proof of this theorem rests on the fact that for a suitable 
integer p and a sufficiently large number iV, si = Sn+p for n > N. 

^’'Theorem 2.9. If s^--^ ^ and si' and if for a sufficienUy 
large m, the sequence {s^l i^ such that 

^ Sn ^ «i', n > m. 


then Sn ^ 
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We shall leave the proof of this theorem to the reader. 
‘^Theorem 2.10. If i and an rj, then 

(a) {Sn + an) -^ (^ + v); (b) {Sn - an) (f - »?); (o) Snan (v; 
(d) if every Sn 5*^ 0 and ^ 5 ^ 0, an/sn —> 

The proofs of the various parts of this theorem are very similar 
to the proof of Theorem 3.2, Chap. I. 

•^’'Corollary 2.101. If and c is any coristant, then 

csn ci. 

By repeated application of the above theorems, we have 
‘'Theorem 2.11. Let {s^n^)^ (4^0^ * ' * > (4'’0 V given 
sequences converging respectively to • * • > If 

Rn = R{Sn\ * * * > 4^0 i^ vLny rational function of the p 
variables 4^\ * ‘ > 4^\ vvith numerical coefficients ^ then the 

sequence Rn * * * , provided division by zero 

is not required either in the evaluation of the terms Rn, or in that 
of the number • • * ; 

The symbols 0(z) and o(z). Let {fnl and {Zn} be two sequences. 
Then the sequence jfn} is said to be of the order of the sequence 
[zn] if there exists a positive constant and a value of n such 
that, for every n > N, \U/Zn\ < k 0, and we write 

fn = 0{Zn). 

If lim (fnAn) = 0, we write fn = oizn), 

n-* 00 


Example 1. 


7n 4- 19 




1 4- 

lows that for n sufficiently large, IfnAn 
greater than 7. 


Since — s 


7n + 19 1 


- 7, it fol- 


Zn 1 4“ n* n* 

< kj where A; is a real number 


Example 2. 


n* \ 1 + n* / 


EXERCISES II 

1. Complete the proof of Theorem 2.2. 

2. Complete the proof of Theorem 2.6. 

3. Prove the statement given in Theorem 2.3 that 

IW - Ifl! g k - 1|. 

4. Prove that if ( «» ) is a null sequence and | Un 1 is any bounded sequence^ 
then the numbers an ** anSn also form a null sequence. 
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6. Prove Theorems 2.8; 2.9. 

6. Prove Theorems 2.10; 2.11. 

7. If tp»} — > 0, show that «n * — 1 — ► 0, a > 0. 

8. If o > 0 and 8n then a** — ► of. 

Hint: Show that o*» — af = ofCo'-^f — 1) is a null sequence. Use Ex. 7. 

9. Let I an) be a null sequence all of whose terms are greater than — 1. 
Prove that log (1 4“ an) is a null sequence. 

10. If an > 0 for every n, f > 0, and if an then 


log a„ -♦ log 


Hint: log Sn — log ^ = log — = log 






log I ^ “b — ) is a null sequence. Use Ex. 9. 


Demonstrate that 


11. If I an) is a null sequence all of whose terms are greater than —1, then 
2n ” (1 -f Sn)^ — 1 is a null sequence. Here p denotes any real number. 

Hint: Show that pn =* p log (1 -h Sn) — ♦ 0. Next show Zn 0. 

12. If an > 0 for every n, and if an | >0, then a^ — ► where p denotes 
an arbitrary real number. 


Hint: By Ex. 11 show that a^ — p 


{( 


1 + 



->0. 


3. Cauchy’s Theorem and Its Generalizations. We shall now 
prove certain theorems of great importance. 

"""^Theorem 3.1 (Cauchy^ 8 Theorem), If 5n ^ then the 
arithmetic means 


«n = z ^ n = 1, 2, • • • 

7v 

also approach 

Let e > 0. Then there exists an m such that for every n > m, 
j«» — {| < e/2. Then for n > m, 

\„i f| ^ l(*i ~ f) + * • • + (Sm — f)| I e(n — m) 

I®" - «l< ^ + ■ 2n 

The numerator of the first fraction on the right-hand side con- 
tains a fixed number m of terms of {«„}, so that we can determine 
an iV ^ m so that for every n > N, that fraction remains less 
than e/2. Consequently, for n > iV, |4 — < «■ 

‘Thboreu 3.2. If 8„ -* where each s« > 0 and f > 0, then 
the sequence of geometric means 


ffn = Sj • • • «» -♦ 
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Since = log s„—*X = log ^ (by Exs. II, 9 and 10). 

By Theorem 3.1, 

< = — = log V«l8! ■ ■ • 

= log <r„ log I 

The theorem follows at once frotn Ex. 8 and the fad that 

= (T. 


EXERCISES m 


Prove: 

, 1 -h (1/2) + 


4- (1/n) 




n — 1 


0, as n — » 4- 

I, as n 4- 00 . 


1 + Vi + V3 + ■• • + v« 


1. as n — + 4- 00 . 


■Wit)' if 
(-O' 


Hint: Recall 
5. Prove ^ n! = n/e. (Use Ex. 4.) 


Many generalizations of Cauchy \s theorem have been given. 
The following theorem (due to 0. Toeplitz, 1911) is perhaps one 
of the most important and far-reaching of these generalizations. 
Consider the system M of real numbers Ur*, 


Moo 

<lio 

0 

0 

■ . 0 

. , .1 

a\\ 

0 

... 0 

• • « 

\ 

ani 

On* 

. . • U»n 



where M is subject to one or more of the following conditions: 

(a) Every column of M is a null sequence; i.e., for any fixed 
p ^ 0, ttnp 0 as n . 

(b) There exists a positive constant K such that for every 

n 

XM<k. 

i-0 
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n 

(c) If A* ^ Uni, then An — > 1 as n — > + «» . 

y=*o 

(d) For any fixed p ^ 0, an,n-p 0 when n — ^ + oo . 
^^Theorem 3.3. If Xo, Xi, * • ^ is a null sequence and if M is 

subject to conditions (a) and (b), then the sequence \x'J formed by 

n 

the numbers anjXi is also a null sequence. 

Let t be any positive number. Select an integer m such that for 
every n > m, \xn\ < ef2K. Then for n > m, 

l^nl ^ janO^O *1“ ‘ * ‘ "l~ anfnXm\ "T |<Xn, m+lXm-l-l + * ' • + anmPCn\ 


e 


(RnO^O ”l~ * * "1“ anmXm\ “1“ 

j^m 

<C |cZnO^O “f“ * ’ * ~1“ Rnm^mj "b 
By (a) there exists an > m so that for every n > 

m 


y “ m + 1 

€ 

^2K' 


< 


Hence 


y-o 


|a:it < ^ + I = «• 


""Theorem 3.4. If Xn and M is subject to conditions (a), 

n 

(b), and (c), then the sequence x' = ^OnjXj — > 

Evidently, 


y=o 


n 

x' = A„^ + "^OngiZg — f). 
g=»0 

Theorem 3.4 now follows as an immediate consequence of 
Theorem 3.3 and condition (c). 

"Theorem 3.5. Suppose M saldsfies conditions (a), (b), (c), (d) ; 

n 

then if i and yn — ^ th^^ sequem'.e ^ anpXpyn^p 
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Write 

Then 


j> — (Xp i)Vn—p ■}■ fj/n— p* 


n n 

^^^npVn-^pi^p {) “f" j (^npUn—y 

pmtO p«0 


Since {Xp — 0 and the yn-p are all bounded, it follows from 

Theorem 3.3 and Ex. IV, 1 that the first sum in Zn tends to zero. 
From Theorem 3.4 and condition (d), it follows that the sum 


n n 

i CLnpVn-p ~ an,n-^pyp 

p-O p-0 


tends to {ry. Consequently Zn — ^ {tj. 


EXERCISES IV 

1. Prove: (Corollary to Theorem 3.3.) If in Theorem 3.3, the Or, are 

replaced by or, == ar.Xr*, where |Xr«| are all leas than or equal to a fixed constant T, 

n 

then {/3„1 is a null sequence^ where /3„ = ^an/x,. 

y-0 

2. By setting Ono = Oni = • * • = Onn * l/(n + 1) in Theorem 3.3, 
n = 0, 1, 2, • ' • , prove Theorem 3.1 with ^ = 0. 

3. Prove Theorem 3.1 from Theorem 3.4. 

4. Let pof pi, • • • be any positive numbers such that 


n 

O'- = 

y-0 


Prove that if Xn — ► then so does x'^ 
Hint: In Theorem 3.4, set 




where 



ank - Pk/iTn] n » 0, 1, 2, • • • ; « 0, 1, • • • , n. 


5. From Ex. 4, prove Theorem 3.1. 

6. Prove Theorem 3.1 is true for ^ -f « and for ^ « — oo, 

7. Prove Theorem 3.4 is true for ^ * -f « and for ^ = — oo , provided 

8. Prove Ex. 4 assuming, instead of the positiveness of the p/, that 

n 


X 


\p.\ -j- Qp^ amj existence of a constant G such that 



Sec. 31 


INFINITE SEQUENCES AND SERIES 


455 


n n 

^ |p>l s <7 ]£ Pi 
y -0 y-o 

n . n 

9. Prove that if yn/pn — * then ^ provided the proper 

i-0 / ;-o 

restrictions are placed upon the p,. (Hint: In Ex. 4 or 6, set pnZn == Vn.) 
What are these restrictions? 

n n 

10. Let 5^" ~ ^ ^ suppose that 

>-o ;-0 

p„ = i4„ - 4n-i (n ^ 1, Po = -do) 

satisfy the restrictions given in Ex. 4 or 8. Prove that if 



11. From Ex. 10, show that 

n 

<*> ,11” ^ - .I?. .- - (I - !)■ - 2' 

n 

2 *- 


(c) lim — =» lim = » 

^ n-^oo n--on»'+‘ - (n - p + 1 

where p is a positive integer. 

12. Prove: If x« ^ and 2/« -♦ 17, then ^ (n -f 1) -♦ ^17. 

n 

13. Prove: If Xn — ► 0, and 0, and for every n, (y,| < X, where JT 

n 

is fixed, then Zn * ^Ziy^^j —►0. (Hint: Use Theorem 3.3.) 


14, Show 


m log m 


1. This shows that log mi ^ log m*”. 



456 


HIGHER MATHEMATICS 


[Chap. IV 


4. Criteria for Convergence. In examining a sequence 
{Sn} two important questions present themselves: (1) Is the 
sequence (sn) convergent, definitely divergent, or indefinitely 
divergent? (2) If the sequence {sn\ converges, what is its limit? 
In general, (2) is by far the more diflELcult. 

We now state what is sometimes termed the first principal 
criterion for convergence. 

Theorem 4.1. Every bounded monotone sequence is c^nvergerUy 
and every unbounded monotone sequence is definitely divergent. 

This theorem is proved in Chap. IX, Ex. Ill, 5. (A monotone 
sequence is defined in the same manner as a monotone function. 
See footnote to Theorem 26.4 of Chap. II.) 

A second criterion of convergence is given by 

''"'Theorem 4.2. Let {««} be an arbitrary sequence of real 
numbers, and let e be any preassigned positive number. A necessary 
and sufficient condition that {s„j be convergent is that there exists 
a number N — N{e) such that for every n > N and every fc ^ 1, 
^'nj €. 

Necessity. If Sn — > then for a given e > 0, there exists an 
N such that for n > N, |«n — ^| < €/2, and for any n' > W, 
kn' *“ Hence 

[Sn -Sn'l i(*^H (^Sn' s) j 

^ k. - + k.' - < ^ + 1 = e. 

Sufficiency. The sufficiency proof for this theorem will be 
deferred to Chap. IX, Ex, III, 5. 

Let jsn! be a given sequence, let ?;i, 1 ^ 2 , • • • , f„, • • • be 
any sequence of positive integers (equal or unequal, monotone 
or not monotone) which diverges to + 00 ^ and let fci, fci, • * • , 
fcn, • * be any positive integers (unrestricted); then we call 

the sequence {dnt, where 

a difference sequence of 

'^Thborwm 4.3. A necessary and sufficient condition for the 
convergence of a sequence jsnl is that every one of its difference 
sequences be a nuU sequence. 

The proof of this theorem follows quite easily from Theorem 
4.2. 



8eo. 5] 


INFINITE SEQUENCES AND SERIES 


467 


EXERCISES V 

1. Let = H + • • • -f Prove [snl i« convergent. 

n + ln+2 2n 

Estimate its limit. 


2. Let — 1 ~f - + • • • H 1« {««! convergent or divergent? 

2 71 

(Hint: Prove {««! is unboiineied. ) 

1 1 1 (-!)«' 

3. Prove: If — 1 “ ~ ^ + * • * f » the sequence j 

3 5 7 2w — 1 


(*on verges. 

4. Let, 


(Use Theorem 4.2.) 


Prove 


(a) that {<ru} is monotone decreasing and bounded; 

(b) that {«nl is monotone increasing and bounded; 

(c) that |s»| and {flr„) converge to the siime limit. 

(d) What is this limit called? 

5. Prove Theorem 4.3. 


6. Limiting Points of a Sequence. In this section we shall 
introduces certain general concepts which will be of considerable 
importance for our later work. 

If Sn then every neighborhood of ^ contains all but at 
most a finite number of terms of the sequence. Since every 
neighborhood of ^ contains an infinite number of terms of the 
sequence, { is sometimes called a point of accurmilation or limiting 
point of the given sequence. Howev('r, divergent sequences 
may also have such points of accumulation, as for example 
the divergent sequence 1, 2, 2, 2, 2, 2, • • • , which has 
0 and 2 as points of accumulation. 

^' Definition 5.1, .4 number ^ is called a point of accumulation of 

a given sequence { Sn f if every neighborhood of f contains an infinite 
number of terms of the sequence. 

Perhaps the most fundamental theorem here is that due to 
Bolzano (1817); 

' 'Theorem 5.1. Every bounded sequence possesses at least one 
point of accumulation. 

This theorem is proved in Chap. IX, Ex. Ill, 5, but owing to 
its importance we are including it here. Theorem 4.1 is a special 
case of this theorem. 

A particularly interesting theorem which brings out the rela- 
tionship between the limit point and a limiting point of a sequence 

the following: 
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^’'Theorem 5.2. Every accumulation point of a sequence { Sn } is 
the unique accumulation point of some subsequence of { 6‘n 1 . 

Let { denote a point of accumulation of {snj. For every 
€ > 0, there exists an infinite number of indices n for which 
|sn — < 6. We can pick a suitable n = pi for w^hich 

a suitable n — p^ > Pi for which f| < 2 ? ’ ’ ' J an 

n ~ pv > Pv-i for w^hich \sp^ — < l/t>, r = 2, 3, 4, • • • . 
The subsequence = {s'} thus selected converges to {. 

From Theorem 5.2, we may prove that every bounded sequence 
has a least accumulation point m as well as a greatest accumula- 
tion point M, (See Chap. IX, Ex. Ill, 2.) 

The least accumulation point m of a (bounded) sequence 
{Sn} is frequently called its lower limit or inferior limit, and is 
often indicated by 

lim Sn == m, or lim inf Sn = m, 

n--+4* * n— ►“!- « 

Likewise, the greatest point of accumulation M is called the 
upper limit or superior limit of the sequence {sn}, and is indicated 
by 

lim Sn = M, or lim sup Sn == M, 

n— +-j- eo W— « 

Evidently, m ^ M, 

If a sequence has no lower bound, we shall write lim «« = oo ; 

n— ►-+- « 

if it has no upper bound, lim s„ = .+ '»• 

n—»-H » 

For example, if {a:.} = a, h, c, a, b, c, a, b, C) • • • , a < b < c, 
then lim = c, Um = a. If {x„) = 5 — 1, 5 — 6 — 3, 

n— * n"->4" ao 

5 — i, • • • , Im Xn = — <» , lim x„ — 5. 

n~-*+ 00 » 

EXERCISES VI 

1. Distinguish between the definition of limit as given in Sec. 1 and point 
of accumulation as given in Sec. 5. 

2. Find the points of accumulation of {«„}, where 


(a) s. - |[1 » 

(c) Sn « (n -f l)/n. 


(b) 8n =* 2^ 

(d) » (n — l)/n. 
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3. Construct a sequence of rational numbers having every real number as 
a point of accumulation. 

4. Do the accumulation points of a sequence necessarily belong to the 
sequence? Illustrate. 

5. In each of the following sequences determine lim inf and lim sup «« 


(if they exist) : 


(a) «n = n » 1, 2, 3, 4, • • • . 

(b) - 3 - 

(c) s„ = -n. 

(d) s. = (-l)"n. 

(e) 3, 5, 3, 5, 3, 5, • • * , 3, 5, * • • . 

( — 1)“ 

(f) - 5 + 


n 

(g) «n » 7 4* 



6. Prove the following theorems: 

(a) A sequence jsnl is convergent if and only if its upper and lower limits 
M and m are equal and finite. 

(b) A sequence {««) is indefinitely divergent if and only if its upper and 
lower limits are distinct. 

(c) State and prove a theorem similar to (a) and (b) for the case where 
|s„) is definitely divergent. 

7. Let iim Xn = m. M 5*^ ± Prove: 

n — >+ * 

(a) The limit S of every convergent subsequence lXn\ of {xn] is always 
^ M- 

(b) There exists at least one subsequence of ix„) whose limit is m- State 
a similar theorem for the lower limit. 

PART B. SERIES 

6. Infinite Series, Products, and Continued Fractions.’'' In 

the application of sequences to mathematics and applied fields, 
the sequences to be examined do not as a rule present themselves 
directly. Sequences appear indirectly in a number of common 
types, the most common of which are (1) infinite series, (2) 
infinite products, and (3) continued fractions. We shall first 
consider infinite series. 

c^Definition 6.1. An infinite series 

•0 

+ a 2 + as + • • • , or 
is a symbol for the sequence {s»}, where 

n 

Si = Oi, S2 = Oi + Oa, • • • , s, = a*, • • • . 

h-l 

* See the excellent treatise, by K. Enopp, ‘‘Theory and Application of 
Infinite Series.^’ 
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An infinite series ^ at is said to be convergent, definitely dwergeni^ 

or indefinitely divergent^ according as the sequence jsn} of its partial 
sums 8n exhibits the behavior indicated by those names. If the 

sequence )«»} cmiverges to Sy that is, if .s„ — ^ ,s*, then we say that s 

«0 

is the value or the sum of the convergent infinite series and 

00 

we then shall write = s. If is definitely divergent, we 

1 

90 

shall say that the series ^ Uk is definitely divergent to cc or ~ y: , 
A:«l 

according as Sn —> + ^ or cc . If \Sn\ diverges ind.e finitely , 

and M and> m are the upper and lower limits of the sequence, then we 

00 

shall say that the series ak is indefinitely divergent and oscillates 

k = l 

between the upper and lower limits M and m. 

The term sum as used here is not a sum in the ordinary sense, 
but really the limit of an infinite sequence of finite partial sums. 

We shall now briefly mention the second and third common 
types of sequences. An infinite product ^2 • • • Wn • • * , 

ae 

or JJ Uny is simply a symbol for the sequence of partial products 

n-l 

Pi = U\, Pz = UiUzy = UiUzUZy • • • , 

Pn = • • • Wn, • • • . 

For example, the sequence of numbers 

O* 02 Q2 02 02 12 

■ 4~6’ ^ 3T5 

may be represented by the infinite product 

n (» + 1)^ 

n(„ + 2)(n + 4)’ 

n» 1 

The theory of infinite products parallels the development of 
the theory of infinite series, except for a few particular con- 
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ventions due to the peculiar part tlie number zero plays in 
multiplication. 

Let ai, a2, - • * and 6o, 6i, 62, • • • be any two sequences of 
numbers with 6„ 0 for /? > 0. Form the sequence (snl as 
follows : 


6*0 ~ 6(), tSi — bi\ -f- 


(i\ , ai 

.s*2 = Oo H 

Ol 7. I ^2 

0] + ^ 
02 


.S3 — h{) -|- 


ttj 


h\ + 


CL2 


?>2 + (ds/bs) 


the term Sn being deduced from Sn~i by replacing th(i last denomi- 
nator hn-i of Sn--} by the value 6n_i + (a,,/6„), and so on. We 
* 

shall use bn + K (an/bn) as a symbol for an mjinite continued 

n^\ 

fractimL 

We shall not cuiu^ern ourselves with the theory of continued 
fractions any further at this point. However, it is worth remark- 
ing that considerable use of infinite continued fractions is mad(' 
in the study of certain phases of electrical net work theory and 
design.* 

W(i shall concern ourselves principally with problem (1) 
mentioned in Sec. 4, since it is the simpler of the two problems 
and lends itself to a systematic solution. 


While Theorem 2.1 shows that a convergent sequence 

k — \ 

completely determines its limit S, we are faced with the difficulty 
that this representation of S is frequently of an unusual form. 
Thus to calculate S we must find a familiar representation for it, 
e.g., as a decimal fraction. For example, it is not at all evident 
that 

1 - I + i - I + 4 - • • • 

and 

To ■*' Too Togo 10,000 + * * ’ = 0.7853 

represent the same number ir/4. 

* SeeT. C. Fry. Amer. Math. Boe., .luly- August, 1929, pp. 46^-498. 
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Considering the representation of a real number by a sequence, 
we may state question (2) in Sec. 4 as follows: Given two con- 
vergent sequences Sn $ and < 7 n — ^ i?. How can we determine 
if f is equal to 17 , or if { and v are in a simple relation one to the 
other? For example, if 

+ 1 V . ^ + 3V 

it is not at all evident that 77 = nor is it evident that 1 , 
it iit • • • 8 'iid 1.414213563 • • • both converge to \/2, 

EXERCISES VU 

«0 

1 . Does = (1 - 1) + (1 - 1) + • • • + (1 - 1) + • • ■ ? 

n — 0 





= 1 - (1 - 

1) - (1 - 

1) - (1 - 1) - . • • 7 

2 . 

Prove: 





(a) 

ir- 

= 2 . 


(b) 

oe 

"5^ ' -1 

(n 4- l)(n 4 * 2 ) 


n-0 




n — O 

(c) 


+ n)(i 

1 

c + n -f 1 ) 

where x 

X 

is real and 


n*0 








a; 7^ 0, 

-1, - 2 , • 

• • . 


3. Test for convergence. If the series diverges, does it diverge definitely 
or indefinitely? 


(a) 2”- 

n — 1 

*> 21 + ,■ 

1 ' 

«e 

(c) ^(-l)»(2n + l). 

n » 1 

ae 

(d) ^ 

71 as 1 

4. Prove: 

(a) If X be fixed, 0 < X < 1, 

«n (n 4 - 1)^ — — >0. 


n 

(c) «n = -» 1 

^ Vn* 4- k 



^ ^ 4- A;* 4 



1 . 
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flj “1“ 02 *4“ • • • (ju 

6 . Let «n =* 7 — — — ; r~ 7 — Prove that if — - is monotone and 

Oi + O2 + • • • -f On On 

bn > 0, then Sn is also monotone. 

7, Series of Positive Terms. We shall now concern ourselves 
exclusively with series all of whose terms are real and nonnegative 

numbers. 

00 

If (all an ^ 0), denotes such a series of positive terms, 

n«0 

then the sequence {sn} of partial sums is monotone increasing 
since 


Sn — 5n— 1 “H Un ^ 6*n— i. 

It is easy to see (from Theorem 4.1) that 

Theorem 7.1. A series of positive terms converges if and only 

if its partial sums are bounded; otherwise it diverges <0 + <» . 

00 00 

Theorem 7.2. The two series ^an and ]^an, p being any posi- 

n«»0 n“p 

tive integer^ converge or diverge together. 

Theorem 7.3. If each \n satisfies the inequality 

0 < X' g Xn ^ X", 

where X' and X" are fixed finite real positive numberSj then the two 

00 00 

series of positive terms and ^\nan converge or diverge together. 

n—O n—0 

Proof. If 2an converges,* then the partial sums of Zun 
are all less than some fixed number K, and the factors Xn are g X", 
so that the partial sums of SXnan are all SX"iir, whence SXnUn 
converges. 

A similar argument may be given for the case where 2a„ 
diverges. 

Theorem 7.4 {Comparison Test). Let Xcn and Xdn be two 
series of positive termSj the first of which is known to be convergent^ 
the second, divergent. Let San be a given series of positive terms. 


* We shall often use the symbol 



for where 


n—o 


no confusion will 


result. 
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I. If there exists a positive integer m such that for every n > m, 

dn ^ Cny then Sttn is convergent; (A.l) 

and if for every n > m, 

dn ^ dn, then is divergent. (A. 2) 

II. If there exists a positive integer m such that for every n > m, 

^ then Xon is convergent; (B.l) 

dn Cn 

and if for every n ^ m, 

S divergent. (B.2) 

dn dn 

Case A.l. The hypothesis permits us to write 


7n ^ 1 lor every n > m. Consequently, by Theorems 7.2 
and 7.3, 2;a„ and Xcn converge together. 

A similar proof may be given for case A. 2. 

Case BA. Consider the sequence j^nl, gn — ajc^. For 
every n > AT, g^+i ^ hence there exists an ff such that for 
n > Ny {()'»! is monotone decreasing, and since all of its terms 
are positive, is bounded. Theorem 7.3 assures the convergence 
of Sttn. 

Case B.2 may be proved in a similar manner by considering the 
sequence {hn\y hn — ajdny and applying Theorem 7.3. 

In order that these comparison tests may be useful, it is 
necessary to have a large stock of series whose convergence or 
divergence is known. The exercises given in the following 
sections of this chapter should form a nucleus. 

EXERCISES Vni 

1. Prove Theorem 7.2. 

2. Complete the proof of Theorem 7.3. 

«0 

3. Consider the geometric series Derive an expression f»r tha sum 

n —O 

(if it exists) of this series. For what values of a does this series osnverge? 
diverge? 

•e 

4. 8lmw that the partial sum Sn of is 1 I* Find 

n(n *f 1) L ^ ^ J 

n—l 
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the sum (if it exists) of the series. 

00 

5. A series of Ihe form /> real, is called a harmonic Shof 4 

that if p ^ 1, the series diverges; if /> > 1, the series converges. 

00 

6. Show that is (‘onvergent to a sum ^ 3, where 0! = L. 

n! 

n “0 

Hint: Show that .s‘n ^ 2 -f ~ -f- h ■ • * H- r 

2 2 * 2 ”“^ 

7. Prove Oases A. 2 and B.2 of Theorem 7.4. 


Theorem 7.5. (Cauchy\s Root Test). Let ^CLn he m series of 

n-l 

positive terms. If for N sufficiently large, a„ < n > N with 

0 < a < 1, that is, if ^a„ g a < i for all n > N, then the series 
00 

converges: but if for some N, \/an ^ 1 for all n > N, then 
the series On diverges. 

n ■* 1 

We shall leave the proof, depending on Theorem 7.4, to the 
reader. 

From Theorem 7.4, wo see 

Theorem 7.6. {Cauchy^ s Ratio Test). If for N sujfeciently 

large, and for all n > N , On > ^, 

g a < 1, 


then On converges; hut if for all n > N, 


then diverges. 
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EXERCISES IX 


1. Prove Theorem 7.5. 

2. Prove Theorem 7.6. 

00 

3. (a) Use Theorems 7.5 and 7.6 to test 

- for convergence. 

n 1 

(b) Why is it essential that the root and ratio an+i/on should not 

approach arbitrarily near to 1 ? 

4. Determine whether or not the following series are convergent or 
divergent. In each of the examples where x appears, assume x ^ 0 and 
determine the values of z, if any, for which the given series converges: 

(a) 2 5 

(convergent for x ^ 0) 

n -*0 

ee 


0^) 2 J;’ * - 

n-1 

(convergent) 

00 

(c) a; > 0, p arbitrary. 

n " 1 

(convergent if x < 1) 
(divergent if x > 1) 

go 

'y/ n(n -h 1) 

n-1 

(divergent) 

00 

2 y/n(\ 4- n«) 
n — 1 

(convergent) 

n — 1 

00 

' (convergent) 

(8) 2 Oog n)» 

n-2 

(convergent) 

n — 1 

00 

(convergent) 

n-1 

(divergent 



SBC. 7] 


INFINITE SEQUENCES AND SERIES 


467 


(log n)*"" 


n — 2 


.6. (a) Prove that 
for p > 1. 


1 


(2n + 1)'' 


(convergent) 


is divergent for p ^ 1, convergent 


n» 1 


^ is convergent if A; > 1, where p is a prime. 


p-l 


(b) Show that ^ , a and h being positive numbers, diverges 
(an + b)p 

n- 1 

for p ^ 1, and converges for p > 1. [Hint: Prove l/(an -f 6)** ~ l/w^.} 

6. Prove that 

7. Let zif « 2 , • • • , 2n denote any “digits/^ 0, 1, 2, • • • , 9. Prove 

00 

that Zo 4* converges when zo is any integer, 

n* 1 

This example shows that every infinite decimal fraction may be regarded 
as a convergent infinite series, and therefore may be regarded as a represen- 
tation of a definite real number, the sum of the infinite series. 

Test each of the following series for convergence. If the series diverges, 
does it diverge definitely or indefinitely? 


1 1 1 


10 . 1 + 




-f- 




+ 


“• § + g + ^ + 




rH + 2-3+3^ + - - 
rri 4+1 9 + 1 


+ 


2** 4- 1 


4* 


n(n 4* 1) 

* ■ I ’TT + 

n* 4 1 


(converges) 
(converges) 
(diverges definitely) 
(diverges definitely) 
• • . (converges) 

• , (converges) 

• • . (converges) 
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2 4 6 

35., --r— 7 -f r-T-; 4* + 


2*3*4 3>4*5 4 - 5 -6 


2n 


(n + l)(n -f 2)(n + 3) 
3n 


3 6 9 

2 ‘ 3 3 * 4 4 • 5 ‘ * ‘ (n + 3)(n + 2) 


+ • • • . (converges) 
+ • • • . (diverges) 


Test ouch of the following sequences lfi„l for convergence, 

where: 

Ti n 

17. = 2 (l)' (converges) 18. ^ 

;fc«l Ar-l 

(converges) 

19. «. = 2 (diverges) 20. *„ = 2 T 

ife-l 

(diverges) 

n 

^ A:! 

21. ^ ^ 7 

(converges) 

_ ^ 1-2. 3. 4 . • . (fc) 

■ " 1 •3-.5-7 ■ • • (21: - 1) 

t-l 

(converges) 

23. «, = ^2 (converges) 24. s„ = ^2 

*-l k-1 



Thdorem 7.7. Let be a series whose terms form, a positive 

,l=rl 

monotone decreasing sequence lan|, (ind let gfo, i^i be any 
increasing sequence of positive integers. Then the two series 

ao oc 

2^ a,. ami '^{Qk+y - gk)a„^ 

n—O 

are either both convergent or both divergent^ provided that there 
exists a positive constant M such that for every fc > 0, 

Qk+i - gk g M{gk - gk~i). 

l^et Sn denote the partial sums of the given series and tk the 
partial sums of the second series. Let A denote the sum of the 
terms (if any) preceding Then for n < grjt, 
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Sn < ^ -4 + +•••+• Obj-i) + • • • 

+ (ob^ + • • • + aB*^,-i) 

^ A + (pi - sfo)aB, + • • • + (gk+i - gk)a,^ s 4 + fc; (1) 
for n > git, 

Sn > Ss^ > («8,+i + • ■ • +aB,)+ ■ • ■ +(aflj_,+i+ • • • +Ob,) 
= (ffl ” go)(lg^ + ■ ■ ■ + (9* "* ^*_i)Obj — tk — U. 

Also, 

Afs„ > (^2 - gi)a,^ + • • • + {gk+\ - gk)ag^. 

Hence 

MSn > tn — to. ( 2 ) 

From Elq. ( 1 ), if {<«! is bounded, then so is {«„}; and from 
Eq. ( 2 ), if |s„l is bounded, so is {t„j. Consequently {<»} and 
|s„) are both bounded or both unbounded, and so converge or 
diverge together. 

Theorem 7 , 8 . If ]^an, a positive monotone decreasit^g series, 

n » 1 

is to converge, not only must an — > 0 but also na^ ► 0 . 

If Xttn converges, for every chosen c > 0, there exists an m 
such that for every n > m and every a ^ 1, |s^4^ — < e/2. 

Pick n > 2 m and ii the largest integer not greater than n/ 2 . 

n 

Then n ^ m and ^ Uj < e/2. Therefore (n — ju)a« < e/2 and 

y 

Hence, nan — ► 0 as n —► + . 


EXERCISES X 

1. Re taming the relevant assumptions of Theorem 7.7, prove that 


^ an and ^ 2 * 02 * converge and diverge together. 


2. Show that and 


diverge together (use Ex. 1). 


3. Show that 2;^: 2^ 

n*! fc**! 

p fixed but arbitrary. 


converge and diverge together, 
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• are examples of particular 


4. Show that Qk = 3*, 4*, • ■ • , A;*, A:*, • 
values of gu for which Theorem 7.7 holds. 

Exercises 1 to 4 clearly show the value of Theorem 7.7, for the divergence 
and convergence of 22 * 02 * is more easily determined than that of the 
series Son. 

5. Prove that S(2A; + l)a** and So» converge and diverge together. 


6. Prove that 
together. 

7. Prove that 


2 (log 2)A; ^ 2:2* 


2 * 


*-i 


ib-l 


log (2*) 


and 


?: — diverge 
log n 


n»2 


k log 2 • log {k log 2) 2* • log 2* • log (log 2*) 

ib-2 A:-2 


2^ 


2 * 


and 


L 

n • log n • 1( 


log n • log log n 

n«3 

8. Generalize Ex. 7. 


diverge together. 


9. Prove that, if b > 1, — — ^ 

n log w • • • logp.-i n • 


n-2 


and diverges together with 


logp 

3*+i - 3* 


(logp n)* 


converges 


^3*(log 3*) 


(logp 3*)^ 


10. Consider where a„ = l/(n log n). Show that >0 and 

n—2 

to 

natt— >0. Does diverge? (No.) 


»j-2 


11. Investigate the behavior of ^ On, where for n ^ V with N suffici- 


nt^N 


ently large, an has the following values; 

(2n)I 

(e) Vo - 1, 


(a) n*’/n!, 

(d) 3*‘(n!)/n*», 


(c) 


1 




n 


(f) « 


w (V~1 - v^). (W A (« (“ + 


12. Prove:5 < 1 + 


2 » - 1 


< n for every n > 1. 


13. Prove: The sequence where H log », 

2 fl 

is monotone decreasing. 
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14. 

15. 
form 


eo 


Prove: If 



On converges, then so does 



n—l n«»l 

Prove; Every positive real number x is expressible uniquely in the 


d'l as 

XsssOiH h 

^2! 31^ 


n! 


where an is a nonnegative integer with a„ ^ n — 1 for n > 1, and where 
Un 7 ^ w — 1 for every n after some definite value N of n. The series ter- 
minates if and only if x is rational. 

8. Series of Arbitrary Terms. In this section we shall assume 


that the terms Un in are arbitrary real numbers. 

n-O 

From Theorem 4.2 follows immediately 
Theorem 8.1. A necessary and sufficient condition for the 
convergence of the series San is that for any ^reassigned positive 
number € there exists a number N Nie) such that for every n > N 
and every /c ^ 1, |sn+A: — 5n| < €, that is^ that 

|an+l + an+2 -f- • • • 4* dn+kl < €. 

®^Theorem 8.2. Let {/Xnl and {A^n) he two arbitrary sequences 
of positive integers^ the first (at least) of which tends to + oo , The 
series SOn converges if and only if the sequence 

is always a null sequence. 

This theorem is an immediate consequence of Theorem 4.3. 

An immediate corollary to Theorem 8.1 is 
®^Theorem 8.3. A necessary condition that Son converge is 
that On 0. 

Is Theorem 8.3 true if the condition necessary is replaced by 
sufificienlf 

^^'Thborbm 8,4. If ^ ttn converges^ and if rn — 2) denotes 

n»0 y-n+1 

the remainder" after n terms, then r„ — > 0 as n — » + oo . 

Since ^ a« converges, for every « > 0, there exists an N such 

n-O 

that for every n> N, and every fc ^ 1, 
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lan+l + (ln+2 + * • ‘ + Gtn-f<:i 

Let A: -^ + a . Then for every n > Ny r„ S <. 

"^Thuokem 8.5. Let po, pi, • * • , Pn, • • • an arbitrary 
monotone: increasing sequence of positive numbers tending < 0 + 00 . 

«e 

If a« is a convergent series of arbitrary terms, then as n , 

n « 0 

Pop'd + J+_ * ‘ • + PnOn ^ Q 

Pn 

From Ex, IV, 4, if Sn s, then 

PlSo + {p 2 - P l)S i + • • + (pn - pn-l)Sn-l ^ 

Pn 

Now pp8o/pn — > 0 and Sn s, so that 

(Pl - Po)So + (P2 - Pl)Si + ‘ • • + (Pn - p..-l)«,^l , ^ 

«n ~ ^ "*"■ ~ ^ "• 

Pn 


n 

Since ^ dj, 
y-o 


Podo + Pldl + • • + Pndn 

Pn 


0 . 


‘^"’Thborbm 8.6. Let ^dn be a given series of arbitrary terms. 

n =0 


From V a,, construct a new series V a' by omitting a finite number 

n-O n«0 

of terms^ prefixing a finite number of terms, or altering a finite 
number of terms {or by doing any or all of these things at once), 

and then renaming the terms of the series so constructed dQ,a\y • • * . 
<» 00 

Then ^ an and ^ a^ converge or diverge together. 

n««0 n^O 

By hypothesis there exists a definite integer k (positive, zero, 
or negative) and an integer m, such that for every n > m, 
a' = a«+*. Hence, if the initial index of the one series be greater 
than fn+ jfcl, then every portion of the one series is a portion of 
the other. Then from Theorem 8*1 we have Theorem 8.6* 
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A series whose terms are alternately positive and negative is 
called an attemativ^ series. 

w 

Theorem 8.7. Let be an alternating series. If as 

ao 

n — > + 00 , ja„| is monotone and 0 , then ^ On is convergent. 
Write |flu| — any an = ( — l)'‘ ^ ^an. Then 

Tn,k — ±[0fn+l ~ «n+.2 + * ‘ * + ( ~ 1 

A short argument shows that \Tn.k\ < Since a« — ► 0, it 

follows that Tn,k — > 0. Theorem 8.7 then follows from Theorem 

8 . 1 . 


EXERCISES XI 

1. Show that every sequence is expressible as a series. 

2. A finite part of a series Ta^ — aa+\ + Oa+a -f. . . . -f ig fre- 


quently called a fHrrtion of the s<*ries Prov (‘: A mcesmry and sufficient 


condition that ^ an converge is that every seqnence of f>ortiom Tm$ — ► 0 as 

u ax 1 

Of — > -j- 00 . 

00 

3. Prove that ^ (1/w) is divergent by exhibiting a sequence of “por- 

n *• 1 

lions’’ which is not a null sequence. 

Hint: Show Tn.n - , H ^ + • • * -f ^ 


n -j- 1 n -f 2 


2n 2 


4. Show that the series ~ converges by demonstrating thai 

n — 1 

_ I Q M . 

F /»)*J 

_i (_1 _ _L_\ 

— l)(« 4“ /8) \a 4" d ~ 1 a + d/ 


" L(« + D* 

Hint: Prove that 
1 


(a 4- I 


(« 4- /?)* ^ (a 4- d 

and then consider Ta0- 
5. Prove Theorem 8.3. 
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6. Explain the absence of comparison tests in the case of series of arbi- 
trary terms. 


ALGEBRA OF CONVERGENT SERIES 

9. Algebra of Series. We have already pointed out that the 
term ‘‘sum/' used to designate the limit of a sequence of partial 
sums of a series is quite misleading, because it is apt to foster 
the belief that an infinite series may be manipulated by the same 
rules as an actual sum of a finite number of definite terms. This 
belief is, of course, erroneous. 

In the following paragraphs we shall show to what extent the 
principal laws (the associative, distributive, and commutative 
laws) of the algebra of actual finite sums hold for infinite series. 

We first consider to what extent the associative law is valid 
in the theory of infinite series, this law being expressed by the 
relation 


ao + (ai + (I 2 ) = (clq + «i) + ^^2. 

'’’’Theorem 9.1. Le<Mi)M 2 , • • • demte any increasirig sequence 
of distinct positive integers. Suppose that 

ao + ai + ^2 + • • • =5 5 

is a convergent infinite series. If 

Ak = a^^+i + + • • • + fc = 0, 1, 2, - • • 

(mo = -1) 

where each Ak is considered as one terniy then the series 
Aq + Ai + Az + • • • + Ak+ • • • 
converges to S. 

« 

The partial sums /S* of -4* is a subsequence • • • , 

fc-i 

«e 

• of the sequence of partial sums Sn of So, from 

n*0 

Theorem 2.5, we see that S* tends to the same limit as 

^ — implies that of 

n-l 



Sec. 9] 


INFINITE SEQUENCES AND SERIES 


476 


and 



_J 11 

(2fe - 1) 2k\ 

00 

/b-2 


00 


“ 2(2fc - 1) -2* 

k-l 


1 

fc + 1 


) 


to the same sum S. 

The following example shows that, while Theorem 9,1 permits 
us to introduce brackets, we may not omit brackets occurring 
in an infinite series without special consideration. 

In the convergent series 0 + 0 + 0+ •• • + 0+ with 
sum 0, replace each 0by(l — 1). We obtain 

(1 - 1 ) + (1 - 1 ) + • • • = 0 . 

However, upon omitting brackets we have the series 
1 — 1 + 1 — 1 + 1 — 1+ • • • 
which is divergent. 


‘^'’Theorem 9.2. If ^Ak is a convergent infinite series and the 

jfc-O 

terms Ak are themselves actual sumsy then the brackets enclosing the 


Ak may be removed if and only if the series ^ an so obtained is also 

n — 0 

convergent. 

We shall leave the proof of this theorem to the reader. 


"^'Theorem 9.3. If '^an — A and ^bn — B are both con- 

n— 1 n— 1 

vergenty they may be added term by termy i.e,, 


(ctn + 6n) = 

n»l 

Also without braces, 

Oi + + <*2 + 62 + • * • + o„ + + • • • = A + B. 

Let 8n and «r« be the partial sums of the first two series. Then 
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(«n + <rn) are the partial sums of the third. By Theorem 2.10 it 
follows that {sn + cTn) + B). The proof of the remainder 

of the theorem is left to the reader. 

Similarly, it may be shown that 

‘'^’Theorem 9.4. Two convergent series may be subtracted term 
by term. 

oc 

'"’Theorem 9.5. If ^ a„ == s cx>nverges and if c is an arbitrary 

n *■ 1 

constant, then the series may be multiplied by the constant c*, that is^ 

ae 

^ {can) converges to cs. 

n =» 1 

Theorem 9.5 provides a partial extension of the distributive 
law to infinite series. 


EXERCISES Xn 


1. Prc»v<i that >S in the example following Theorem 9.1 satisfies the 
inequality j’? < X < }§. 


2. Prove that 


2 (: 

P «1 


1 


4 - 


3 


4p — 3 4p — 1 



is convergent as well as 


the fecries resulting from it by removing the braces. 

3. Show that the sum a of the series in Ex. 2 is | times the sura S of the 
series in Ex. 3 . 

4. Prove Theorem 9.2. 

5. Prove Theorem 9.4. 

6. Prove Theorem 9.5. 

7. Prove: The series 2a„ dedticed from SAn in Theorem 9.1 is convergent 
if the guantities 


Ap = |Om„+i| + + • • • + 


form a null sequence. 

8. Complete the proof of Theorem 9.3. 

10. Absolute Convergence. The following definition enables 
us to extend further the laws of algebra to infinite series. 

^•Definition 10,1. A convergent series SUn is said to be 
absolutely convergent if Slunj also converges, otherwise it is said 
to be nonabsolutely convergent. 

For example, the convergent series 

1 - i + i - i ~ i + ‘ • 

is nonabsolutely convergent, for 1 + i + I + * * * is divergent, 
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while the convergent series + ^ — •**is abso- 

lutely convergent since 1+^ + ^ + ^+ ‘ * ‘is convergent. 

""Theorem 10.1. If S|a„| converges, then so does Sa„. If 
XOn = s and Sknl = <t, then |s| ^ <r, 

k k 

Since ^ ^|an+p|, the left hand number is < € if 

p-i p-i 

the right-hand number is. The first part of the theorem then 

n 

follows from Theorem 8.1. Since |Sn| ^ ]^|up| < then by 

p-O 

Theorem 2.2, |s| g a. 

""Theorem 10.2. Let 2cn^ be a convergent series of positive 
terms. If, for every n > m, |a„| ^ Cn, then San is absolutely 
convergent. 

Comparison of S|anl with Scn together with Theorem 10.1 
makes this theorem evident. 

""Theorem 10.3. Let p\, pt, pn, • * ' form a bounded 

sequence. If Sun is absolutely convergent, then so is Spn^n. 

The sequences {|pn|l and |pn} are both bounded. From 
Theorem 7.3, 2J|pn| * |anl ^ SlpnCtnl converges with S|an|. 

We shall now show that the fundamental laws of algebra for 
finite SUHLS are essentially maintained in the case of absolutely 
convergent series, but not for nonabsolutely convergent series. 

""Definition 10.2. Let Za^ be a given series. If ti\, M 2 , pa, • • • 
is any rearrangement of the sequence 1, 2, 3, • • • , then the series 


^a' ^ i^ Sf^id to be generated from ^Un by rearrangement. 

n ■» 1 n *• 1 

""Definition 10.3. A corwergeni infinite series which remains 
convergent, without alteration in sum, under every rearrangement 
ii.e., obeys the commutative law) is said to he miconditionally 
convergent. If a convergent series is such that its convergence can 
be altered by rearrangement {i.e., does not obey the commutative law), 
the series is said to be conditionally convergerd. 

For example, the series ^ is unconditionally con- 


vergent; but the series 


i(-l) 


n~l 


is conditionally convergent. 
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^Theorem 10.4. Every absoliUely convergent aeries is uncondi- 
tionally convergent. 

(a) Case when Scn — S Is a Series of Positive Terms. Let 

n 

Sn = Consider an arbitrary rearrangement s ^Cp^ 

p-i 

of Zcn- Then if 5' be the partial sums of Sc', then S' < Sat, 
provided N is greater than all of po, Pu • • • , Pn- Since 
Sn < S, S' < S for every n > N. Hence by Theorem 7.1, 
Sc' converges. If S' be the sum of Sc', then by Theorem 2.2, 
S' g S. But Scn can be thought of as a rearrangement of 
Sc', so that as before, S ^ S'. Hence S = S'. 

(b) Case when San Is an Arbitrary Absolutely Convergent Series. 
Let So^ be an arbitrary rearrangement of SUn. By (a), S|a'| 
is convergent; so by Theorem 10.1, Sa' is also convergent. 
We shall now show that any rearrangement of Sun does not alter 
the sum. Let € > 0. From Theorem 8.1, there exists an M 

k 

suflSciently large that for every A: S L 2^km4.p| < €. Next 

p-i 

select an integer No so large that po, Pu • • • , Pn^ contain at 
least all of the integers 0, 1, 2, • • • , Af. Only terms 

• of index > M remain in the difference S' — Sn 
for all n > No. Hence for n > iVo, IS' — S| < c. From this 
we infer that S' = Sn + (S' — Sn) converges to the same 
limit as Sn, so that San and Sa' have the same sum. 

^Theorem 10.5. If San is nonabsolutely convergent^ it is only 
conditionally convergent. 

To prove this we shall show that by a suitable rearrangement 
of San a divergent series So^ can be obtained. Denote the terms 
of San which are ^ 0 by pi, P 2 , * • • , and the terms which are 
<0 by — — ^ 2 , • * • • At least one of the series of positive 

terms, Spn and Sffn, diverges, for if they both converged, then 
San would be absolutely convergent. Suppose Spn diverges. 
Consider a rearrangement Sa' of San as follows: 

Pi + P2 + * * • + Pn, — O'! + Pnj+1 + Pn,+2 + * * * + Pn, 

— 0^2 + pn,4-l + * * * . 

Since Spn diverges its partial sums are unbounded, so that we 
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ni 

can select an integer ni sufficiently large that ^pj > 1 + gi, an 

y-i 

n* 

712 > ni so that ^pj > 2 + gi + 92, * * * , a n< > rit-i so that 
y-i 

ni 

> t + Evidently ]^a' diverges. A similar argument 

-1 

holds when Ugn diverges. 

""Theorem 10.6. Let mi, M 2 , • • • , Mn, * • * tTicreasing 

sequence of positive integers. If 2an is absolutely convergenty 
then 80 is the subseries 

This theorem follows from Theorem 10.1. 

Let 2an be any absolutely convergent series. Let be 
any subseries of 2an (finite or infinite). Arrange this subseries 
in any order and denote the resulting series by 

k 

where is its sum. (Why does this sum exist independently 
of the arrangement selected?) Pick a second subseries of Son 
(finite or infinite), arranged in any order with sum 

k 

Continue this process in such a manner that each term of 
Sun appears exactly once in exactly one of the subseries. The 
series + * * ‘ + + • * • is said to be a rearrange’^ 

ment of Sun in the extended sense. It can be shown that 
"Theorem 10.7. If an absolutely convergent series be rearranged 
in the extended sensCy the series is absolutely convergent 

k 

and its sum is equal to the sum of ZUn. 

00 eo * 

Theorem 10.8. Let z^^^ = > 

«-0 *-0 

• ^ 
2 :(fe) = ^a^f\ * • • be an infinite set of absolutely convergent series. ^ 

«-o 

« «e 

If converges to f, where |a‘'‘’| = X^'^ then for each fixed s, 

r -0 «*»0 

«e 

(a = 0, 1, 2, * • • ) the series is absolutely convergent 

r «0 
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,«0 r »0 


{In other words, in the infinite matrix 


{a^^) the sums of the rows and the simts of the columns are both 
absolutely convergent to the same su7n.) 

Arrange all the terms in = A in soin(‘ simple s('qnenee, 


say, tto, a^, 02 , • • • . Now every j)artial sum g <r, since if 

.;-0 

we pick large enough that a,,, ai, • • • , O;,* all occur in the first A: 

m k 

rows of A, ^|a,| ^ Henc<' absolutely 

i“0 >==0 

convergent. A new rearrangement of the terms in Ay a'l, 
aj, • •• would product* a seritis Xa'„ which is merely a rearrange- 
ment of Xttn, and consequently absolutely convergent to the same 
sum a. 

Both and are rearrangeiiK'nts of la,, — (t in the sense 
of Theorem 10.7; hence these series both (*onverge absolutely 
to the same sum <t. 


EXERCISES XIII 

J. Exhininp each of tlio following series for absolnte ronvergeiKje: 


(a) 


(c) 


2 

2 


/> > 1. 

■ “2 



< 0 . 



p <1. 



P > 1. 


2. Prove Theorem 10.2 with the condition la„| < c„ replaced by the 
condition |an-fi/a«| ^ Cn+i/cn. 

3. Prove that if Xcn is absolutely convergent, then the series generated 
from it by an arbitrary alteration in the signs of its terms is absolutely 
convergent. 


4. 


Prove that 


2^’-' 


is nonabsolutely convergent. 


Rearrange the 


n — 1 

series to give a divergent series. 

5. Prove Riemann^s theorem: The terms o] a nonabsolutely convergent series 
can altvays he rearranged (1) so that the new series is convergent to any arbi- 
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Irarily given number, (2) so that the new series oscillates between arbitrarily 
assigned bounds, (3) so that the new series is definitely divergent. 

6, IlluBtrate Riemann’s theorem by means of the series 

if - ' - ‘ ) 

^\2n + 1 2n -f 2/ 


7. Prove Theorem 10.7. 

11. Multiplication of Series. Tho distributive law for finite 

sums is 

V ==0 /\«==0 / r »0 1 

irrespective of the order in which the products aj)g are added. 

ao X 

Let = A and ^ he t wo couverpjent series with sums 

r «0 

A and B. Under what conditions does 


(i-'X.?;-) = 

independently of the order in which the products aA are added? 
Let po, pi, P 2 , • * * denote the series of all the products aA 
in any chosen order. Under what conditions does Spn con- 
verge? Converge to AB*f These questions are partially 
answered by 

‘'Theorem 11.1. If Xur = A and Xb, = B are absolutely 
convergent, then the product series 'Lpn converges absolutely to the 
sum AB. 

(a) Let n > 0. Denote by M the largest of the indices r and s 
in the products a A which were denoted above by po, Pi, • * • , 

n / M V / M \ « 

?>„. Then ^ ^ |ar| )( X X “ 

y«“l \ r —0 / \«=»0 / » t »»0 

and 2) shows that the partial sums of 2/|pni are 

n *=0 

bounded, so that Xpn converges absolutely. 
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(b) The sum S of Spn can be determined quickly by the 
“squares arrangement/' ao6o = Po, 

(ao + ai)(6o + ?>i) = po + pi + P 2 + p8, • * • , 

(ao + * * * + ttn)(6o + • • * + 6n) = Po + * • * + p(n+l)‘~l 

= 

By Theorems 2.5 and 2.10, <Tn-^ S = AB, 

EXERCISES XIV 

1. Let Sor == Af Xbs ^ B he two absolutely convergent series. Let 
M ~ (arb,) be the infinite matrix whose element in rth row and «th column 
is Orb*. Show that AB is equal to the sum of the diagonals of M, 

Oobo + (oobi + Oibo) + (oob2 -h Oibi -i- Oabo) -}-•••. 


This form of the product is called Cauchy* s product. Write the product in 
the form indicated when squares of the main diagonal of M are used, starting 
from the upper left hand corner of M . 

2. Let Sora:’', 'Zb»x‘ be two power series. Indicate the Cauchy’s product 
of these two series. 


3. Prove: 


Vv V 
:( X'-# X“')- X 

\n=0 /\n»0 / n-0 


(n -j- l)iP”, \x\ < 1. 


Hint: If x\ + xt 


x%, prove that 



4. Prove that if the series 




be rearranged so that we have 


alternately r positive terms and r negative terms, that the resulting series 
converges. What results if the number of positive terms used is different 
from the number of negative terms? 

6. Prove that any conditionally convergent series can be grouped together 
in such a manner that the resulting series is absolutely convergent. 


6, Let « ». Show that =-«; that, 

3* 5* 7* 4 

n-l 



7. ^AbeTa Partial Sum. Let Oo, oi, • • • ; bo, bi, • • • be arbitrary numr 
hers. Show that for every A; ^ 1, and for every n ^ 0, 


«+* n-ffc 

^Orfcr “ '^Ar(.br 
f—n+1 f—n+l 


br+l) ““ Anbn^l 4* A*^.ib«+*+i, 


where An 


n 


Xor. 
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8. ^^Mertem^ Theorem. Suppose ihai ai least one of the two oofwergent series 
2)ait » A and Xbn » B converges absolutely. Let 

Cn ~ (Oo&n H“ fltlftn-l «-[-•••+ fln&o)» 

Prove that XCn converges to the sum AB. 

9. ^Abel's Theorem. Show that if Sa» = -4, Xbn =® B and Xcn — C each 
converge, then AB ^ C, where Cn * aobn + aihn-i -I- * * * + CLnbo. 

PART C. POWER SERIES 

12. Power Series. In this section we shall consider series of 

DO 

the type where x is assumed to be a real variable. Such 

n «= 0 

series are known as power series in x, and the (real) numbers On 
are called their coefficients. 

We shall first consider the question, for what values of x is the 
series convergent and for what values is it divergent? 

•e 

It is quite obvious that every power series '^anX^ is convergent 

n-O 

for = 0, no matter what the coefficients an may be. However, 
as will be seen in Exs. XV, 1 to 5, power series exist which con- 
verge for all values of a;, which converge for only certain values of 
Xj or which converge for no values of x different from zero. In 
the first case, the series is said to be everywhere convergerU and 
in the last case the series is said to be nowhere convergent (even 
though convergent at 0). 

00 

The totality of points x for which the given series con- 

n “0 

verges is known as its region of convergence. (Thus the region of 

•0 

convergence for is the set of all points x for which |a;| < 1.) 

n-O 


‘^Theorem 12.1. Let ^anX^ he any power series which is neither 

n-O 


convergent everywhere nor convergent nowhere. Then there exists a 

•0 

positive number r such that ^o^x^ converges (even absolutely) for 

n«0 

every \x\ < r but diverges for every |a;| > r. 
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The number r in this theorem is called the radius of convergence 
and the region of convergence of the given power series is the 
interval —r<x<r. 

It should be remarked here that the question of the convergence 
of the series at a- = r and x ~ —r is not answered. A separate 
investigation must be made for the values r and — r of x. 

We shall base our proof of Theorem 12.1 in Chap, IX on th(' 
following two theorems: 

'Theorem 12.2. Let he a given power series convergent 

n — 0 


for X — Xo, Xo 9^ 0. 


Then 

n *0 


is absolutely convergent for 


every x = Xi for which |xi| < |xft|. 

00 

If converges for Xo, then there exists a positive number 

» =0 

K such that \anX^\ < K for every n. Then 


\anXl 


= lanXSl • 



n 

g K • 


Xo\ 


Xo 


The theorem now follows immediately from Theorem 10.2. 


‘'Theorem 12.3. If diverges for x — xo, then %t diverges 

for every x = X\for which |xi| > Ixoj. 

If the series were convergent for Xi, then by Theorem 12.2, 
it would also converge for xo since jxol < |xi|, contradictory to 
the hypothesis. 

Theorem 12.1 merely assures the existence of the radius of 
convergence without giving us any information as to its magni- 
tude. To supply this need we shall now prove 


‘Theorem 12.4. Let be a given power series. Let 

n »“0 


H = lim 

Then^ (Bk) if p ^ 0, the power series is everywhere convergent^ 
(b) if p ^ the power series is nowhere convergent^ 
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(c) 0 < ft < 4- , the power series converges absolutely for 

every \x\ < \/y, but diverges for every \x\ > l/y. Thus, r = 1/y, 
is the radius of convergence of the given power series. 

(a) Let Xo 0 be an arbitrary real number. Then there 
exists an m large enough that \^|an| < l/2|xo|, or |a,»xSl < 1/2^ 
for n > m. By Theorem 10.2, 2Ia„Xo converges absolutely. 

(b) If converges for some Xi 5 *^ 0, then {a^x;} and 

{^\a.xi\\ are bounded. From this we can conclude that 
WKW is bounded. This contradicts hypothesis (b). Hence 

cannot converge for imy Xi 5 ^ 0. 

(c) Suppose X 2 is any number such that \x 2 \ < 1/m- Select a 
positive p such that \x 2 \ < p < I/m- Then 1/p > p- Then for 
m suflSciently large, \/|an| < l/p, and ^\anX^\ < \x 2 \/p < 1 
for n > m. SanX? is evidently absolutely convergent. If 
jxal > 1 /mj IVxsI < M, and there must exist infinitely many n\s 
such that \/|an| > |l/x3(, or lanXjj > 1. Hence the series 
cannot converge. (Why?) 

ao 

''Thi'!Orem 12.5. If ^anX" has the radius of convergence r, 

n =«0 


then so has 

n =0 

l^et nan = Then Since 1, 

the sequences {^|anll and { have the same upper limits, 
and the theorem follows from Theorems 12.4 and 9.5. 

So far we have considered only power series of the form 

90 

^OnX^. However, our results are essentially unaltered if we 

n-O 

oe 

also consider power series of the more general type ]^a„(x — xo)’*. 

n «=0 

By setting x — Xo = x\ we see that the series converges abso- 
lutely for all x's such that |x'| = jx — Xo| < r, but diverges for 
|x xo| > r, where r denotes the number determined by Theorem 
12.4. Evidently, the region of convergence of the series is there- 
fore an interval (or the point Xo) the middle point of which is xo- 
The interval of convergence may or may not include one or both 
end points. All the considerations given above for the series 



486 


HIGHER MATHEMATICS 


[Chap. IV 


are valid, except for the translation of the interval of 

n-O 

convergence. 

For each value of x in the interval of convergence, the power 

00 

series ^an{x — x^Y has a definite sum 8. In general the value of 

n-O 

8 is dependent on the value of a:. To denote this dependence of 

S on Xj we shall write 

00 

2^a„(a: - Xo)” = S{x), \x — Xo| < r, 

n-0 

and say that the power series defines, within its interval of con- 
vergence, a function of x, 

EXERCISES XV 


1. Prove that the geometric series is absolutely convergent for 

n “0 

(x| < 1 and divergent for |a:| ^ 1. 

2. Prove that 2(a:^/n!) is absolutely convergent for all real 

3. Prove that S(x”/n) is absolutely convergent for \x\ <1; is divergent 
for \x\ >1; is convergent for x = — 1; and is divergent for x = 1. 

00 

( — 1)* - is absolutely convergent for all real x*s. 

\4biC) ! 

00 

6. Prove that is absolutely convergent for \x\ ^ 2, and diver- 


gent for lx| > 2. 


6. For what values of x is convergent? 


Arts. 0. 


7. For what values of x is ^ convergent? 


Am, X > I, 


8. Prove Theorem 12.2 if the first sentence is changed to read, *Tf the 
sequence \anX^\ of its terms is bounded at x =» xo, xo # 0.'^ 

1 . . . r- 1 


9. Show that 


lim \/^\ 


is not necessarily equal to lim 
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10. If a power series is everywhere convergent, then \/ |on| — ► 0 as 
n — ♦ -f 

11. Prove that vl/wI-^O as n— ♦-f-oo. (Hint: Sa:”/n! converges 
everywhere.) 

12. Show that each of the following have the same radius of convergence 



n-O 


n «0 n «0 n »=0 

oo 

^n(n — 1) • • (n — A; -f l)aBa:’»“*, for all positive integers k. 
n “0 

13. Show that each of the following have the same radius of convergence 


as 2^anX” : 

n “0 


\anX^ 


in + 1* 


n -0 


anX^ 


n-0 


I (n “h l)(n 4“ 2)^ 


ana;’* 


l(n 4- l)(n 4-2) 


(w 4- k) 


n=0 


Find for what values of x (if any) each of the following series converges : 


14. ^ + 


4 - (_!)»-£+ . . . . 

n* 


15. 1 4- a: 4- x* 4- • 

'«-^+2l+4l+ ■(2n). 

17. ® • + X"’ + • • ■ . 


-f a;** 4- ’ * 


Ans. ~1 ^ a: ^ 1. 
Ans. —l<x<l. 

Ans. — 00 < X < 4- 

.4ns. —1 < X < 1. 


18. 


-I- 


4- (~l)«-i- 4- 
n 


20. 

3! ^ 6! 71 


4-^4- 

nl 


Ans. —1 < X ^ 1. 
Ans. — « < X < 4 


4 (-1)’^-'^ 


(2n - 1)1 

Ans. — 00 < X < 4 «. 
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21. X -f -f + 

y/2 V3 


1 2x 3a:* 

22. - -j- H h • 

3 2 3* 2* 33 


-h 4- • • 
V n 


Arts. 


+ 


nx^ 


2"-* 3« 


4- 


00 < X <r 00 . 


Ans. —6 < X < 4-6. 

23. 1 - 2(x - 1) 4- 3(x - 1)* - 4(x - D* 4- • • • 

4. ( — l)»»“i(n)(x -- . Ans. 0 < x < 2. 

For what values of x, if any, does each of the followinp; sequences Uni 
converge, where: 


24. = 


25. 


26. «n 


n 

A: -3** 

A:»l 

n 

2 2*x* 

1 ’ 


A«1 


27. = 


= 2 


(A; -f Da:* 
hi 


Am. —1 < X < 1. 


Am. -3 g X < 3. 


. 1 ^ 
Ath. -- S r S - 


Am. — w < r < 4" . 


28. s„ = "^(-1)*' 

n 

30. s„ = 2***. 

n 

2 e* 


1 


■f 1) 


;fc-i 


32. «n = 1 -h 


2 (g - 2)*- ^ 

- D* 


*-2 


29. s„ 






4n«. — 2 ^ r < 2. 


Atm. 1 < x < 3. 


13. Properties of Functions Represented by Power Series, 

ae 

Let the power series f{x) =* define a function of z 


n **0 



Sec. 13] 


INFINITE SEQUENCES AND SERIES 


489 


within the (open) interval \x — Xo\ < r. As a general rule the 
most important problem concerning this series is to deduce from 
the series the principal properties of the function represented by 
the series. 

‘1''heorem 13.1. The function f(x) defined {in its interval of 

oc 

convergence) by the power series ^an{x — Xo)'‘ is continuous 
at X = xo (t.e., f{x) — >/(xo) = ao a« x — > Xo). 

QO 

Suppose 0 < p < r. By Theorem 9.5, 2)|an|p"“* = K {K > D) 

n-O 


and converge together. Then for every |x — xo| < p, 

n » 0 


« 


l/(x) - ttoi 


(x - Xo)]^an(x - Xo)”" 


^ |x — xoj • K. Let 


i I 

€ > 0. Then if 6 > 0 be less than both p and e/Ky then for every 
|x — xol < by |/(x) ~ ao| < e. Theorem 13.1 follows from Theo- 
rem 4.2 of Chap. I. 


"^Theorem 13.2 {Uniqueness Theorem), Let ]^OnX” arid 

ao 

^6„x” bf two power series both having a radius of convergence 

?i-0 

r ^ p > 0, where p is some positive number, and both having the 
same sum for every \x\ < p. Then, for every n = 0, 1, 2, • • • , 
the two series are entirely identical, that is, an == bn for all n. 
Consider 


tto + 0]X a^x^ + * * * = feo + bix + b^xr + • ■ • , 

|x| < p. (1) 

Let X 0. Then by Theorem 13.1, ao = fco- Subtracting 
ao == bo from (1) and then dividing by x, we find that 

ai + d^x + asx^ . . • = 4- 4- . . . ^ 

(0 < |x| < p). (2) 

Again let x->0 and apply Theorem 13.1. We find ai = bi, 
and 
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02 4" “h diX^ 4” * * ‘ = ?>2 H~ bsx 4" t^iX^ 4* * ‘ ? 

(0 < |a:| < p). 

By a complete induction proof, we are then led to the conclusion 
that dn = bn for every n. 

A corresponding statement holds for the more general series 

00 

- xo)”. 

n -O 

It should be remarked in passing that this theorem holds for 
series involving but a finite number of terms as well as for infinite 
series. 

We shall now prove a number of theorems which are without 
doubt among the most important theorems in the theory of 
infinite series. 

00 

‘'Theorem 13.3. Let '^anix — Xoy be d power series with 

n «0 

radius of convergence r, representing the function f{x) for all values 

o ' „ .4 .h o of x for which |x — a;o| < r. Then 

f{x) may also be expanded in a power 
series with any other point xi of the 
interval of convergence as center; in fact. 


/(^) == 2 ^ bk{x - XiY, 




^On+kiXi — Xo)", 


and where the radius ri of this new series is 
ri ^ r — |xi — Xo|. 

Suppose Xi is such that |xi — xo| < r. Then (see Ex. XVI, 2) 


/(*) = 2o«[(xi — Xo) + (x - Xi)]” 




n.O L i-0 


Xo)’‘“*(x — Xi)* , 
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SO that 

•0 n+A; 

fix) = ~ 

ft — O n»»Jb 
• n 

ifc-l n-O 

40 

= '^hix - x,y, 

k -0 

provided the indicated rearrangement (see Theorem 10.8) of the 
series is valid. Theorem 10.8 is applicable, since the series 


5) |a»l(ki - Xo| + |x - Xi|)’* 

n-0 

converges if \xi — Xo\ + \x — Xi\ < r. Hence, if x is closer to Xi 
than either (xo + r) or (xo — r), the rearranged series (4) 
converges to/(x). 

Theorem 13.4. A function /(x) represented by a power series 

40 

]^a„(x — Xo)"* is continuous for every value Xi of x interior to the 

n«0 

interval of convergence. 

From Theorem 13.3, within a certain neighborhood of xi, we 
may write 


f{x) = a„(x - Xo)” = 2) ~ ^i)", 

n »0 n »»0 

where 

40 

6o = '^an{xi - xo)" = /(xi). 

n a«0 

By Theorem 13.1, as x — ^ X\^f{x) -^/(xi), from which the theorem 
follows. 

^Theorem 13.5. A function f{z) represented by a power series 

40 

an(x — Xo)" has a derivative at every point xi interior to the 

n*«G 
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interval of convergence of the series^ and the value of the derivative 

eo 

f(xi) at Xi is equal to f(xO = ^nanix^ — 

n 1 


Since f(x) = ^hnix — then for all .rV' nufficiently close 

■n -0 

to Xu 


f(x ) - f{xi) 
X — Xi 


hi + h2(x — xi) + ‘ ‘ . 


Upon letting x — > xi, and applying Theorem 13.1, we find that 


00 

f'(xi) = b^ = ^na„(xi - X(,>' >. 

n = ) 

From Theorem 13.5, it follows that 

'"Theorem 13.6. A function f{x) represented by a power series 

00 

^Cin(x — To)" has derivatives of every order at every point X\ interior 

n *0 

to the interval of convergence, and the value of the fcth fUrivaiive 
f^^''(xi) at x I is equal to 

/<^>(xi) = {k\)h 

ao 

= 2 ) - ■>;«)”• 

ti =0 

From Theorem 13.5, for every x in the iriterA al of convergence, 


/'(^) = ^(« + l)a»+l(a' - ■'•n)". 

n»0 

By Theorem 12.5, f'(x) has the same interval of convergence as 
the original series. Hence we may again apply this result to 
fix), yielding 

30 

+ l)an+i(a' - xo)"”' 

^ SB 1 
00 

5= 2) (” + ^)(” + 2)o„4.2(x — Xo)”. 
n *“0 
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f'‘Hx) = + 2) • • • (n + k)an+hix - xo)", 

/i-O 

which convergCH for eivery x of the original interval of convergence 
for the series of f(x). In particular, this relation holds for 

X = Xi. 

Substituting for the coefficients bk in the series of Theorem 13.3, 

/(^Vxi) 

the values of obtained in Theorem 13.6, we have 

kl 

'^Theokem 13.7 (Taylor\s Series), If f{x) is a function repre- 


sented by the power series ^an(x — for every x for which 


\x — xo| < r, where r is the radius of convergence of the series^ and 
if X\ denotes any point interior to the interval of convergence^ then 


Six) = /(a:,) - x,) + 

+ • 


2\ 


{x — Xi)- 




for every x for which |.r — X\\ < ri = r — \xi — Xo|. 

'Theorem 13.8. A function fix) represented by a power series 


^a„(x — Xo)” may be integrated term by term within the interval 

of convergence of the series; and the definite integral from t = x^ to 
i = Xzj where x\ and X 2 are interior to the interval of convergence, 
is equal 


f > =“0 


(xi - Xo)"+‘l. 


By Ex. XV, 13, the series Six) = ^ (a: — Xo)”'* ' 

n-O 

converges if \x — xoj < r. From Theorem 13.5, the derivative 
S'ix) = 2a„(x — xo)” = fix). By Sec. 33 of Chap. II, the 
function gix) — JX/(0 has for its derivative, g'ix) = fix). 
From Theorem 2.1, Chap. II, gix) — Six) = C, a constant. But 
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g{xo) — <S(a:o) = 0, so that <7 = 0. Thus g{x) ^ S{x), and 
00 

J fit) dt — — a;o)"+‘. Theorem 13.8 now follows. 

n *0 

It should be emphasized that Theorem 13.4, on the continuity 
of the function represented by a power series, is valid only for the 
open interval of convergence. In fact, we are unable to conclude 
directly that the function is continuous even if the series con- 
verges at one or both of the end points of the interval. ^However, 
the following theorem is of interest in this connection: 

Theorem 13.9 (AbeVs Limit Theorem,)* If the power series 


^ has a radius of convergence r and converges for x = +r, 

n *0 

and if f{x) denotes the function defined by the series y then lim f{x) 

T— ♦r — 0 


exists and is equal to i.e., f{x) is continuous on the left at 

n-O 

X = r. 

If XanX^ has the radius r, then 'LbnX^ with bn = Onr" has the 
radius 1. We shall accordingly simplify our proof by assuming 
r = 1, and SUn = S, and then show that lim f{x) = S, By 

Theorem 11.1, since 


1 anX^ = SnX^y for |x| < 1, 

n—O n»0 n«“0 n = 0 

where /S„ = it follows that /(a:) = (1 —<E)'^SnX’'. Since 

n-O 

(1 - a:)Sa:’* = 1, 

•e te 

S - fix) = il - x)'^iS - S„)x" = (1 - x) 2jr„x", |x| < 1, 

n=»0 n — 0 

where r„ ^ S — Sn —* 0. (Why?) 

* Abel: Jour, reine angew. Matk.y Vol. 1, p. 311, 1826. This paper is one 
of the most famous in the history of infinite series. The serious student will 
find it well worth studying. 
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Select a positive number e. Then for n sufficiently large, say, 
n > N, |r„) < e/2. Then for 0 ^ x < 1, 

N 




(1 — 


n “O 


+ 


e(l - x) 




< P(1 - x) + 


€(1 - X) X^+1 
2 1 - X 




N 

where P — ^ Hence for 1 — 5 < x < 1, 


iS-/(x)|<| + | = 6 , 

SO that /(x) S as X 1 — 0. 

A similar theorem can be stated for the left end of the interval 
of convergence. 


EXERCISES XVI 


1. Complete the inductive proof begun in the proof of Theorem 13.2. 

2. Apply the result of Theorem 13.2 to prove that 



Hint: Since (1 4- x)*’(l -f x)p =*(14- then 


Here 


(:)“ 




a symbol for the binomial coefficient; 


(r) 


pip - ^)(P - 2) — ♦ (p - y 4 1) fp^ 
1 • 2 • 3 • • ' V0> 


1 , 


Thus, 

{a » aP + 




+ 


v ^ p. 
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3. Let/(a:) be defined by a power series convergent for 1*1 < r. 

n «0 

(a) li f{x) is an even function [i.e., f{x) =/(~x)], show that only even 
powers of x can have nonvanisliing coefficients. 

(b) Show that if f{z) is an odd function (i.e., /(x) = — /( —x) \ only odd 
powers of x can have non vanishing coefficients. 

4. Show that in Thec^rein 13.o, /'(xi) = "f 

5. The distinction between Taylor's series and Taylor's theonnn of 

Chap. I should he carefully noted. State these clistirudions. 

■0 

f). Prove: If ^OnX'‘ converges for x — — r, then limit fix) exists and is 

J— -r4 0 

n —0 

oO 

equal to ~ I 

7. From Theorems 13.4 and 13.9, show that lirn ~ pro- 

vided the series on the right converges and x — > $ from the origin side. 

«0 M 

8. If ^ is a divergent series of positive terms and ^ has a radius 


of convei-gence 1, show that /(x) = — > -f « as 


X — ► 1 — 0. 


14. The Algebra of Power Series. It follow^ immodiately 
from Theorems 9.3 and 9.4 that convergent power series may be 
added and subtracted. From Theorem 1 1.1 we see that two 
power series may be multiplied provided, of course, that we 
remain within the interior of the intervals of convergence. Thus 


'^OnX" ± '^bnX" = (a„ ± 

««»0 w «=0 


\n*0 /\ns»0 / n«0 


provided that x lies in the interior of the intervals of convergence 
of both series. 


Since power series may be added, subtracted, and multiplied 
(within the interior of their common region of convorgonct^), it is 
natural to suspect that, under certain conditions, one can divide 
by power series. That this is the case follows froir 
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Theorem 14.1. Let ^anX^ be convergent with sum A{x) and 

n »0 


suppose is convergent with radius R and sum B{y). If in 

n *0 

ao 00 

^ 6n2/”, y be replaced by ^ anX"% obtaining 

n ~ 0 TJ ~ 0 


6o + 6, 2 1+62 


n *= 0 


00 \ 2 

2 ) 

n-O / 


+ 


-2 


CnX^ 


then ^ c'nX" converges to the sum ii[i4(:r)], if x is such that \anX^\ 

n = 0 n = 0 

converges. 

This is a special case of Theorem 10.8. Write 


yk 



j=o 


fc = 0, 1 , • • ■ . 


Then the .series 6o 






b\y == 



• • of 


array a ^ corresponds to the -series of Theorem 10.8. 
Next, consider the series 


N = N(x«r^q 

11 

s- 

00 

\*-0 / 

1 

_ /c = 0 


of array a = with |a:| = t? = ^ |a„x”|. Each element 

of a is ^ 0. Since is convergent by assumption, Theorem 

10.8 applies to a. Since every element of (t is in absolute value g 
the corresponding element in a, Theorem 10.8 applies to (i, and 
Theorem 14.1 is now an immediate consequence. 

EXERCISES XVII 

CL \(:l \ ^ 

1. (a) From l ^ arX^ If ^ show that 

\r«0 /u«0 / n»0 
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V ano:" = (1 - x) V 

n-O n«0 

n • 

where s« =» 1^1 ^ 1^1 ^ where R is the radius of arX^, 

A-O r-O 

«e 

(b) Consider 1/(1 — y) ^ 2)2/“ which converges for \y\ < 1. Let 

n =»0 

X\anX*^\ be convergent. Show that the resulting power series 

1 -f- (SanX«) + (SOnX-)* + . . . S SCnX" 

converges to the sum 7 < 1. 

1 - (SanX**) 

2. Let ; ; — = Co -f cix + cax* -f • • * . We may 

Oo 4 - ctix 4 - asx* 4 - . . • 

express the c’s in terms of the a's (for, of course, the common region of 
convergence of 2anand Scn). Evidently, (SanX") • (Sc,^x’*) ^ 1, from which 
we find 

aoCo 1, 

OoCi 4“ UiCo 0, 
ooCa 4" oiCi 4“ o*co =* 0, 


From these equations, if a© 9^ 0, the coefficients may be uniquely determined. 

(a) Find the c's if sec x « — ~ — *= 7-^^ ^ as ScnX\ 

cos X X* X* x° 

^ ^ 4! "" i^! ‘ 


(b) Determine the coefficients Bo, Bi, 


m 


( 


X X* 

'+ 5 ?+ 5 ; + 




An«. Be = 1, Bi 


■§, 


B, . 
Bt 


Bo + + — V + • • • ) 1 1 . 

J, Bg =0, B4 *=» ““TiV, Bs «= 0, Bo 

» 0 , Bg == — “ 0 , Bio ~ 1 ^, * • 


These numbers are called Bernoulli's numbers. 

(c) Show from your work in (a) that 



(d) Show that (B 4- 1)* — B*^ «* 0, where B* * B*, from which the B*b 
may be determined successively. 
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16. Reversion of Power Series. Let 

00 

2/ = - Xo)" + = /(x) 

n “ 1 

be convergent for \x — Xo\ < r. It is easy to see that if 

si 

(see Sec. 20 of Chap. I) the given series determines uniquely a 
function which may be expressed in the form of a power series 

QO 

X = g{y) = ^ K{y - 2/0)" + xo, 

n = 1 

which converges in a certain neighborhood of ^o. 

Furthermore, f[g(y)] ^ y and bi = 1 /ui. 

EXERCISES XVm 

1. Let Xo - yo — 0. By substituting x = in y — "ZanX^j giving 

y s oi(s6„r) + + a^iXKy^y + ' * * , 

find a set of equations from which bi, bi, • • • can be found in terms of 

0>l) (l2) ’ ’ ' . 

2. Determine the first few terms of the series, obtained by division, for 


X x^ 

1+-+-+. 


3. From 


determine Eo, E ij E^j • • • . Show 

Ezn ^ 2 ( 4 = 0 . 


-}-••• + J5^o = 0. 


These numbers Ek are called Euler^s numbers. 


4. Show that: 




Atw. Eh — ly El — Oj E% — ““1, • • * , 


(b) 1/(1 -*)»- >(n + l)x". 
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(e) 


1 

(1 - i)*+‘ 


00 



n-0 


l»l < 1- 


(d) (1 + x)»> = 



n*0 


(e) 


;x - 1 “ ^ n! ’ 


n = 0 


22/^2 

(f) X ctn O' = 1 4- - 


22*Z?2jtx2* 

+ (- l)'^ h 

(2A:)! 


22k(^2'^k - \ 


{2k) [ 


(g)taiix = 

^- = 1 

Hint: tan x ctn x — 2 ctn 2 .t; use (/). 


(h) 






(22*= - 2)B2 


k^o 


{2k) \ 


Hint: 1 /(sin :r) ^ ctn x 4- tan (.r/2). Use (f) and (g). 

5. From the s('ri(\s for y == sin x, determine ])y reversion a series for (a) 
X — Sin“* y; (b) Tan"* y. [A simpler method for the finding series for Sin"* y 
would be to integrate the series for {d Sin"* x)/dx = (1 — x^)~^'.] Discuss 
the validity of this method. 

6. Expand into power series: (a) c^/(c-^ -f 1)» (b) x^/{l — cos x). 

7. By integration, find series for: 


(a) Sin"* X. (b) log (1 4- a;). 

(c) Tan"* X. (d) log cos x. 

8. By differentiation, find series for: 

(a) sec 2 a:. (b) csc2 x. 

9. By integration, find approximate values of : 

(a) JJ dx. (b) log (I + \/ x) dx. 

(t^) }l \^2 — cos X dx. (d) fle^dx. 

(e) !lcos\/xdx. (f) /Jsina;2dx. 


PART D. OTHER TOPICS 

16. Euler’s Transformation. In computational work it is 
frequently desirable to replace a given convergent series by one 
which converges more rapidly. Many devices for doing this are 
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known. One of the most useful and one which often leads to 
more rapidly convergent series is due to Euler (1755). 

Consider any sequence {x„} of numbers Xo, a:i, a: 2 , • • * . Con- 
struct the first differences of {Xn} : 


Axo = Xo — Xi, Axi = Xi — X2, • • * , Axk = Xa: — x^+i, • * • . 

Construct the second differences of {xn} : 

A^Xo = Axo — Axi, A^xi = Axi — Ax 2 , * ‘ , 

A^Xk = AXk — Axfc^.1, • • • . 

Continue this process, constructing the nth differences of } Xn | : 

A”Xo = A"“^Xo — A”“^Xi, A”Xi = A"'~^Xi — A^~^X2, ' * * , 

A^^Xk = A^*~^Xk — A^^~^Xk+}, * • • , 

and so on. 

In carrying out this computation, it is quite convenkuit to 
arrange the work in a triangular array: 


a:i, 


Xi, 

Xz, 


Axi, 


AX2, 



A^X], 

A^Xi, 


A^Xo, 

A''xo, 

A®Xi, • • • 


Euler^s transformation of series is given by 


X 4 , • ' • 
AX3, • • • 


[ ""Theorem 16.1. If — Irakis an arbitrary convergent series^ 


then ~ 

k^O 



A^o 

2n+r 


n =0 


Example 1. Consider log2 = l— J+J-iH-* • • ,a slowly con- 
verging series. Arrange the array of differences in the form 



1 

2 

1 

1 2 

1 -2 
1 • 2 • 3’ 
1 


1 

3 ’ 

1 1 
2 S 3 -4’ 

1 -2 
2 • 3 • 4 ' 


1 

4 ’ 

1 

4 • 5 ' ‘ 

1 - 2 

3 • 4 5 ' ' * * 


2-3 


1 -2 -3 


1 

5 ’ ‘ ‘ ’ 


1 


2 -3 -4 -6 
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In general, 


By Euler’b transformation: 


{k -h 1)(A: -f 2) • • . (A: + n -f 1)^ 




this series converging more rapidly than the given one. 


EXERCISES XIX 


1. Show that 


rw, ^ 111 

Tan-‘l = - = l - + 


= 1 ,+i+ll2+Ll2:3 
21 3 3- 5 3‘5-7 


2. Show that for k fixed, 


A*a;jfc - Xk - 2xk+i + = x* - 3x*+i -f 3x*+2 ~ Xk+zy 




!x*+2 —••'+( 




3. Given (i)". Find the corresponding series generated by Euler ^s 

n»0 

00 

transformation. Ans. 

n -0 

Which series converges the most rapidly? Ans. The first. 

This shows that Euler^s transformation does not always lead to a more 
rapidly convergent series. 

4. Apply Euler^s transformation to 



n — 0 n»»0 n — O 


17, Infinite Products. Consider the sequence of products 
Pi = Wi, P2 = U1U2, * • * , Pn ~ U1U2 • • • u», • • • . Such a 
sequence of products, called an infinite prodiLctj might be said to 
be convergent to the value U if the sequence of partial products 
{pn} tends to ?7 as a limit. If this definition were used, then 
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every product would be convergent for which a single factor was 
zero. Similarly, if for every n > m being a fixed integer, 
|wn| ^ ^ < 1, then pn 0. However, such trivial cases are 
quite inconvenient, due to the part played by zero in multiplica- 
tion. To exclude these special cases, we shall adopt the following 
definition: 

Definition 17.1. The infinite product 
00 

= UiU^Uz • • * , 

n = l 

is said to he convergent {in the new and stricter sense) if for every 
n > Nj N being some fixed integer^ no factor vanishes, and if as 
n +<x) ^ the partial products 

Pn = Uif+iUN^2 ' ‘ ’ Un {h > N) 

approach a finite limit Un different from 0 . The number 
U = U1U2 • * • UnUn 

{which is independent of N) is called the value of the product. 

The following elementary theorems follow immediately from 
the definition. (Note the analogy with similar theorems for 
finite products.) 

"Theorem 17.1. A convergent infinite product has the value 0 
when and only when at least one of its factors is 0. 

"Theorem 17,2, In a convergent infinite product, the sequence 
of factors always approaches 1 . 

If pn-i Uff, then so does pn Since Un ^ 0, 


Theorem 17.2 suggests the more convenient device of denoting 
the factors of an infinite product by Wn = 1 + dn- The infinite 
products under consideration then have the form 

00 

JJ (1 4- a»). 

n«l 

The numbers a„ are usually called the terms of the product. 
Obviously, a necessary condition for the convergence of an infinite 
product is that o» —*■ 0. 
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^Theorem 17.3. The product JJ (1 + «n), with ^ 0, con- 

n = l 

oe 

verges if mid oiilg if the positive series ^ converges. 

n ~ 1 

The product s(‘queiice j j is nujiiotone increasing since each 
a„ ^ 0. Since 1 + Uk g c"s pn ^ c^. for (‘ach n, w}ier(‘ 

— Ui -j- ' ■ * T 

Moreover 

Pn — (1 + cf'i) •**(!+ 

= 1 + U] + • ' * + + 0\(h2 + • • • > Sn 

(why?), so for each n, Sn < Pr>^ From the first iiKHiuality, we 

see that Sn is bounded, so that p„ is bound(‘d. Cod vers(‘ly, by 

the s(‘Cond inequality, when p„ is bounded, .s*„ n'lnaius bounded. 

This comi)letes the proof. 

Keniark. Theorem 17.3 answers completely th(' (jiK'stion of 
convergence. 

^Theouem 17.4. 7die product 11(1 — a„,), where a„ 0 for 
every n, converges if mid only if converges. 

In case the On have arlhtrary signs, it can be shown that 
‘Theorem 17.5. The infinite product 11(1 + m,) converges if 
mid only if^ for every preassigned positive nuniher e, there exists a 
number N such that for every n > N, and every k ^ 

[(1 + an-|l)(l + Un-fs) ‘ * (1 + Un+k) — 1] <6. 

‘'Definition 17.2. TT(1 + Un) is fioid to he absolutely convergent 
II ( 1 + I Un I ) converges. 

‘'Theorem 17.6. The convergence of 11(1 +' |«n|) implies the 
convergence o/ 11(1 + af). 

Evidently, 

1(1 + an-fl)(l + ‘ • (1 + (Zn+A;) — l| 

g (1 + lan4.l|)(l + |ctn+2|) * * * (1 + |a.i+/,|) — 1. 

So if 11(1 + |an|) converges, 11(1 + Un) must also. 

As an immediate consequence of theorems 17.3 and 17.6 we 
can state 

‘^Theorem 17.7. n(l + an) is absolutely convergent if and only 
if Sun converges absolutely. 
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The question of the convergence of products may be reduced to 
the corresponding problem for the convergence of series by means 
of 

00 

‘'Theorem 17.8. JJ (1 + an) convergcfi if and only if the series 

n — l 

00 

log (1 + Un), with an appropriate integer iV, converges. 

00 00 
12^(1 A- an) converges absolutely if and only if ^ log (1 + u„) 

n == 1 - V -f 1 

00 

converges absolutely. If a is the sum of ^ log (1 + Un), then 

n - V + 1 


JJ(1 + an) = (1 + •**(!+ a.v)r. 

n = 1 

TDefinition 17.3. If 11(1 + Un) remains convergent with value 
unaltered^ no matter how its factors are rearranged ^ the product is 
said to be unconditionally convergent. 

‘'Theorem 17.9. 11(1 + a„) is unconditionally convergent if 

and only if it converges absohdely. 


EXERCISES XX 

1. By means of Theorem 17,3 eoiistruet several examples of convergent 
products 11(1 -f a«). 


2. Show that 


+ i) 


converges if A: > 1, diverges if /c ^ 1. 


3. Show that 11(1 -f ic”) converges for 0 ^ x < 1. 

4. Prove Theorem 17.4, 


5. Prove 


converges ii k > 1, diverges if k S 1. 


6. Prove: pn = ^1 — 3 ) ®bow 


pn = 1/n.) 

7. Show that 




- ) diverges to zero. Discuss carefully the rea* 


eon for divergence in the light of Definition 17.1. 
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Remark, An infinite product is said to be divergent (in the sense of our 
Definition 17.1.) if its partial products form a null sequence. 

8. Prove Theorem 17.5. 

9. Give several examples of absolutely convergent products; also non- 
absolutely convergent products. 

10. If n(l -f- janl) is convergent, does it follow that n(l -f o„) converges 
in the strict sense? 

11. Prove Theorem 17.8. 


12. Show that 


13. Prove 


n / (_l)n-l\ 

I 1 1 converges to the value. 

n(.-S)* 


is absolutely convergent for every x. 


14. What is value of product in Ex. 13 when x = 1? 

15. Examine for region of convergence 

16. Show that the symbols 


n-1^ / 


n — 1 

have the same meaning. 


2 ? “■* 


Hint: is a symbol for the sequence {»«! of its partial sums; 

n — 1 

00 

JJ (1 -h a„) is a symbol for the sequence {p„l of partial products 


n » 1 


n 

P« = U (1 + ox), 
x-i 

17. (a) Show that the sequence fp, I may also be represented by the series 

Pi + (Pi - Pi) + (ps - Pa) + • • • 

00 

® ‘ 
n-2 


n 

(b) Show that the sequence {snl with 8» « 2) 6e represented by 


the product 
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8t 


SE Si 



w "“2 


S ai • 



2= Y 

ai “h fla 4“ • * • 4* o,n~~\ / 


provided that each «« ^ 0. 

This shows that every series may be written as a product and that every 
product may be written as a series. 

18. Prove Theorem 17,9. 

19. Construct unconditionally convergent infinite products; also, condi- 
tionally convergent products. 

20. Prove: If 11(1 4- Un) is not absolutely convergent and has no zero 
factor, then the factors may be so rearranged that the sequence of partial 
products has arbitrarily prescribed upper and lower bounds, subject, how- 
ever, to the restriction that these bounds have the same sign as the value 
of the given product. 

21. Illustrate Ex. 20 by constructing appropriate examples. 

22. Prove: n[l 4- (§)*”] = 2. 


23. Prove: 


«0 

n 




2 

3 


18. Divergent Sequences and Series. If a series 

Ofl + ^^2 + ' ‘ * + Un + • * • 


does not converge to a sum S, it is still often povssible to associate 
with the sequence a “sum’’ indirectly. Many such methods 
have been studied, the simplest of which is “summation by 
arithmetic means.” 

n 

Let Sn = Construct the arithmetic means 

#Si + S2 + * • * Sn 


of the partial sums of the series Xan. If Sn—^S as n + 00 , 
then by Theorem 3.1 so does an—^S. It sometimes happens 
that (Tn will tend to a limit even though Sn does not tend to a 
limit as n — > + . If o-n tends to a limit S as n + 00 ^ the 

sequence {/Sn} is said to be limitdble Ci, the scries Xan is said to 
be summable Ci to /S by arithmetic meanSy or by Cesaro^s means 
of the first orders or summable (C, 1); S is called its Crsum, 

Example 1. The sequence 1, 1, 1, * * * approaches the limit iS 1, 
and is also limitable Ci to 5 1. 
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Example 2. The series 1 — l-f-l—l-fl '‘'is divergent but 
is suinnuible C\ to i since J as w — ► -f- oo. 

If <Tn does not tend to a limit, but the arithmetic means 

+ * * • + (Tn 

— 

n 

tends to a limit S as n — > + oo ^ then 2:an is said to be summable 
C 2 , or (C, 2). This process is readily generalizc'd. 

EXERCISES XXI 

1. Construct a series which is divergent but summable (C, 1); a series not 

summable (C, 1), but summable (C, 2); • • • ; (C, n). 

2. Show that 1 + 0 — 1 -j- 1 -+ 0 — I + • * is summable {C\ 1) to 
the “sum” 1. 

3. Show that 1 - 2+ 3— 44- • • - is summable (C, 2) to the “sum” 
h but not summable (C, 1). 

4. Show that 1 + <? 4- 2 ^ + * * * i« summable Ci on the circuinfererice 

I 2 I = I to the “sum ” — - — except for 2 - — +1 . Here z is a complex number. 
1 — z 

PART E. SEQUENCES OF FUNCTIONS 
19. Sequences of Functions. In tlie following sections we 

00 

shall (‘onsidor series ^/n(^) and se(iuen(*es whose terms are 

rt 

arbitrary functions /n(:r) of an independent variable x. We shall 
assume that all the functions fnix) have at least one common 
interval of definition. 

^Definition 19.1. An interval I is said to be an interval of 
convergence of the series ^fn{x) ifj at every point of I {except possibly 
one or both the end points) j all of the functions fn{x) are defined 
and the series converges. 

A very simple example of a series whose terms are functions of 
X is the geometric series 2a:". This series has an interval of 
convergence — 1 < a: < 1, and no other interval of convergence 
exists. Another example is formed from the harmonic series, 

00 

^{\/n^)y which converges in 1 < a: < + ; no other interval 

n « 1 

of convergence outside of this one exists. 

Since a series Sa„ is simply a symbol for a certain sequence 
of numbers, so the series S/„(a;) is no more than a symbol for a 
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sequence of functions, namely, the sequence of its partial sums 

Sn{x) = Mx) +flix) + • • * +fn{x). 

Thus, it is immaterial whether the terms of the series or its 
partial sums are considered, since each set determines the other 
uniquely. 

In view of this fact, we shall usually state our definitions and 
theorems in the language of series, and leave as exercises for the 
student th(dr formulation for the case of sequences. If a given 
scries Xfn{x) is convergent in the interval 7, then to every point in 
I there corresponds a definite value of the sum of the series. 
This sum is itself a function S(x) and is defined or represented 
by the series. 

When a series of variable terms is given, it is usually quit^e 
important to know whether properties possessed by all the func- 
tions /n(x) are also properties of its sum. 

If each fn(x) is continuous it does not follow that the sum of 
the series ^fn{x) is continuous (see Ex. XXII, 2). If each/n(^) is 
differentiable (or integrable) it does not follow that the sum is 
differentiable (or integrable), or that, if the sum is differentiable, 
its derivative is equal to the sum of the derivatives fn(x). 

In view of this situation, we shall be forced to investigate 
under what additional (conditions a property of the terms /n(x) is 
transferred to the sum S{x). The mere fact of convergence does 
not insure the transfer of a property of fn{x) to the sum S{x). A 
study of a few examples will soon show that the mode of con- 
vergence is at the heart of the problem. This leads us to the 
concept of uniform convergence in an interval. 

Before saving a general formulation of this concept we shall 
consider the following example: 

Example 1. Consider tlie series whose partial sums are 


Snix) == 


n - 1, 2, 3, 


1 -f nV 

Since Snix) = 0 for every n when x — Qj since 


0 < 


Snix)\ < 1 


_1 

nx\ 


( 1 ) 
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when z ^ 0, and since lim 

n — > 4" « 


nx 


0 for each a; 0, it follows that 


S(z) = lim Sn(x) “ 0 

n— »+ » 


for every value of z. 

By (1), Sn{x) < 1/nx ^ 1/n when 1 ^ x < w, and in particular, when 
1 ^ X S 2. Hence the nth curve Sn(x) of approximation to S{x) lies above 
45 (x) = 0 for 1 ^ X ^ 2, but at a distance less than 1/n from the limiting 
curve S{x) = 0. The larger n, the smaller this distance all along the curve. 

However, the situation over the interval 0 ^ a; ^ 1 is quite different, 
even though Six) =0 over this interval. In this case the nth approximation 
curve Snix) does not lie close to the limiting curve Six) « 0 throughout the 



interval, for any n whatever. For x = 1/n, Snix) « i for every n. Hence 
the approximation curve Snix) in the interval 0 ^ a; ^ 1 has a hump of 
height i for every n. The larger the n% the closer the hump to the ordinate 
axis. However, it is still true that, for every fixed x, the ordinates of the 
approximation curves ultimately shrink down to a point on the a^-axis, so 
that lim Snix) = 0 for every fixed x. 

n — ► + * 

We say that the series under study converges uniformly in 1 ^ a; ^ 2, but 
not uniformly in 0 ^ a; ^ 1. 

Uniform Convergence, Suppose ^fn{x) is convergent for 
every value of x in an interval I. Write the sum of this series as 
S{x) = Sn(x) + rn(x), where Sn(x) is the nth partial sum. 

"^Definition 19.2. A series S/n(a;), convergerU in /, is said 
to be uniformly convergent in a subinterval F of /, if for every 
positive number e, there exists a single number N ^ N(e), inde^ 
pendent of x in /', such that |rn(x)| < € for every n > N and for 
every x in F, 

EXERCISES XXn 

1. Show that the series 1 + a; H- x* -f* • • • converges and has for its 

sum — » when — 1 < a; < 1. 

1 — a? 
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2 . Show that the function S(x) defined as the sum of the series 

2 (sin X — i sin 2 x -h i sin 3 a; — • • • ) 

over — T < X < +ir is discontinuous at a; ~ {2r -f l)ir, r being an integer. 
(x*)^ 

3 . If Sn{x) « » show that Sn(x) 0 as w — ► -f qo if |x| < 1, 

1 -f [x^r 

1 if \x\ > 1, and i if 1^1 = 1. 

4 . Let Sn(x) = lim (cos* nlra;)*. Show S{x) ^ lim Sn(x) is 1 for 

k —*-^ 00 n— >+ 00 

rational values of x and 0 for irrational values of x. 

This function S{x) was discovered by Dirichlet and is an example of a 
function which is everywhere discontinuous, and is consequently not 
integrable. 

5 . Show that Sn(x) ^ (2 sin a;)** defines a series with an infinity of 
isolated intervals of convergence, namely, 

—ir/fi < X ^ ir/6, Stt/G ^ a; < Ttt/G, • • • . 


Prove that the sum of the series is 0 everywhere in the interior of these 
intervals, but equal to 1 at one end point of each interval. 

X X 

G. Examine the series — — + — —7 + • • • , a; ^ 0 , for 

a; «f 1 (a; + l)(2x + 1) 

convergence. Show that the sum S(x) of the series is 1 if a; > 0 and 0 if 

a; = 0 . Hint: Snix) = 1 — - — 7 Examine the approximation 

L 1 + no; J 

curves Snix) = 1 — ; — ; Plot Six)j Siix)j SB{x)f Sioix), 

1 4- na; 

n^x 

7 . Examine the series whose partial sums are *Sn(a;) = Plot 

1 -j- 

the sum S(x) and the approximation curves Ssix) and /5vio(a;). Show that 
the sum of the series is continuous but that the approximation curves differ 
greatly from the curve S(x) =0 in the neighborhood of the origin. 

8. Show that a power series Sa„(a; — xo)^ of positive radius of conver- 
gence r converges uniformly in every subinterval of the form 

\x — Xo\ ^ p <r 

of its interval of convergence. 


9 . Show that 


I sin nx 
I n* 


is uniformly convergent in all finite intervals. 


n •» 1 

[h^t: »■•(*) ^ („ 4. i)» + (« +^s + • • • • j 

10 . Prove that the geometric series is not uniformly convergent in 
the whole interval — 1 < a; < +L 
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11 . Prove that the series — ^ 

1 4 - 

uniformly in the interval x ^ 0 . 

12. Prove that — — I — | ^ 

1 • 2 2 • 3 3 • 4 

fixed interval 0 ^ x ^ b but not in the infinite interval a; ^ 0 . 

13. Consid(‘r the series 

1 + (J* - 1) -f ~ :r) 4- • • • + {x'^ - x^~^) 4- • • 


• • • converges 


2 4 . x* 3 4 - 

4 - • * ■ converges uniformly in any 


Show that this seri(*s converges in tlu; interval —1 < x ^ 4-1^ and that 

( 0 for 0 ^ .r < 1 
= < 1 . , Prove 

( 1 for X = 1 . 

that th(‘ convergence is not uniform in 0 ^ < 1 . Plot Sn{x) for 


in the interval 0 ^ a: 1, the sum is Six) 


71 = I, 2, 4, 12, 20. 

Plot S{x) also. 

14. Consider the series (1/x) + 1 4- 4 - 4 - ■ • • . Show that this 
series is uniformly convergc'nt in 0 < a: ^ even though the term Xjx is 

unbounded in this interval. 

15. Prove: A series ^fn{x) is uniformly convergent ov('r the interval I if 

for any set of positive integers A^i, A: 2 , • ’ • , and any set of i)oints Xi, 2 : 2 , ’ * * 
of /, the quantities |/«-fi(Xn) 4 -/n + 2 )(x„) fn^kr,{Xn)\ always form 

a null sequence. 

20. Properties of Uniformly Convergent Series. We first 
prove 

'Theorem 20.1. A necessary and sufficient condition for the 
vniform convergence of the scries Zfn(x) in an interval I is that for 
any positive number e, there shall exist a positive integer N such that, 
for n ^ N, for every positive integer k, and for all values of x in /, 

\fn+l(x) A- fn+ 2 {x) + * * * +/n+A:(^)| < 6. 

Necessity. Let e be any positive number. If ^fn{x) is uni- 
formly convergent there exists an N such that for all n ^ N, 
|r„(x)| < 6/2 quite independent of x on 7. Then for every 
n ^ N, for every /: == 1, 2, * • * , and for all values of x on 7, 

\Sn^,(x^ ~ Sn(x)\ g \Sn^,{x) ^ S{x)\ + \S{x) - Sn(x)\ 
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Sufficiency. By Theorem 8.1, converges to a function 

S{x ) . Select a positive number e. By hypothesis, there exists an 
integer N such that for every n N and for every positive integer 
/c, |ASn-f-/c(:r) >Sn(:r)| < 6/2, with both N and k independent of 

:r on I. Hence 


Sn{x) “ I < ^N^kix) < Ss{x) + I* 
Since lim SNJ,k{x) — S{x), we know 

A*~+ f- « 


>S4:r) - ^2 ^ .S(x) g .S\v(r) + 

Since |>8n(:r) — *S(x)| ^ |*Sn(:r) — + |SA'(a*) - 5(a:)|, it fol- 

lows that for n ^ N, |AS^(:r) — aS'Ct)! < (e/2) + (e/2) = e, and 
furthermore, this is true for all values of x on /. 

"’Theorem 20.2. If the k series ^/ni(a:*), ^fn'zix), • • • , 
^fnk{x) are all uniformly convergent in the same interval /, the 
series Z/„(j) in which 

Jn{x) = Ci/nl(.r) + C^nzix) + * ’ ’ + CjJnkix), 

urith C\, Co, * * Ck constants, is also uniformly convergent in L 
This shows that uniformly convergent series may be multiplied 
by constant factors and then added term by term. We leave 
the proof of this and the following theorem as exercises. 

"’Theorem 20.3. If ^fn{x) is uniformly convergent in /, so is 
the series Xh{x)fn{x), where h{x) is any function defined and 
hounded in the interval /, i.e., a uniformly convergent series '^fnix) 
may be multiplied term by term by a bounded function. 

The determination as to whether or not a series converges 
uniformly is frequently a difficult problem. However, the 
following important test is quite easy to apply. 

"’Theorem 20.4 (Weierstrass Test). If each of the functions 
fn(x) is defined and bounded in /, i.e., if 

\fn{x)\ ^ Mn 

throughout 7, and if the positive series 2,Mn converges, the series 
^fn(x) converges uniformly in I. 

If {xn} be an arbitrary sequence on 7, then 

jjrn-f-l(^n} “4" fn-{‘2(,Xn) "4“ * * * *4” i 

^ Mn+l + Mn+2 -]-’•*+ Mn+k^. 
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By Theorem 8.1 the right-hand side 0 as n -f oo ; hence, so 
does the left-hand member. By Ex. XXII, 15, 2/n(ic) is uni- 
formly convergent in /. 

While, in general, properties possessed by fn{x) are not neces- 
sarily possessed by the sum S{x) of 2/n(a:), it will now be shown 
that if ^fn(x) converges uniformly, many properties of fn(x) are 
retained by S(x), 

^Theorem 20.5. If 2/n(x) converges uniformly in an interval 
/, and if its terms fn(x) are each continuous at a point Xo of /, the 
function S{x) represented by the series is also continuous at this 
point. 

Select an € > 0. Then there exists a 5 = 5(e) >0 such that 
for every x for which \x — xo| < 5, \S{x) — S(a;o)| < c in /. 
Write 

S(X) - S(Xo) = Sn(x) - Sn(Xo) + Vnix) - r^iXo). 

Since ^fn(x) converges uniformly, there exists an N so that for 
every x in /, |rAr(r)l < e/3. Hence 

\S{x) ~ S{xo)\ ^ \S4x) ~ S^{Xo)\ + § 6 . 

Now for Nj Sn{x) is the sum of a fixed number of functions each 
of which is continuous at xo; hence Sn(x) is continuous at Xo (see 
Theorem 4.3 of Chap. I). As a consequence, we can select a 5 
sufficiently small that |>SAr(x) — SAr(a:o)| < e/3 for every in / for 
which \x — Xo\ < d. Hence, for these x^s^ we conclude that 
\Six) - S(xo)\ < €. 

Remark. While uniform convergence is a sufficient condition 
for the continuity of the sum of a series of continuous functions, 
it is not a necessary condition, since nonuniformly convergent 
series are known whose sum is continuous in the interval of 
nonuniform convergence. (See Example 1, Seq. 19.) 

^Theorem 20.6. If each fn{x) is continuous in the closed 
interval a ^ g 6, and if the series ^fn(x) converges uniformly 
in a < X < by then it converges for x = a and x = 6, and the series 
is uniformly convergent in the closed interval a ^ x S b. 

Since the series is uniformly convergent in (a, 6) open, then 

\Sn{x) - Su(x)\ < g for n>N^Ni, (1) 

where Ni is sufficiently large that the inequality holds for all x 
in (o, b) open. 
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Suppose n and N are fixed. Since each term in the series is 
continuous in (a, b) closed, then there exist positive numbers 
and Si such that 


- S„(a)| < 1 

for 

0 ^ |x — a| ^ 

\S4x) - S^(a)| < i 

for 

0 ^\x - a\ ^ St. 

Let 5 be a positive number not greater 

than Si or ^2 and let x be 


such that 0 g |a: — a| ^ 5. Then 

|5„(a) - Sjv(a)| ^ |S„(o) - S«(x)| + \S„ix)-Sy(x)\ 

+ - -Si.(o)l < * (2) 

for n > N ^ Ni. Similarly, 

1S„(6) - /S;.(6)| < € for n> N ^Ni. (3) 

We conclude from (2) and (3) that the series converges for a: = o 
and for x = b. From (1), (2), and (3), we conclude that S/n(a;) 
converges uniformly in (a, b) closed. 

so 

‘^Theorem 20.7. LetS(x) = ^fn{x) be uniformly convergent in 

n *“0 

Xo < X < Xif and suppose that lim fn{x) = a^ exists when x 

x-^xo 

approaches a:o from the interior of the interval. Then the series 


converges and limit S{x) exists 

n-O 

Furthermorey 


as X 


Xo as specified. 


lim S{x) = ^ ( lim fn{x)\f 

x^xo / 


that iSy 


lim 

X — ►Xo 


2/n(a:) = 2 


Thus, in the case of uniform convergence, we may proceed to 
the limit term by term. 

Let « > 0. Select an Ni (see Theorem 20.1) such that for 
every n > Ni, for every k ^ 1 and for every x in xo < x < xi, 
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l/n+iW + ' * * + fn+k(x)\ < €. Fix 71 and kj and then let 
X — » xo. By Theorem 3.2 of Chap. I, \an+i 4* * * * + cin+k\ ^ e 
for every n > Ni and for every fc ^ 1, so that Zan converges. 

Let the partial sums of Zan be and let the sum of Zan be 
A. We shall show that S{x) A as rc — > xo. Write 

S{X) = Sn(x) + rn(x). 

Let Wi be so large that for every n > both |rn(x)| < e/3 and 
|.4 — A n\ < e/3. Then if m be fixed and m > Ni, 

|>S(a:) ~ 4| = \[s.n(x) - A„] - (A - Am) + r„,(:r)i 

^ \Sm(x)— Ani\ 3 3 * 

Since Sm(x) Am as x Xo, we can find a 6 so that for every x in 
Xo < X < Xi such that 0 < |a: — a^o| < — i4m| < e/3. 

Hence, for these same a:^s, \S{x) — A\ < e. 

Theorem 20.8. If Zfn(x) = S(x) is uniformly coiivcrgcnt in 
the interval /, and all the functions fn(x) are continuous throughout 
the closed subinterval I' :a ^ x ^ by then the sum S(x) is continuous 
in r and the integral of S{x) over /' may be found by term by term 
integration; that iSy 

£ S{x) dx = £ [^n(x) j dx = 

i.e.y the series on the right converges and has for its su7n the indicated 
integral of S{x). 

Let € > 0, Select an N sufficiently large that for every x in 
(a, b)y and for every n > Ny |rn(x)| < e/{b — a). Since 

S{x) = Sn{x) + rn{x)y 

US S{x) dx — JS Sn{x) dx\ = Ua ^n(x) dx\ < €. From Theorem 

n 

27.4 of Chap. II, S{x) dx — X ^ 

implies the convergence of Zj^fk{x) dx to JS S(x) dx. 

Uniform convergence is not a necessary condition for term by 
term integration. This fact is illustrated in Ex. XXIII, 5, 6. 
In neither case is the convergence uniform. In the first case 
term by term integration leads to an incorrect result. In the 
second case term by term integration leads to a correct result. 



Sec. 20] 


INFINITE SEQUENCES AND SERIES 


517 


Theorem 20.9. Let S(x) = ^fn(^) be a series each of whose 

n-O 

terms has derivatives in the interval I : a < x < b. If the series 
00 

(p{x) = obtained from it by differentiating term by term 

n =0 

converges uniformly in /, then so does the original series^ provided 
the given series converges at least at one point c in I, If S{x) has 
a derivative, then 

CO 

n =0 

(a) We shall show that 2/n(a:) is uniformly convergent in the 
whole interval 7 and consequently represents a definite function 
S{x) in that interval. 

By the Theorem of the mean, 

Tl -f- k 71 -{-k 

X t//w -//(^)] = (^ - ^) 2 

j -n-\- 1 j n + 1 

where x < ^ < c. Select an e > 0. By hypothesis, there exists 
an N so that for every n > N, every A* ^ 1, and every x in 7, 

n -\-k 

X < F^a 

; = n -f 1 

Hence for these conditions, 

n+it 

2 - //W] < 

y »= n + 1 

This shows that ^[fj(x) — fj{d)], and hence ^fj{x), is uniformly 
y=o 

convergent throughout 7. 

00 

(b) We shall next show that S'(xq) = 2/n(^o) = 

n >»0 

Suppose xo is a particular point of 7. Let 

g.^h) = + 


0 = 0, 1,2, • • • ) 
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where (ze + h) is restricted to belong to I. 
the mean, 


[Chap. IV 
By the Theorem of 


»-)-* n+k 

2 ^ gAh) = S'Axo + Bh), 

i-n-hl i*n + l 


(0 < ^ < !)• 


Following an argument similar to that given in (a) we find that 
converges uniformly for all the values of h permitted 

n ■>0 


above. The series 2) gn{h) represents the function 


n — 0 


S{xn + h) — Sixo) 


From Theorem 20.7, letting A 0 term by term, we conclude 

eo 00 

that S'ixo) exists and S'{xo) = ^Him jfnWj = ^fLixo)' 

n“=oL^ J n“0 


EXERCISES XXm 

1. Since 1 + 27 + 37 * + • • • is convergent for 0 ^ 7 < 1 , show that 

1 + 2x 4- 3a;* + • • • 

is uniformly convergent in — 7 < a; < 7 . Is it in —7 ^ a: ^ 7 ? 

2. Prove that x cos a + z* cos 2a + a;® cos 3q: + • • • is uniformly 
convergent in any interval interior to —1 < a; < 1 , where a is any real 
number. 

3. If fn(x) are all continuous throughout I and if 2:fn(x) = S(x) con- 
verges uniformly in /, then S{x) is continuous throughout /. 

4. From the logarithmic series 

a; — ix* -f- ix® — • • • (i) 

form the series 

a; -f ia:® — Ja:* 4- ix® 4- 4- • * • (ii) 

by taking two consecutive positive terms and then one negative term. 

(a) Prove that this series is convergent for — 1 < a; ^ 1, and that its 
sum is I log 2 when x = 1 . 

(b) Show that the logarithmic series is absolutely convergent for |x| < 1. 
Will the sum of the logarithmic series be altered by taking the terms in 
another order? (No.) 

(c) Show that the sum of the series (ii) is log (1 4“ x) when \x\ <1. 

(d) Is the sum of (i) continuous at x « 1? (No.) Does the interval of 
unifonn convergence of (i) extend to and include x * 1? (No.) 
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5. Show that the series for which Sn(x) « converges, but not 

uniformly, for every z. Prove that the sum is Six) =» 0. Is term by term 
integration possible? [No, for /J S(x) dx 0, while 

n 

2) = X dx = 1 - -» 1.] 

k^O 

6. It was shown in Example 1 of Sec. 19 that the series for which 
Sn(x) = nx/{l -f- n*x*) converges nonuniformly over (0, 1), and that its 
sum is S{x) =» 0. Show that term by term integration gives 

Mx) dx^ £ S«(*) d* ^ 0 = f * Six) dx. 

fc -0 

7. Prove that Theorem 20.8 holds when the continuity assumptions 
placed upon fn{x) are replaced by the assumption that/n(a;) all be integrable. 

8. Let ^Onix — Xo)” have the radius of convergence r>0. If0<p<r, 

prove that the series Znan(x — converges uniformly whenever 

\x — Xo\ S Is term by term differentiation permissible in the open 
interval \x — iCo| < r; in the closed interval \x — Xq\ ^ r? Is term by term 
integration permissible? Discuss. 

9. Show that if Sa* converges absolutely, Son cos nx and Son sin nz 

converge uniformly for every x. (Hint: jon cos nx\ ^ an.) Are these series 
continuous anywhere? Ans, Everywhere. Why? 

ao 

10. Show that S(x) « 2)^®^ nx)/n* has a derivative and that 

n-l 


S'ix) - 2 

n*l 


COS nx 

n* 


11. Prove: If the power series S(x) = SOnX” eorwerges for either of the 
ends of its interval of convergence^ the interval of uniform convergence extends 
up to and includes that pointy and the continuity of the sum S(x) of the series 
extends up to and includes that point. 

12. Show that 


X* X* 

X* H 1 : h • • • 

^ (1+ X*) ^ (1 + X*)* ^ 


is convergent everywhere, but is not uniformly convergent in any interval 
containing the origin. 


13. Examine for 


continuity: 2n(rf^- 

n — 1 

Ans, 


Finite and continuous. 
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For what values of x is this series uniformly convergent? 

dx 

14. From Tan“^ x — \ : „ show that 

Jo I 

Tan“^ X = X — -f “ • * * 

What is the interval of convergem^c? 

15. Develop a series for Sin"^ x. [Hint: Sin“^ x = Jq dxjy / 1 — 


Jo X 


■ dx. (Hint: Use series for Sin"^ x.) Justify 


Tan"^ X 


dx. 


16. Evaluate 
your method. 

r 

17. PJvaluate I 

Jo 

00 

„ r* Tan-' X , "STI , ^ 1 

18. Prove I dx = — l)“ 7 r — 

Jo * ^ ' (2n + ly 

n~0 

19. Evaluate /J Tan~^ x dx for |x| < 1. 

20. Evaluate /J log (1 -f- x) dx for |x| <1. 


21, Evaluate 


i: 


log (1 + x) 


dxforO < X < 1. .4ns. 


2 - 

n =* 1 


X»‘ 

.l)n-i 

W 


22. Find the derivative of S(x) = --- — Justify your result. 

n® 4- n'‘x* 

n = 1 

23. It is known that 


w cosh ax — 2 sinh aw 


1 a cos X a cos 2x 

~ P + o" 2^ + o* 


Find w sinh ax. (Hint: Differentiate.) Justify your method rigorously. 

24. Determine the interval of convergence of e* sin X -f sin 2x 4- ■ • • ; 
also the interval of uniform convergence. Can you differentiate term by 
term for all values of x? 


25. Evaluate 


J TT^ 


dx, n > 0. 


26. Consider the series iSi 


1 


I (n 4- x)^ 


» X ^0, and Si 


1 


1 {n 4- xY 


X ^ 0. Prove that term by term integration over a finite interval is per- 
missible in each case. Prove that the second series can be integrated term 
by term over the interval (0, « ), but not the first. 
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27. Prove Theorem 20.2. 

28. Prove Theorem 20.3. 

29. Construct examples of a series nonuniformly convergent in an interval 
7 but whose sum is continuous in 7. 

PART F. FOURIER SERIES. ORTHOGONAL FUNCTIONS 

21. Introduction. One of tlu‘ most interesting and import, ant 
applications of the theory of series of variable functions is 
provided by the theory of trigonometric series and, more par- 
ticularly, by the theory of Fourier series. 

By a trigonometric scrie.a we shall mean any series of the form 



u = 1 


where On and are constants. 

We say that 2t is the f undamental 'period of cos x and sin x; the 
fundamental period of cos 2x and sin 2x is tt, not 27r; • • * ; and 
the fundamental period of cos nx and sin nx is 2Tr/}'i. 

Sinc(‘ cos n{:r + 27r) = cos nx and sin 7i{x + 27r) ~ sin nx for 
all int.i‘ger values of n, w(^ see that cos nx and sin nx have the 
pciriod 27r. Evidently, any sum of a convcTgt'iit siu'ies of cosines 
and sines of integral multijd(‘s of x will have a period 27r. By 
altering the coefficients in siudi a sum, or scaies, we may build up 
many functions of x with period 27r. 

If a trigonometric series T converges in some interval of the 
form ^ ^ X < ^ + 27r, them, in view of the periodicity of the^ 
trigonometric functions involved, the serie^s T converges for 
every real x, and the series T represents a f auction of period 2ir 
defined for all values of x. 

Trigonometric series are capable of representing many of the 
so-called ‘^arbitrary functions and as a consequence constitute 
a far more powerful tool in higher analysis than power series. 

The power of the method of Fourier series is very great indeed, 
but its importance is not confined to pure mathematics; in fact, 
perhaps the most important applications of the subject occur in 
physics. It is significant that Fourier series were first obtained 
and studied in theoretical physics. 

More explicitly, Fourier series were first encountered inciden- 
tally to a serious theoretical study of periodic motions in acoustics, 
optics, the theory of heat, and later in electrodynamics. 
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The first thorough study of trigonometric series was made by 
Fourier in his '^Th^orie de la chaleur'' (1811). Although Fourier 
(fid not discover any of the principal results of the theory, his 
paper has been of greatest importance and has led to a vast field 
of investigation which even today seems to be only in its youth. 

22. Euler’s Formula. We shall begin by asking certain 
questions, the complete answers to which have been the concern 
of investigators for many years. (I) What functions are repre- 
sentable by trigonometric series? (II) How can we obtain 
the representation of a given representable function? 

To begin with, we shall suppose that/(x) is a certain function 
of the independent variable a:, represented by a trigonometric 
series Which is convergent everywhere, namely, by a series of the 
form 


J{x) = ^ao + (un cos nx + hn sin nx). 

n-l 

Since the sine and cosine are periodic, /(x) is evidently of 
period 27r. Hence, it is suiBScient to consider any interval of 
length For convenience we shall choose (for the balance of 
the section on Fourier series) as this interval the particular 
interval 0 ^ x ^ 27r (where we may omit one of the end points 
if desirable). 

Evidently, /(x) is represented by a series of continuous func- 
tions. From our studies in Sec. 20, we know that /(x) may or 
may not be continuous; although, if the series converges uni- 
formly in [0, 27r], /(x) will be continuous. 

We shall now prove the following theorem due to Euler. 

Theokem 22.1. If the series 

?ao + 2) nx + br, sin nx) (1) 

n * 1 

converges uniformly to the sum fix) in the interval 0 ^ x ^ 2r, 
then for n = 0, 1, 2, • • • , 

1 P' 1 

o» == - I fix) cos nx dx, fen = - I fix) sin nx dx. (E) 
irjo ’Tjo 

Relations (E) are known as Euler's formulae. 
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Proof. Since 

cos px • cos qx = |[cos (p + q)x + cos (p — q)x] 


for any two positive integers p and g, it follows that 


f * cos px cos ox dx = < X for 

^ ( 2x for 

p^g, 

p = g > 0, 
p = g = 0. 

(2) 

Similarly, 



cos px sin qxdx = 0; 


(3) 

oJr. j., /O for V ^ 1> and 

1 sm px sin qx ax — < , ^ ” 

Jo (x for p = g > 0. 

p = g = 0, 

(4) 


We shall now multiply the series (1) for/(a:) by cos nx. Since 

(1) is assumed to be uniformly convergent in [0, 27r], so is the 
series for f(x) cos nx uniformly convergent (see Sec. 20). In 
view of Theorem 20.8, we may integrate term by term from 
a: = 0 to a: = 27r. We then obtain 

( ^ao f cos nx dx, for n = 0, 

^ ^ Six) cos nxdx = I ^ 2 . (5) 

l<inj COS nx cos nx dx, for n > 0, 

the remaining terms each being equal to zero. (The student 
should write out each step indicated here in detail). Hence, by 

(2) , we find 

1 

a„ = - I fix) cos nxdx, n = 0, 1, 2, • ■ • . (6) 

irjo 

In a similar manner, we obtain, upon multiplying equation 
(1) by sin nx and integrating term by term, the relations 

1 

hn = - I fix:) sin nxdx, n = 1, 2, 3, • • • . (7) 

tJo 

This completes the proof of Theorem 22.1. It should be noted 
that, subject to the restrictions of Theorem 22.1, we have shown 
the uniqueness of the Fourier series generated from fix). 

It is now clear that the representation of the constant term by 
ao/2, rather than ao, is a means of making the general formula for 
On applicable without change when n = 0. 
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The very restrictive assumptions in Theorem 22,1 diminish 
its value. Moreover, we still have no intimation as to whether 
or not a given function can be represented by a trigonometric 
series; or if the function is so representable, what the values of 
the coefficients of the series are in the general ease. 

We should note however, that Euler\s formulas (E) ccu’tainly 
have definite values if the arbitrary function f(x) is integrable 
Riemann over the interval 0 ^ a: ^ 27r. We shall call the 
numbers ao/2, Ui, a2, • • • ; 5i, 62, • • • defined by Euler's 
formula [when /(x) is inte^grable Riemann] the Fourier coefficients 
of the function f{x)y and we shall call the corresponding series 

oo 

™ (Un COS 7ix + by, sin nx) 

n ~1 

the Fourier series generated by /(j), or the Fourier series of f{x); 
symbolically we shall express this by 


f(x) £ iao + (an cos nx + bn sin nx). (G) 

n«l 

We should emphasize that (G) does not imply that the series 
converges or not; nor docs it imply that if the series converges, it 
converges to a sum equal tof(x); — relation (G) implies only that 
certain constants ao/2, Ui, 02, • • * ; 61, 62, • • • have been 
deduced by means of (E) from a function f(x) assumed to be 
integrable Riemann, and that the series so generated has been 
written down. 

In general, the series (G) may not converge anywhere; and 
even if it does converge everywhere on 0 ^ a? 27r, the sum of 
the series is not necessarily equal tof(x). 

It is usually impossible to say at sight which of the various 
cases mentioned occur in a particular example. This very diffi- 
cult restriction makes it impossible for the theory to be entirely 
simple. For these reasons, mathematicians have found the sub- 
ject to be very attractive for investigation. 

Mathematically, the most outstanding problems that have 
arisen in connection with the theory of Fourier series may be 
listed under the following types: 



Sec. 23] 


INFINITE SEQUENCES AND SERIES 


525 


(I) If f(x) is integrable Riemann, is the Fourier series generated 
by fix) convergent for some or all values of a; in 0 ^ x ^ 2t1 

(II) If the Fourier series generated from f(x) converges, does 
it converge to a sum equal to f(x)? 

(III) If the Fourier series generated from/(x) converges every- 
where on ^ ^ X ^ 7}, is the convergence uniform on this interval? 

(IV) If a function is capable of expansion in a trigonometric 
series, is it possible for the function to possess several such 
expansions? 

No complete answers to these questions have ever been given. 
The subject is a very vast one. Hence we shall confine ourselves 
to a Vjeginning of the study of certain partial answers to questions 
I, II, and III. 

23. Dirichlet’s Integral. We shall now consider the first of 
the problems listed in Sec. 22, namely, the question of the 

convergence of a Fourier series. 

00 

If the Fourier series ^ao + ^ (dn cos nx + bn sin nx) generated 

n = 1 

by a given integrable function /(x) according to Euler’s formulas 
(E) is to converge at the point x — Xoy its partial sums 


n 

Sni^u) = lao + ^ (Op cos pxo + bp sin pxo) (1) 

p = l 

must tend to a limit as n — ^ + oo . It is frequently possible to 
determine whether or not this is the case by expressing Sn(a:o) in 
the form of a definite integral. By (E), wc see that 


ttp cos pxo + bp sin pxo 


= j^”J^ . f(0 cos pt dt^ cos pxo + fit) sin pt dt 

~ " r fit) cos pit — Xq) dL (p = 1, 2, • • • ) 
ttJo 


sm pxo 


Hence 


«n(Xo) 


ll>[l 


+ cos (t -- xo) + cos 2(< — Xo) 


+ 


+ cos n{t — Xo) 


dt. (2) 
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Thus, it appears that a necessary and sufficient condition that 
8n{xQ) converge at a point Xo as n — ► + is that the integral in 
(2) should tend to a (finite) limit as n . 

We shall now prove the following important result: 

Theorem 23.1. A necessary and sufficient condition that the 
Fourier series generated by a function fix)^ integrable {bounded) and 
periodic of period 2t, converge at a point Xo, is that the Dirichlet 
integral 


2 f(xo + 2t) +f(xo — 2t) sin (2n + l)t 
tJo 2 sin t 


(3) 


should tend to a finite limit as n — » + . This limit {if it exists) 

is the sum of the Fourier series at the point Xo. 

Proof. We shall need certain identities from trigonometry. 


cos (a + z) + cos (a + 2z) + • • * + cos {a. + mz) 


sin a + {2m + 1)| — sin 


o • 2 

2 sin 5 


Sin m- 


2 • cos a + (m + 


(4) 


(5) 


sin ■ 


i + cos (< — lo) + • • • + cos n{t — Xo) 


sin (2n + 


2*^in(--2--) 

By (2) and (6), we see that 
sin [ (2n + 


( 6 ) 


^n{Xo) 


if*”- 


( t — 

~T-) 


di 


J- f*' 

2irJo 


* dl. (7) 
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If /(i) is defined and integrable only on [0, 2t], we extend the 
definition of f{x) as follows: 

fix) = fix — 2he), 2kv ^ x ^ 2ik + 1)t. 

(A: = +1, ±2, • • • ) 

Now fix) is defined for all real values x and it is of period 2 t. 

We shall use the well known property of any periodic function 
<pix) of period 27r; namely, the fact that for every c and d, 

dt = rid dl = + 1) Jl, ( 8 ) 

Applying (9) and (8) to (7), we find that 


SniXo) = 


= JL 
2-Jo 


f(xo + t) 


sin (2n + 1); 


dt. (10) 


Now (7) may be written in the form 


In the second integral, set — < = r. The latter integral becomes 


1 


fi^O - t) 


sin {2n + 1)^ 


By (9), this becomes 




fixo - t ) 


sin (2ra + 1); 


Hence, since the letter t indicating the variable of integration 
may be replaced by r and not change the value of the integral, 
we see from (11) that 


fnixo) I 

-Jo 


1 r fjxo + r) +fixo 
“ IT L 2 


V sin 

V . I 


(2n + 1)^ 


'dr. (12) 
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Now replace r by 2t. We have 
_ .r ^ - 2 r^V(^o + 2t) + fix, - 2t) 


sin {2n -f 1)^ 
sin t 


dt. 


(13) 


We have thus proved Theorem 23.1. 

The integral (13) is known as Dirichlet^s integral,* and is an 
expression for the partial sums Sn{^^o) of the Fourier series gen- 
erated hy f{x). 

Let lim 6n(.ro) ^ s{xo). We consider question II of Sec. 22, 

n— + 00 

and express s(xq) in the form of a Dirichlet integral. 

By Eq. (6) with Xo = 0 and t/2 replaced by we have 

= (14) 

ttJo ^ 

Multiplying (14) by s(xo) and subtracting from (13), we find 


Sn(a:o) “ s(3’o) = 



f(xo + 2t) + f{xo - 2t) 

2 


s{xo) 


si 


sin (2n + 1)/ 


sin t 


dt. 


(15) 


Whence, 

Theorem 23.2. A necessary and sufficient condition that the 
Fourier series generated hy a function f(x), integrable of period 
27r, should converge to the sum s{xo) at the poiid xo, is thai 


where 


lim 

n — > 00 




TT^O SIR f J 

^ p(^ + 20 +/(^. - 2<) j. 


(16) 

(17) 


A partial answer to question III is given by the following 
obvious modification of Theorem 23.2. 


' More generally, any integral of the form 


i: 


^ ^ sin kt , 
^(t) • -7— dt 
sin t 

is known as a Dirichlet integral. 


or 


r 


sin it „ 
v(i) ■ — r- <2 
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Theorem 23.3. If the partial sums Sn{x) converge to s(x) at 
every point of the interval a ^ x ^ they will converge uniformly 
to this limit in the interval^ if and only if, given e > 0, we can 
assign an N ^ Nie) so that 



<p(t; x) 


Sin t 


< 


(18) 


for every n > N and for every x in a ^ x ^ 

The reader should note that while questions I, II, III of Sec. 
22 are only partially answered by Theorems 23.1, 23.2, and 23.3, 
these theorems have given us a new mode of attack for their 
solution. 

24. Further Theorems. We shall now prove a number of 
theorems in preparation for our main purpose of modifying the 
above theorems so as to construct immediate tests of conver- 
gence for Fourier series. 

Theorem 24.1. If f(x) is integrahle {bounded) over the interval 
[0, 2x], the series ^ (a^ + bl), formed by the sum of the squares 

n—X 

of its Fourier constants, converges. 

The integral 


I = T"" fit) - ^ (ap cos pt + hp sin pt) 


p — 0 


dt, (1) 


where 6o = 0 and ao is written instead of ao/2, is nonnegative, 
since its integrand is never negative. Also, by squaring, we find 


I = 1/(0]* dt - cos pt d«] 


P-0 


n 


2 



(Up COS pt + bp sin pt) 

^p-O 


dt 


= f^' l/«)P di - 2nal - ^ 6J). 

P -1 
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Hence, for all values of n,* 

n 

P-1 

where ao now has its usual meaning. Thus the partial sums are 
bounded and the series (of positive terms) is convergent, for the 
last integral is independent of n. 

Moreover, we have proved 

Theorem 24.2. The Fourier coefficients an and bn of an inte- 
grable function form a null sequence, t.e., 

lim an = 0, lim bn = 0. 

n — > -f- 00 n — * -f- oo 

Theorem 24.3 (Riemann-Lebesgue Theorem), If ^{t) is inte- 
grable in a ^ t ^ b, then as n — ^ + oo ^ 

An = ^(t) COS ntdt--^0, 

and 

Bn == 4>(0 sin ntdt--^0. 

Suppose that a and b both belong to the same interval 7, 
2 A;t S t ^ 2{k + l)7r, where k is some fixed integer. Let f{t) 
be a function defined as follows: 

f(t) = 4>(0 for a S t <by 

f{t) = 0 for all other values of t in 7, (3) 

f{t + 2p7r) = f{t) for all other values of t and for all 

integers p. 

Then 

An = /S ^(0 cos ntdt = fo^ fit) cos ntdt = Tran, Bn = 7r6n, (4) 

where an and bn denote the Fourier coefficients of fit). By 
Theorem 24.2, .An 0 and JSn 0 as n — > + oo . 

If a and 6 do not satisfy the conditions imposed above, split 
the interval a ^ t ^ b into a finite number of subdivisions, each 
of which satisfies the conditions. Then An and J5« are expressible 

* Relation (2) is known as BeaseVa inequality if < holds, ParaevaVs 
eqwUion if « holds. 
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as the sum of a fixed finite number of terms each of which tends to 
0 as n + 00 , and hence iln 0 and Bn — > 0. 

Theorem 24.3 is quite important, for it enables us to simplify 
the problem of the convergence of Dirichlet^s integral. 

Let d be any arbitrarily chosen number with 0 < 5 < 7r/2. 
Then the function 

^(l) = = M/(j~o + 2t) + f(xo - 20] - , , 

' sin t sin i '' ' 

is integrable in the interval S ^ t ^ ^12. Hence, for a fixed 5, 
it follows from Theorem 24.3 that as n — » + oo , 

^(<) sin (2n + 1)< dt 0. (6) 

The Dirichlet integral ( 1 5) of S(^c. 23 will thererfore tend to 0 as 
n —> + 00 , if and only if (for a fixed arbitrary b > 0), 

lim \~f ^ f dt] = 0. (7) 

The integral (7) involves only the values of /(jo ± 2t) in 
0 ^ ^ 5; [i.e., of f(x) in — 25 g g xo + 25]. 

Since 5 > 0 may be assumed arbitrarily small, we hav(' the 
very peculiar result 

Theorem 24.4 [Riemann^s (1854) Theorem]. The behavior 
about the point xq of the Fourier series generated by f{x) depends 
only on the values of f{x) in the neighborhood of Xo. This neighbor- 
hood may be assumed arbitrarily small. 

As an illustration of this theorem, we note the following conse- 
quence of it: Consider the set T of all possible functions /(.r), 
integrable in [0, 2t], all of which coincide at a point xo of the 
interval [0, 2w] and in some neighborhood of this point, however 
small, the length of the neighborhood possibly being dependent 
upon the particular function. Then the Fourier series of all 
these functions in F, irresi)ective of how much they may differ 
outside the neighborhood in question, must, at Xo itself, either 
all converge or all diverge; and in case they converge, all the 
members of F have the same sum s(xo), which may or may not 
be equal to f(xo). 

We shall now restate the criterion obtained above and formu- 
late a theorem which we shall substitute for Theorem 23.1 in the 
discussion to follow. 
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Theorem 24 . 5 . A necessary and sufficient condition for the 
convergence of the Fourier series generated by f{x) to the sum s{xq) 
at Xa, is that for any arbitrarily chosen positive number 0 < 8 < x/2, 
DirichleVs integral ( 7 ) tends 0 as n -^ + oo ^ i.e., 


lim - I (p{t] Xq) • 

n--> -j- 00 0 


Sin {271 + 1)^ .. 

dt 

sin t 


- 0. 


( 8 ) 


We can assert nothing as to the uniformity of convergence in 
this theorem, because we do not know whether the integral in 
(8) tends to 0 uniformly for every x of the specified interval. 
This is true^ actually, but we shall not enter into this qiu^stion 
here. 

We shall leave it as an exercise for the student to show that 


lim 


l-f 

«> I ^ Jo 


<p{t] Xii) 


sin t 


sin {2n + ])tdt > = 0, 


0 < 8 


<2’ 




and then prove 

Theorem 24.6. A necessary and sufficient condition for the 
Fourier series generated by a function f{x), periodic of period 27r, 
and integrable Q)ou7ided) over [0, 27r], to converge to s{xo) at the 
point Xi), is that for any arbitrarily chosen positive number by 
0 < 5 < 7r/2, the sequence of the values of the integral 

ttJo t 

forms a null sequence as n — > + oo . 

26. Conditions for the Convergence of a Fourier Series. We 

are now in a position to tackle problems I and II directly, and 
for convenience we shall restate these problems in the following 
form : 

Let ip{t) be a given function integrable in 0 ^ ^ 5. What 

additional conditions must be imposed upon <p{t) in order that the 
sequence of integrals 

p=l,2, ••• 

xjo t 

should tend to a (finite) limit L as p — ♦ + « ; and if L exists, what 
is its value? 



Sec. 25] 


INFINITE SEQUENCES AND SERIES 


533 


In view of Riemann’s theorem and the fact that 5 has a fixed 
arbitrarily small positive value, it follows that this question 
depends only on the behavior of (p{t) immediately to the right 
of 0. We are thus led to ask the question: What properties 
must ip(t) possess immediately to the right of 0 in order that L 
may exist? 

In the attempt to answer this question many papers hav(‘ been 
published giving sufficient conditions for the existence of L. 
We shall present two very general sets of sufficient conditions: 

Theorem 25.1 {DirichlcFs Rule*), If <p(t) is monotone in 
some interval 0 < t < where 5i ^ 5 and 6 is a fixed positive 
number arbitrarily small, then lim Jp exists and is equal to <pq, 

P > -■)- 00 

where <po denotes the right hand limiting value lim ip{t). 

Proof. From Chap. V, Sec. 23, Example 2, lim j ^ ^ dt = 

By Sec. 23, Equation (14), 


In 



sin (2n + 1)/ 
sin t 



for 


// = 0 , 1 , 2 , • • . 


Hence In t^/2 as n + oo . By Theorem 24.3, as n + oo , 





sin {2n + l)t dt 0. 


This proves that 

7(2) = /„ - 7(1) = sin (2n + 1)< 

" " ” Jo t 




f2w-fl)?r 


Evidently, a constant Kt > 0 exists such that | f dl, g Ki 

IJo f I 


for every x ^ 0; hence for every a and b such that 0 g a g 6* 

I fSL' J < 2K. - K. 


* Due to Dirichlet, Sur la convergence des series trigonom6triques. 
Jour, reine angew. Math., Vol. 4, p. 157, 1829. The first exact condition for 
the convergence of a Fourier series was given in this very fundamental paper. 
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Let e > 0 be given. Select a positive number 62 < so that 

k(52) - ^oi < Let dt. By Theorem 

24.3, {J p — “^0 as p — > + 00 . Hence we can select a pi 

sufficiently large that \Jp — < c/3 for every p > pi. Write 


j<‘> = ? f" 

^ ’tJo 


[^(0 




2 f** sin pt 

-(po I — 

^ Jo t 


dt. 


Let denote the second of these quantities on the right-hand 
side and the third. Then Evidently, 


J 


( 3 ) ^ 
P 


2 sin t 

~<Po I -7- 
^ Jo t 





sin ^ 




= ^ 0 . 


Hence there exists a po > Pi such that for every p > po, 
““ < €/3. By Theorem 30.1, Chap. II, for an appropri- 

ate nonnegative number 63 ^ ^ 2 , 


= - r Wit) - = -MS,) 

TTjo t TT 



sin p/ 
t 


dL 


i sin t 

The latter integral is equal to I — - dt, and as shown above, 

Jphz t 

is <K. Hence S ~^K < -• A consideration of the 

TT o/v O 

sum Jp == (Jp — + Jp^ + shows that for a given 

€ > 0 , there exists a po such that for every p > po. 


\jp - ^oi ^ \jp - ^ 3| = 6. 

This completes the proof of Theorem 25.1. 

Theorem 25.2 {Dim's Rule). If lim <p{t) = ^0 exists, and if 

the integral 

Jff ^ 

is numerically less than some fixed positive number for each positive 
value of cr < d, then lim Jp exists and is equal to (po. 

j>-»+ « 

Proof. The integral 
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is monotonically increasing but bounded as <7- — > +0, and con- 
sequently tends to a definite limit L which we shall denote by 

r wit) - 

jo t 

di < d so that 


dt. Let € > 0. We can select a positive number 


X 


\<p(t) - ^>o| , € 

— t — 


Let denote the same integrals as used in the 

proof of Theorem 25.1. As before, we can select a pi so that for 
every p > pi, \Jp — < e/S, and a po > Pi so that 

- ^o| < €/3 

for every p > po. Now 

= i? f" 1^(0 - dl I < f" 

Fjo t I Jo t 

so for a properly selected 62, < c/3. We thus conclude that 

for every p > po, \Jp — <po\ < c. 

Theorem 25.3 {Lipschitz^s Rule), If two positive numbers 
A and N exist such that for every t in the interval 0 < t ^ d, 

1^(0 - ^o| < At^, 

then Jp — > ois p . 

Since J - — ^dt ^ ^ t^~^ dt < A~ = a fixed number 

for all cr < 5, it follows from Dini\s rule that Jp — » <po as 

p +00. 

Theorem 25.4. If <^'(0) exists, then lim (p{t) = (^0 = ^(0) 

exists and Jp—^<poasp'-^+<x), 

If lim — exists, then the ratio ^ is bounded 

in some interval 0 < < < 5i. But this is an example of a 
Lipschitz condition with iV = 1. 

As a consequence of Theorems 25.1 to 25.4, we have 
Theorem 25.5. If (p(t) is expressible as the sum of a finite 
number of functions, each of which satisfies the conditions of one 
of the four Theorems 25.1, * '• , 25.4, then lim <^(0 = v?o exists 

“f"0 



536 


HIGHER MATHEMATICS 


[Chap. IV 


and the mtegrals Jp for the function (p{t) tend to as p •—> + oo . 

We shall now adapt Theorems 25.1 to 25.4 to the theory of the 
Fourier series of an integrable function /(x), which we shall 
assume to be defined in 0 ^ a; < 27r and extended by means of 
the equation 

fix + 2kTt) = fix) (* = 1, 2, • • ■ ) 
to all other real values of x. 

By Theorem 24.5, in order that the Fourier series generated 
by f{x) shall converge to a sum s(xo) at a: = it is necessary 
that the integrals */„ in (7) of Sec. 24 form a null sequence. 

Thus, it is clear that the properties of f{x) to the right of Xo 
must stand in such a relation to the properties of f{x) to the left 
of Xo that the function ^p{t) shall possess necessary and sufficient 
conditions for the existence of the limit of the Dirichlet integrals 
Jn for ip{t). 

What these conditions are is not known. However, we have 
available in the theorem given above a number of conditions 
sufficient for the convergence of the Fourier series of a function 
f(x) at some fixed point xo. 

In the following paragraph, we summarize certain criteria for 
the convergence of the Fourier series of /(x) at the point Xo which 
follow immediately from the relations presented above. 

Theorem 25.6. Criteria for Convergence. Let f{x) he defined 
and integrable {hounded) in the interval 0 ^ x < 27r with its 
definition extended to include all real values of x by means of 
the r elation f{x) = /(x + 2kw)yk = ±1, ±2, • • * , Let Xq denote 
any fixed real arbitrary number. Suppose that 

lim -|[/(xo + 2t) + /(xo - 2t)] ^ 

exists and is denoted by s(xo), and that consequently 

<p{t) = ip{t] Xo) = + 20 +/(xo - 20] - s(xo) 

has a right hand limit and lim (p{t) = 0. Then: 

t-*+o 

1. DirichleVs Rule. If <p{t) is monotone in some interval 

0 < < < 5i, 

then the Fourier series generated from f{x) converges with the sum 
s{xq) at Xo. 
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2. Dirties Rule, Let 8 be any fixed {though arbitrary) positive 
number. If the integral 

r W) . - - ^1 dt 

Ja t 

remains less than some fixed positive number for all <r such that 
0 < O’ < 5, then the Fourier series of f{x) converges to s{xo) at Xo. 

3. Lipschitz^s Rule, Let 8 be any fixed {though arbitrary) 
positive number. If two positive numbers A and N exist such that, 
for every tfor which 0 < t < 8, \<p{t) — ip{)\ < At^, then the Fourier 
series of f{x) converges to s(xo) at xq, 

4. If the function (p{t) corresponding to f{x) possesses a right 
hand derivative at 0, then the Fourier series of f{x) converges to 
s{xq) at {xo). 

In the application of Theorem 25.6 to particular problems the 
following theorems will be found to be helpful. 

Theorem 25.7. If f{x) is continuous except for a finite number 
of finite jumps in a period, if it has a finite jump for x = Xq, 
and if the right hand limit is f{xQ + 0) and the left hand limit is 
f{xo — 0), and if f{x) has a derivative from the right and a derivative 
from the left at this point, its Fourier series converges for x = Xo 

to the 

Theorem 25.8 {W eierstrass^ Theorem). If f{x) is any con- 
tinuous function of period 2tc, and if c is any positive number 
arbitrarily small, it is possible to construct a trigonometric series 
Tn{x) having a finite number of terms so that for all values of x 

\f{x) - T^{x)\ < c. 

Theorem 25.9. If f{x) is a continuous function of period 2x 
whose Fourier coefficients are all zero, then f{x) vanishes identically. 

Theorem 25.10. If f{x) has a continuous second derivative 
except for a finite nurnber of corners* in a period, and if Op, bp 
are the coefficients in its Fourier series, there is a number C, inde- 
pendent of k, such that 

\<h\ S f IW s ~ 

* A corner is a point where f(x) has right and left hand first derivatives 
which are unequal in value. 
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Theorem 25.11. If (p{x) is any function continuous in [0, 2m] 
except for a finite number of finite jumps, 

lim <p{x) sin (n + dx = 0. 

n— ♦+ oajQ 

Theorem 25.12 (Jordan^s Test), If f{x) is of hounded variation 
in a neighborhood of Xq, then the Fourier series generated from f{x) 
converges to the sum M/(^o + 0) + f(xo — 0)]. 

Proof, Since f{x) is of bounded variation over an interval 
about Xo, the condition assures convergence over that interval. 
The function 

^(h) ^f(x + h) +f(x - h) - fix + 0) - fix - 0) 

is of bounded variation (see Sec. 8, Chap. IX) in any interval 
to the right of A = 0, and as A 0, <pih) 0, for fix) being of 
bounded variation, fix + 0) and fix — 0) exist. We can thus 
write 

(pih) = (piih) — (Piih), 

where <pi and <p 2 are both positive increasing functions of h. 
But <pi and <p 2 both tend to the same limit L as A — > 0. By 
subtracting L from each of the quantities ^pl and we can 
construct the limit of the two new functions to be zero in both 
cases. 

Let 5 > 0 be selected small enough so that <pih) is of bounded 
variation in [0, 5]. Then 

where 

Let e > 0. Select a positive number n small enough that 
^i(m) < «• By Theorem 30.1 of Chap. II, 

+ (0<s<ri 

/ \ sin t , 

= I -7- 

J(n+Wt * 
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Since for all n, n, the last integral is bounded, 


IX' 


^ sin (n + 


(PiQi) dh 


< Aty 


where A is some positive constant. 
Theorem 24.3 for n large enough, 




^ sin (n + \)h 

F 


(p^{h) dh 


With M fixed we find from 

< e, 71 > Uq. 


This shows Ji — > 0. Likewise, we can show 0. 

An immediate consequence of Theorem 25.11 is 
Theorem 25.13 {Dirichlefs Conditions). If f{x) is continuous 
except for a finite number of finite discontinuities in 0 ^ a: ^ 27 r 
and if f{x) has only a finite number of maxima and minima in the 
interval, then the Fourier series generated from f(x) converges to 
^lf{x + 0) + f{x — 0)] for all values of x. 

It is not very difficult to extend Theorem 25.11 to prove 
Theorem 25.14. The Fourier series generated from f{x) con- 
verges uniforjnly to f{x) in an interval interior to an interval through- 
out which f(x) is continuous and is of bounded variation. 

26. Application of the Convergence Criteria. From the general 
character of the theorems given in Sec. 25, it is clear that very 
general classes of functions may be represented by Fourier 
series. 

As stated before, the function f{x) to be expanded should be 
given in the interval 0 ^ x < 2 t and must have the period 
that is, f{x ± 2fc7r) = f{x). The Fourier series then generated 
from f{x) is of the form 


^ao + ^ (an cos nx + bn sin nx). 

n =» 1 

Suppose f{x) is an even function, that is, a function having 
the property that /(a*) = f(—x). Then since /(x) is of period 2ir, 
i.e., f(x) — f{—x) = /(27r — x), the Fourier coefficients bn all 
vanish, for 

f{x) sin nx dx 

~ So nxdx + ff sin nxdx = 0 . ( 1 ) 
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Thus, if f{x) is an even function* the Fourier series generated from 
J{x) reduces to a pure cosine series. 

Suppose f{x) is an odd function^ that is, a function with the 
property that /(a:) = —f{—x). Then since /(a:) is of period 27r, 
f( — x) = f(2T — x) = — /(^), and hence the Fourier coefficients 
On all vanish, for 

J r»2x 

^ f(x) COS nx dx = 0. (2) 

Thus, if f{x) is an odd function, the Fourier series generated 
from f{x) reduces to a pure sine series. 

We now conclude that there are three ways in which a given 
F(x), defined and integrable over the interval a ^ g 6, may 
be prepared for the generation of a Fourier series: 

I. Case {b — a) 2t. In this method a portion, say 

a S X < a 27r, 

is cut out of the interval (a, 6), and t he origin is then transferred 
to the point a. In this way we obtain a function f{x) d(‘fined 
in 0 ^ a: < 27r, f{x) being defined elsewhere by the condition 
fix ± 2kTr) == fix). When (?) — a) > 27r, a portion of Fix) is 
omitted altogether. This omission can be avoided by changing 
the unit of measure on the x-axis so that the interval of definition 
of Fix) has the length 27r. This change can readily be made by 
replacing x by 27rx/(?) — a). 

Case ib — a) < 27r. In this case define fix) to be some con- 
stant Fib), in b ^ x < a + 2 t and then proceed as before. An 
alternate method is to make the interval of definition of Fix) 
exactly the length 27r by changing the unit of measurement on 
the x-axis. 

II. This method is similar to that in I, except that we define 
the function fix) to be Fix) in 0 ^ x ^ tt , fix) = fi2w — x) in 
T ^ X ^ 2t, and define /(x) elsewhere by/(x ± 2k7r) = fix), 

III. In this method we define fix) as in II for 0 ^ x < tt, set 
/(tt) = 0, fix) = — /(2t — x) for tt < X ^ 27r, and define fix) 
elsewhere hy fix ± 2k7r) — fix). 

We shall denote by/i(x),/ 2 (x),/ 3 (x), respectively, the functions 
obtained by methods I, II, III, respectively, from a given func- 

* The graph of an even function is symmetric with respect to the ^-Axis; 
that of an odd function is symmetric to the origin. 
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lion F{x), A function of type/ 2 (x) will always generate a pure 
cosine series and a function of type fz{x) will always generate a 
pure sine series. 

We shall further modify our functions /i, /s, by defining 

/(()) = fi^Zkir) = lim l[f(x) +/(27r - x)], (3) 

whenever this limit exists. This additional definition is nc^ces- 
sitated by the fact that our rules for convergence enable us to 
detect the convergence of a Fourier series at points xo for which 
lim i(/(zo + 2i) + f{xo — 2^)] exists. In case the limit in (3) 

does not exist we can not discover (with our present knowledge 
of the subject) whether the Fourier series converges or not; con- 
sequently, in this case, we need not concern ourselves with the 
value of f(2kTr). 

Example 1. Given F(x) = 3. Expand F{x) in a sine series. 

We shall use method III. Define 

! 0 for x =0 and x — ir, 

3 for 0 < X < TT, fiix ± 2kTr) - Mx). 

~3 for TT < X < 2t, 

Evidently, /s fulfills Dirichlet’s conditions at every point including the 
^‘jump points.^* Consequently, the Fourier series obtained from /a must 
converge everywhere and actually represents /a. 

By Euler's formula we find 

6n = - I /s(x) sin nx dx = - I sin tix dx I sin nx dx 

Trjo irjo 

6 f" . , 

== - I sin nx dx, 


or 

6n = 0 for n an even integer, bn = 12 Inw for n an odd integer. 

Hence, the Fourier series for /a (x) is 

, , , 121 . sin 3x . sin 5x , , sin (2n -f l)x , 1 

— +••• +— • J- 

Figure 144 indicates the function fs{x) and the partial sums of the Fourier 
series, -Si, Si, Si. 

Example 2. Expand F(x) = x by method III. We define 

! x for 0 ^ X < TT, 

0 at 0 and at t, 

— (2ir — x) for V < X ^ 2ir. 
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Fm. 145. 

(See Fig. 145.) From Euler^s formula we readily obtain 



J • si 

21 sm a; 


sin 2x ^ sin 3a; 


sin 4a; 





which converges to /a (a;) over the interval 0 ^ a; ^ 27r. 

Example 3.* Expand F{x) == a; by method I. Here wc define 



0 < a; < 27r, 

for a? =» 0 and x » 27r, 


/i(a; ± 2kTr) =/i(a;). 


* For a large collection of such examples, see H. Burkhardt, Trigo- 
nometrische Reihen und Integrale bis etwa 1850, Enzyk. math. TFtsa., Vol. 
lU, pp. 902-920. 
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From Euler's formula we readily obtain 


- 2 


sin 2x 
sin X H h 


sin nx 
H r 


2 n 

which converges to /i (x) over the interval 0 ^ a; ^ 27r 


]■ 


EXERCISES XXIV 


1. Verify (2), (3), and (4) in Sec. 22. 

2. Carry out in detail the steps leading to the proof of relations (5), (6), 
and (7) in Sec. 22. 

3. Subject to the assumptions stated in Theorem 22.1, prove that the 
convergence of series (1) is uniform for every x. 

4. Prove relation (2) in Sec. 23. 

5. Verify formula (4) of Sec. 23. (Hint: Multiply each term of the 
l(4t member by sin (z/2) and then represent each product as the difference 
between two sines.) Also verify (5) and (6) of Sec. 23. 

6. Prove the statements given in (8) and (9) of Sec. 23. 

7. Prove Theorem 24.3 without the use of Theorem 24.2. 

8. Prove relation (9) in Sec. 24. 

9. Prove Theorem 24.6. 

10. Prove that another condition for the validity of Theorem 24.6 is: 
If for every e > 0, we can assign a 8 < v/2, and an N >0, so that for every 
n > Ny 


if 

^Jo 


<p(t; xo) 


sin (2n -f- 1)< 

I 


dt 


< €. 


11. Find a Fourier series expression for the function F{x) given in 
Example 1, using methods I and IT. 

12. Repeat Ex. 11 for F{x) = fc, a constant, using methods I, II, and IIL 

13. From the results of Ex. 12, find a series for x/4, tt/S. 

14. Prove Theorems 25.7 to 25.13. 

15. Expand F{x) = x by method II (see Fig. 146). 



F(x)f So, Si, Si, • • • : 
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(a) Fix) ® for 0 < a; < 2ir. 


Ans. == -IT* -{- 

t5 




47r . 

— Sin nx. 
n 


, rr/ \ j 4a: for 0 < a; < TT 
(b) F{x) - j 4x _ 8 j- for IT < X < 2)r. 

^ns. F(a:) = 8[sin a: — ^ sin 2a: + J sin 3a: — • 

! c for 0 < a: < 7r/2, 

0 for 7r/2 < X < 3ir/2, 

— c for 37r/2 < X < 27r. 

w 2 / 2 . 1 . 1 . 

Ans. I ix) ~ — sin x — sin 2a: + - sm 3a: + - sin 5a: -f 

TT [ 2 3 5 

What is the value of this series at the discontinuity of F{x)^ 

r 1 X / X { X from 0 to TT /2, 


(cl) F(x) = 


X from TT 12 to TT. 


4 sin X sin 3a: sin 5x sin lx 
An., fix) = - - - -3-- + 


(ej Same as (cl) hut with cosine series, 
(f) Fix) = a:^ for 0 ^ a: ^ TT. 


A ns. fix) 




sin ^ ^ 2a: + 


sin 4a: + I -• 


/tt^ 4\ 

Vs -^ 3 ; -"5 


sin 6x + 


(g) Fix) = sin x. 

2I 

Ans. fix) — ~ 1 

TT _ 

(h) Fix) = X sin x. 


2 cos 2x 2 


cos 4x 2 cos ()X I 

Vli iT? ’ ' J‘ 


^ , cos X 2 cos 2x 2 cos 3x 2 cos 4x 

/(x) = i-- rrr + -iTi 


(i) Fix) == - — — — c® for — T < X < TT. 
2 sinh TT 


Ans. fix) 


_ 1 r 1 
” 2 L ~i + 1 


- cos X + sin X 


_i_eo8 2x-j-|^sin2xl + 


Prove that /(— ir 4- 0) 4-/(ir — 0) == r ctnh tt, and hence that the sum 
of the series is (t/2) ctnh tt for x == ±%. 

(j) Fix) * X 4- ic* for —IT < X <T. 

4 

Ans. a» * cos nr, bn * ( — 
n® 

Also obtain an expansion of F(x) = x 4- a?* for 0 < x < 2r. 
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Using this result, find ^ = 1+ ;-+— -f • • •. 

6 2^ 3* 

0, —TT < a; ^ 0, 

7rx/4, 0 < X < IT. 

Evaluate this Fourier series for x = ±Tr. Show that 


(k) Fix) = 


X* ^ 1 1 

— — 1 -l” — “}~ — “j“ ' 

8 32 52 


(1) Fix) = sin2 X for —w < x < tt. 

■ 7. Show that the Euler coefficients valid for the range t = 0 to f -21 are 


-rr 


r}Trt , 

cos -y at, 


hn - 


If 

IJo 


where fpit) - fiTrt/l). 


18, Using Ex. 17, expand F(x) - | 


/ s • » 

0(0 sin — at 


0 <x < 1/2, 


fix) - 


(U4) - x, 

(3//4), 1/2 <x < I 

2xx 1 (Stx 1 1 Oxai 


,,„T-+gC„.s--+2-C0,s~ 




27. Theorem (of Fejer) 27.1.* If f{x) is integrable in 

0 g X ^ 27r 


and periodic of period, 2 t, and if at Xn in the interval, the limits 
fixo + 0) and f(xQ — 0) exist, then the Fourier series generated from 
f(x) is summable {C, 1) at Xo to \[f{xQ + 0) +/(:ro — 0)]. 

Proof. From (13) of Sec. 23 the partial «um Sn(xo) of the 

oo 

Fourier series + '^{an cos nxo + bn sin nxo) at Xo may be 

n =* 1 

written 

8„ ^ SniXo) = - + 20 +fiXo - 20 ] 

TT^O Xt bill t 

(n - 0, 1, • • • .) (1) 

The arithmetical mean o-n-i formed from the first n partial sums is 

* This remarkable theorem was discovered by L. Fejer, Untersuchungen 
fiber die Fourierschen Reihen, Math. Ann., VoL 58, p. 61, 1903. 
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<Tn^l = 


So + Si + 


+ Sn-1 


2 X 


But sin (2r — 1)< = | sin t ^ ^ ^ since -> 0 as 

r«i ( 0 \i t = hir,) 

t fcTT. Hence (2) is equal to 


- rjr + ^> + '"■ ® 

This integral is called Fejer^s integral. Comparison of (3) with 
Dirichlet’s integral (13) of Sec. 23 shows, that (3) is much the 

ier to handle, since positive in (3) while in Dirich- 


easier 


let^s integral the corresponding factor oscillates over posi- 


sm t 


tive and negative values. Now 



(4) 


(Why?) From (4) and (3) we have 


Cn-l — s = 


2. r /(;ro + 2t) +f{xo - 20 

niTjo 2 



(5) 


Hence, a necessary and sufficient condition that t^ie Fourier series 
be summable (C, 1) to the sum « is that the integral (5) should 
approach zero as n — ^ • 

We show now that if (p{t) is integrable in (0, 7r/2) and if 

lim <p(t) = 0, then as n -~> + oo, — f (p(t) • dt — > 0. 

<-►+0 nirj ^ \8int / 

Since <p(t) 0, for every e > 0 there exists a 5 < 7r/2, such 

that 1^(01 < e/2 when 0 < f g 5. Hence 





( 6 ) 
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Since |<^(0| is bounded for 0 < < < 7r/2, there exists an M > 0 
such that |v?(OI < M, Then it is easy to show that 



ip{t) 



2Mir 1 ^ 

mr 2 sin^ 5 


(7) 


when M and b are fixed. Select an N sufficiently large so that the 
right member of (7) is less than e/2 for all n > N, Combining 

this with (6) and replacing <p(t) by ^ 

we have — 5| < e for all n > N. Hence an-i — > S. This 
proves Fejer’s theorem. 

An immediate corollary to this theorem is 
Theorem 27.2. If f(x) is continuous in 0 g x ^ 27r, if 
f(0) = /(27r), then for every x the Fourier series generated from f(x) 
is summable (C, 1) to f(x). 

The truth of this theorem follows immediately from the 
observation that the hypotheses of Theorem 27.1 are met every- 
where, that it is understood that f{x) = f{x — 2kw)j and that 
fix) = ^[f{x + 0) + fix — 0)] for all values of x. 

An important consequence of Theorem 27.1 is 
Theorem 27.3. Under the assumptions of Theorem 27.1, the 
Fourier series of fix) is uniformly summable (C, 1) in any interval 
included in an interval where fix) is continuous. 

Proof. Since fix) is periodic and everywhere continuous, it is 
uniformly continuous for all x^s (Theorem 8.7, Chap. IX), so 
that for any fixed c > 0 there exists a 5 > 0 such that for every 
X, |/(x ± 2t) — /(x)l < e/2 when |i| < b. Hence 


k(0| = Wit, a:)l = 

||f/(x + 2t) - f{x)\ + Mix -21)- f{x)]\ < I (8) 


for all values of x. Furthermore }{x) is bounded since f{x) is 
periodic and continuous everywhere, so that there exists a 
X > 0 such that |/(3:)| < K for all values of x. 

Hence Wit, a;)i < 2K for all values of x and t. A repetition 
of the argument given in the proof of Theorem 27.1 shows that 


i— 

rwr 



1 2K 
n sin* 5 


( 9 ) 
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We thus conclude that there exists a definite number N such 
that the right member of (9) is less than e/2 for every n ^ N. 
Hence \(Jn-i — s| < e for n ^ JV. Thus for every given e there 
exists a definite number N independent of x such that forn > Ny 
|ff„_i(a:) -/(a;)i < e. 

Theorem 27.4 (TTcfcrsimss's Theorem for Polynomial Approxi- 
mation), If f(x) is coniinuons for a ^ x by and if e is any 
positive number y it is possible to construct a polynomial P,n{x) so that 
for all a S x ^ b, \f(x) — Pn.(x)| < e. 

AVe shall merely outline the proof of this theorem. Transform 
the variable x so that (a, b) lies within (0, 2t). By Theorem 27.3 
we know that there exists a ^^trigonometric polynomiar^ (Tn{x) 
such that \f{x) — an{x) | < e/2 for all x^s on the interval. Replace 
each sin kx and cos kx in by their corresponding power series. 
By using a sufficiently large number of terms in these power 
series we can obtain a polynomial Pm{x) such that 

\<jn{x) - Pn»(a:)l < e/2 

for every x on the interval. Theorem 27.4 then follows. 

EXERCISES XXV 

1. Show that i + cos x -f cos 2a; -h • • • -f cos na; -f ••• is surnmable 
(Cy 1 ) to the ‘^sum” 0 , if a; 2k7r, 

2. Show that sin a; + sin 2a; -f • • * is convergent to the 0, for 

X = kw; if X 7 ^ kwy the series is divergent but surnmable (C, 1) to the “sum 

i ctn (x/2). 

3. Show that cos x + cos 3x + cos 5x + • • • is surnmable (C, 1 ) to 
the “sum’^ 0, if x 5*^ kir, 

,4. Show that sin x + sin 3x + sin 5x + • * • is surnmable (C, 1 ) to the 

“sum’^ — -r — il X 7 ^ kw, 

2 sin X 

28. Fourier Integral Formula. A Fourier series of the form 

00 

fix) = iao + 2(®’' T It) 

n«l 

represents at points of convergence a function of period 2k\. 
Subject to the proper restrictions, the coeflScients are obtainable 
from the relations 
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“• - S J_1 «« ““ (x) 

'■•-s;/! /«)»"(?)<«■ 

The entire theory of Fourier series may be applied to series of 
type (1). 

Substituting (2) in (1), we have 




fit) cos -^^-r dt. 


(3) 


Let 


Wn = and (p(w) = - I f{t) cos iv(x — t) dt. (4) 

A TT J — ,r\ 

Th(‘n the right-hand niemb(‘.r of (3) may (und(‘r suitable condi- 

00 

tions) be approximated by means of ^ — Wn)ip{i0n). Let 

X — ♦ -f 00 . Thus (3) becomes 


f{x) = - I I /(o c*os w{x — t) dt dw, (5) 

TTjO J-X. 


provided, of course, such a limit exists. This is known as 
Fourier^ s integral formula. The right member of (5) represents 
a function on (— oo, +«^) in much the same manner that a 
Fourier series represents a function over a finite period. 

In this development we have overlooked many difficulties. 
Thus, we have ignored the fact that (p{w) is a function of X and 
that the approximating series is infinite. A rigorous proof of 
(5) is quite difficult and will not be undertaken here. (See 
Bochner, Fourier Series and Integrals.’^ 

It can be shown that under suitable conditions 


1 00 « 

fix) = - I I fit) cos wix — t) dt dvo 

= ^[f(x + 0 ) + fix - 0 )], - 00 < a: < + 00 . ( 6 ) 
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If f(x) is an even function, (6) becomes the Fourier Cosine 
Integral: 


= 2 r 

?rJo Jo 


/(<) cos wt cos wx dt dw 


= ~[/(^ + 0)+/(:r ~0)L (7) 

and if f{x) is an odd function, (6) becomes the Fourier sine 
integral: 

f{x) = - I I /(<) sin wt sin wx dt dw 
’tJo Jo 


Mix + 0) + f(x - 0)], 


provided, of course, that these limits exist. 

EXERCISES XXVI 

1. Let fit) == 1 for 0 < / < ], fit) = 0 for < > 1, fit) - fi—t). Show 
from (7) that 


/• -f 00 

2 I sin 10 cos 
rjo w 


1 

for 

0 

< 

1 < 1, 

t-i 

for 

t 

= 

1, 

0 

for 

t 

> 

1. 


2. Let fit) ~ for t > 0, /(/) = ~fi~t). isc) from (7) show that 

^ « ixr cos lot tt 

I cl,w — - e (b)from (8), show that I dw — — 

Jo + ^2 2 ' ' ' Jo 4- 13^ 2^ 


29. Harmonic Analysis. Let the interval 0 g j g 27r be 
divided into n equal subintervals by the points Xo — 0, x^y 
X 2 y ' ' ' , Xn-h Xn = 27r, T^ct /(x) bc perfodic of period 27r. We 
wish to construct a trigonometric polynomial 


such that 


m 

Sm(x) = ^ (a* cos kx + 6* sin kx) 

*-i 


Sm(xi) = fiXi). (i = 0, 1, 2, • • • , n - 1.) 


(1) 

( 2 ) 


Since Sm contains (2m + 1) undetermined coefficients, and since 
we are imposing n conditions by (2), we shall require n to be odd 
and we shall determine m from the relation 2m + 1 = n. By 
(2) for the case f = 0 (a:o = 0), 
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Likewise, 


= /(O). 


m 

10,0 + 2) (a* cos /i:xi + bk sin kxi) = /(xi), 

k = l 


( 3 ) 

( 4 ) 


lOo + ^ (a* cos /cx„_i + hk sin A:x„_i) = /(x„_i). (5) 

fc -1 


If we add Eqs. (3) to (5) and collect together terms having like 
values of fc, we find that 



n-l 

“0 = 

t»0 

(6) 

since, for 

n — 1 

fixed k > Oy ^dk cos kxi = ^bk sin kxi == 

0. In 


t * 0 t “ 0 


close analogy with the Euler formulas of Sec. 22, it is 

easily 

shown that 


dk 

n— 1 

i»0 


bk 

n~l 

= JcXi)f(x{), k = 1,2, ■■■ , 2 • 

(7) 

If the period 1 of f{x) is not 27r, then it can be made equal to 


2t by a suitable change of scale along the x-axis. Formulas 
(6) and (7) then hold in the new scale; if desired, we can return 
to the original scale by writing x = {^/l)x' in (6) and (7). 

Another set of formulas, based on an even number n of inter- 
vals, is obtained by omitting the term hm sin mk from in (1), 
where now 2m = n. It turns out that formulas (6) and (7) 
hold for A = 0, 1, 2, • • • , {n/2) — 1, and in addition, 

n— 1 

an/* = 

i«0 
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For a description of other and more systematic methods 
of analysis, see Whittaker and Robinson, “Calculus of 
Observations.” 


EXERCISES XXVII 


Represent the following functions over the interval 0 S x ^ 2x by 
trigonometric sums: 


1 . m = 

3. f(x) = 


Sx. Take w = 5. 

— 1 when 0 ^ a: < TT, 

27r — X when tt ^ x ^ 2ir. 


2. fix) - x2. 
Take n = 7. 


Take n ~ 6. 


30. Further Results. We shall not have space to pursue this 
subject further than to make a few general remarks. We do 
not know at the present time what are the necessary and sufficient 
conditions that a function be representable by its Fourier's 
series. 

It is known that not all continuous functions are representable 
by their Fourier series. Continuous functions exist whose 
Fourier series are divergent. Furthermore, it is known that 
Fourier series may sometimes represent functions which are 
nowhere differentiable. The theory of summability has aided 
materially in studying the question as to whether a Fourier series 
of a function represents that function. 

It can be shown that any Fourier series whether convergent 
or not, may be integrated term by term between any limits; 
i,e.j the sum of the integrals of the separate terms is the integral 
of the function f{x) which generates the given Fourier series. 

In 1898, J. W. Gibbs discovered a very curious phenomenon 

+ « 

2 sin fix 

— — — Gibbs noticed that in 

n = l 

the neighborhood of the discontinuity at a: = 0, the curves 
y = 8„(x) “overshoot the mark.” Let a„ be the abscissa of the 
greatest maximum of Sn{x) on 0 < x < ir and let /8„ be the cor- 
responding ordinate. As a„->0, does not approach jr/2, 
but instead approaches a value h = (ir/2) (1.089 * • * )• Thus 
the curves y = fin(x) approximate as a limit the configuration 
consisting of the graph of the function /(x) = (ar — x)/2 in 
0 •< X < 2ar, and a strip of the y-axis from y = — A to y = +h, 
where h exceeds the “jump” of the function by about 9 per cent.. 
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This strange behavior is known as the Oibbs phenomenon and has 
been extensively studied in general Fourier series (see Fig. 147). 



31. Systems of Orthogonal Functions. The inner product over 
a % X ^ h oi two real-valued functions f{x) and g{x) is defined 
to be 

(/, g) = XV(-J') .9(3-) dx. (1) 


If (/, g) = 0, the functions / and g arc said to be orthogonal. 
The norm of / is defined as 

N{J) ^{fj) = £pdx. (2) 

If N{j) = 1, / is said to be normalized. If, for any function /, 

we let, <p=f/VW), then N{<p) = (f/VW), f/VWf)) = 1- 
A system of normalized functions (p\{x), iP 2 {oc), • • • for which 


<Pn) — I 


when 

when 


m 7^ n, 
m == A?,, 


(3) 


are said to form a normalized orthogonal^ or orthonormal system. 
For example, over 0 ^ ^ 27r, 

1 cos z sin X cos 2.r sin 2x 

form a normalized orthogonal system. 

The first n functions (n = 2, 3, 4, • • • ) of an orthogonal 
system ^ 2 , • • • , , are always linearly independent. 


♦See Courant-Hilbert, ^‘Mathematische Physik,’’ I, pp. 40-47. 
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For suppose • • • , were linearly dependent. Then there 
would exist constants ci, • • • , such that 

Cupl + C 2^2 + * * * + Cnipn = 0 . ( 5 ) 

Multiplying ( 5 ) by <py and integrating we find that 

dx = dx = 0 . 

Hence c„ = 0, p = 1, * • • , n. 

We shall now show how, from given real continuous linearly 
independent functions 0:1(0:), 02(0:), • • • , 0Ln{x), • • • we can 
construct linear combinations (p\(^x), <^2(0:), • • • , (^n(o*), • • • 
of them w'hich are orthonormal. Let ipi = oi/\/iV(oi), so that 
N{ipi) = {<pi, (p\) — Select Cu such that ^2 = «2 — cmpi is 
orthogonal to <pi] i.e., so that (<^i, = (<^i, 02) — Cn(v?i, (pi) = 0 . 

Then cn = (<^i, 02). To normalize (p'^, let v?2 = ^P^/ , 
It is evident that ^2) = 0. Next let ^3 = 03 — C2i(p\ — C22<p2, 
where the c^s are such that 

(V?l, (Ps) = ((pi, 03) — C21 = 0 , ((p2f (P2) = ((p2, 03) — C22 = 0 . 

Thus C21 = (^1, 03), C22 = (<p2, 03). Let <p 3 = <p3/\/J^<Pz)' 

Then ^3 is orthonormal to <pi and ^2. In general, let 


(Pn->rl — 


\'^N((p^ y (pk((Pk, On-f-l), 


A:-=l 


The set ^1, (P2, • • ' so constructed forms an orthonormal 
system. 

Let (pij (p2, ‘ ' be an orthonormal system, and let f(x) be 

any real function of the real variable x on a ^ x ^ b. Let 
Ck ^ (/, (pk)- It can be shown from the fact that 


that 


T — ^Ck<Pk^ dx ^ 0 




ik»l 


( 6 ) 
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provided Ci, • • • , Cn are independent. This inequality is 
called BesseVs inequality. 

Let f{x) be a given real function of the real variable x. What 
values must the coefficients 7* have in order that / be approxi- 
mated in the sense of least squares by means of the linear 


relation ^ yk^k) where (;pi, • * • , v^n form a normalized orthogonal 




system; i.e., in order that M 
mum? Now 


=r(<-i 


yk<Pk ) be a mini- 


M = £pdx+^{y,- cuY - 2 cl (7) 

4-1 4=1 

Hence in order that M be a minimum, 7* = Ck for all values of 
k — , n. 

If Jkf = 0, then (7) with c* = (/, <pk) gives 


= NiS). (8) 

An orthonormal system (^2, • • • is said to be complete if there 

exists no orthonormal system ai, a2, • • * of which v?2, • • • 

is a proper subset. 

In order that <^i, (P 2 , • ' ' form a complete orthogonal system, 
it is sufficient that completeness relation (8) hold for all con- 
tinuous functions/. 

Suppose that throughout a ^ x ^ b,f{x) can be represented 
by a convergent series of the form 

00 

fix) = '^Ck<Pkix), (9) 

where <pij <P 2 , • ' • form a complete orthogonal system. If, 
furthermore, (9) is uniformly convergent, then the series obtained 
from (9) by multiplying by <pn can be integrated term by term. 
Since the ^^s are orthogonal, we have 

fi^) ~ Wn{x)Y dx, 


( 10 ) 
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from which we have 

"" = (« = 1 , 2 , • • • ) ( 11 ) 

(pn) 

If the <^’s are normalized, then 

Cn = (/, Vn). (n = 1, 2, ■ ■ • ) 

EXERCISES XXVIII 

1. Sliow that (4) is an orthoiionnal system of functions over the interval 

0 ^ X ^ 27r. 

2. Show that the system of Legendre polynomials form an orthogonal 
system. Find the normalizing factors for the Legendre polynomials. 

3. Show that if the system <^i(x), • • • is orthogonal, then the sys- 
tem ^ 2 (x), • * • with \l/k ~ <Pk(x)/\/ {(pky (pk) is orthonormal. 

4. Two complex functions / and ^ of a real Tariable x are said to be 

orthogonal if (/, g*) - (/*, g) = 0, where /* is the conjugate of /, • • • . 
li N{f) = fa \f\^ dx = 1, then f(x) is sahi to be normalized. Show that over 
—IT ^ X ^ • • • is a normalized 

orthogonal system. 

5. Show that (/, g) satisfies Schwarz's inequality 

(J.OY ^ ( 12 ) 

Hint: (/, gY - (/,/)(^, g) - ^//x[/(x)^(^) 

6. Show that the equality in (12) holds if and only if / and g are propor- 
tional. 

7. Construct from 1, x, x^, • • • , x”“i a set of orthogonal functions for 
the interval — 1 ^ x ^ -hi. Do not normalize. 

Ans. 1, X, X* — x^ — |x, • ■ ' . 

8. Show that /o(x), /i(x), • • • ,/«(x), where 

- o)"(-* - &)"], 

ax” 

is a set of nonorthonormal orthogonal functions. , Construct this set of 
functions from the set, 1, x, x^, x\ • • • . 

9. Prove BesseLs inequality (6). 

10. Prove: If condition (8) is satisfied, any function orthogonal to every 
member of the system tpi^ <^ 2 , * * * vanishes identically. 

11. Show that if any member of a complete system S be removed, the 
remaining system will not be a complete system. 

12. Show that (/, g) has the following properties, where / and g are 
suitable complex functions of the real variable x and where a is a complex 
number: 

(/, Off) =« o»(/, ft). 

(/, C'l + g^) “ (/, Qi) + (/, gi). 
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N(af) = |o|W(/). 

I (/,(?) I g N(f)N(s)- 

N(f, +/,) g Nfi + NU 

[N{f + g)]^ g fiV(/)]^ + 2lNmN(g)] + [N(g)]K 

N(f - g) ^0. 

FKj — g) = 0 if and only if / = g. 

NiS - h) s JVtf - sr) + N(g - h). 

13. Prove: 

+ 

If «^j, v^ 2 , • ‘ ■ , • ■ * is an orthoriorrnal set of functions, then akbk* 

is absolutely convergent for every/ and g. Here ak - (/, (pk), bk — {g, (pk)- 


When / - g, S [N(f)]\ 

14. Let ypu ^ 2 , ‘ ‘ • be a coin plot e orthonorniai set and suppose/ and g 
are suitable functions. Show: 

(a) If (/, ^n) ~ 0 for (wery tluai / = 0. 

+ 00 

(b) For every /and r;, {f,g) •= akbk*, a,, = (J,<Pu)J>n = (j7, V’n). {Parse- 
ml’s identity.) 

15. The functions (piix), <p 2 (x)^ • • • are said to be orthogonal (over the 
interval a ^ x ^ b) relative to the weight Jiniction p{x) if 



X)p^,n{x)ipn(x) dx = 0 


when 


m 7 ^ n. 


Verify that the following systems of functions are orthogonal with respect 
to the weight function indicated: 

(a) The Legendre polynomials over the intcTval —1 ^ x 1; p{x) — 1. 

(b) The Hennile polynomials over the interval — « < a: < -f- ; 
p{x) ■■= c*'’. 

(c) The Laguerre polynomials over the interval 0 ^ x < oo ; p(x) = c“*. 
(Hint: consider the differential equations satisfied by these functions.) If 

2 

^{<p) = I p(x)[ 9 p(x )]2 dx, show that == “ — — in (a); == 2”?i! 

. \n 2 « + 1 


in (b); and N{<pn) = (n!)^ in (c). 



CHAPTER V 

FUNCTIONS OF A COMPLEX VARIABLE 

1. Introduction. In this chapter we shall study the elements 
of the theory of analytic func^tions of a complex variable. This 
theory has been found to be of the utmost importance and value, 
not only to mathematicians, but also to engineers and physicists. 
The theory of the two-dimensional flow of heat, electricity, and 
fluids is studied through the medium of analytic functions; the 
theory of maps is intimately related to the subject; the solution 
of many of the ordinary differential equations which arise in 
electric-circuit theory is greatly aided by the use of complex 
numbers; in the rapidly growing field of aerodynamics the 
methods of the theory have found wide application. 

The early mathematical theory of analytic functions was 
largely developed under the influence of Cauchy (1789-1857), 
Riemann (1826-1866), Weierstrass (1815-1897), and their 
students. 

PART A. COMPLEX NUMBERS 

2. Complex Numbers. Let (x, y) be an ordered pair of real 
numbers. We shall represent the number pair (x, y) by the 
symbol* x + yi, and we shall speak of x + yi as a complex 
number. In the notation x + yz, the symbols i, yi^ and + have 
(as yet) no meaning whatever, and x + yi should be regarded 
as a single symbol. The number x is called the real part, and 
y the imaginary part, of the complex number x + j/z; if 2 = x + yi, 
then the real and imaginary parts of z are sometimes denoted by 
(R( 2 ) and §{z)^ respectively. A complex number 0 + yi in which 

* A number pair (x, y) may be represented in other ways, sueh as by a 
vector or a point. Because complex numbers and vectors are added in 
essentially the same way, complex numbers and vectors have many prop- 
erties and applications in common. In fact, the only thing that distinguishes 
a complex number from a vector is the law defining multiplication, so that, 
as long as multiplication is not involved, complex numbers and vectors may 
be used indiscriminantly. 
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the real part is zero is called a pure imaginary number; the 
number 0 + \i is called the imaginary unit, (It should be 
remembered that an imaginary number is in no way considered 
as an imagined’^ number. We would prefer not to use the 
word imaginary, but its use is so universal that we retain the 
term here.) We shall write x + Of merely as x, and 0 + 2/f as yi. 
Thus, z = X + yi\H representable by x alone if and only if 2/ = 0 ; 
moreover, z = x + yi representable by 0 if and only if both 
X = 0 and y = 0 . 

If = Xi + yii and 2:2 = X2 + y^i^ where of course Xi, X2, 2 /u 
and 2/2 are real numbers, then we define the Bum of Z\ and z^ to 
be the complex number 

2 i + 22 = (xi + 2 /if) + (X2 + y<ti) = (xi + X2) + (2/1 + 2 / 2 )f, ( 1 ) 

and the product of Zi and Z2 to be the complex number 


Z1Z2 = (xi + yii){x2 + y%i) 

= {xiX2 — 2 / 1 ^ 2 ) + (^ i 2/2 + X2y\)i. ( 2 ) 

It follows directly from ( 1 ) and ( 2 ) that 

01 + Z2 = 2:2 + 01 , ( 3 ) 

2^1 + (2:2 + 2:3) = (01 + 02) + 03, ( 4 ) 

0102 = 2 : 201 , ( 5 ) 

01(0203) = (0102)03, ( 6 ) 

0l(02 + 2:3) = 0102 + 2 :i 08 , ( 7 ) 


these relations being known, respectively, as the commutative and 
associative laws for addition, and the commutative, associative, 
and distributive laws for multiplication. 

If we set 2/1 = 0 in ( 2 ), we see that 

a: 102 = (^1 + 0f)(x2 + yd) = X1X2 + xiy^i. ( 8 ) 

In particular, if xi = 1 , it follows by ( 8 ) that I02 = 02. We 
shall denote the number If merely by f. 

If we set 01 = y and 02 = f in ( 5 ), we see that yi == iy. Hence 

x + yi = x + iy, ( 9 ) 

We define the symbol x — yi to mean x + ( — 2 /)^* If 
0 = X 4 * yij we define —0 to be (—x) + {—y)i = — x — yi. 
If we set xi = ~1 in ( 8 ), it follows that ( — 1)02 = —02; 
particular, (— l)f = — f. 
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We define the differejice Zx — 22 to be Zx + ( — 22). By ( 1 ), 
zi - 22 = 2i + (-22) = {xi + yii) + (-X2 y^i) 

= (^1 - X 2 ) + (yi - ^2)t. (10) 


If Zi = ^2, i.e., if Xx = X2 and yx = ^2, then by (10), 21 — 2:2 = 0. 

Conversely, if 21 — 2:2 = 0, then by (10), 

(0:1 - ^To) + {yx - y^i = 0. 

But, as remarked above, this situation occurs only when 

Xx — X2 = 0 and 2/i — 2/2 = 0, 

i.e., when Xi = X2 and yx = 2/2, so that Zx = 2^2. Thus, two com- 
plex numbers are equal when and only when their difference is zero. 

If we set = X2 == 0, j/i = 2/2 = 1 in (2), and if we denote 
ii by i^j then* 

{2 ^ a = (0 + h ‘)(0 + U ) = -1 + Oi = ~1. (11) 

We define the conjugate z* of z x + yi to be z* = :r — yi. 

Evidently, 

22 * = (;r + yi){x — yi) = x‘^ + y^ - z'^z. (12) 

Likewise 

{Zi + 22 )* = 2i* + 22 *, {ZlZ2)'^ = Zi*Z2*. (13) 

It is seen by (2) that the product ZxZ2 of two complex numbers is 
zero if one {or both) of the factors Zxj Z 2 are zero. Conversely^ if 
the product Z 1 Z 2 == 0, then either Zx or Z 2 {or both) must be zero. 
The proof is quite simple: If ZxZ2 = 0, then 

Zx'^{ZxZ2)Z2* == 0 . 

But 

Z 1 *{ZXZ 2 )Z 2 * = {zi*Zi){z 2 Z 2 *) = (orf + yl){xl + yl) = 0. 

* Equation (11) must not be interpreted as showing that i = As 

indicated above, i denotes an ordered pair of real numbers, namely, the 
number pair (0, 1), and Eq. (11) shows merely that the product of this 
number pair by itself is, according to (2), the number pair ( — 1, 0). The 
operation of taking a square root of a com plex number has not yet been 
defined, and it will be seen later that V^“~l has meaning only when regarded 
as the result of an operation on the number pair ( — 1,0) leading to the num- 
ber pair (0, 1). 
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Hence either xf + 2 /i = 0 or x\ + yl — 0, or both. If 
3^1 + 2/i = 0, then X\ = yi ^ 0, so that Z\ = 0. Likewise, if 
^2 + 2/1 = 0, then — 0. 

If we set Xi — \/Uj u 0, in (8), it follows that 


^ 

u u u ' 


Thus we may divide a complex number by a real number (other 
than 0). If Zi = Xi + yii and Z2 = X2 + ^ 2 ^ and if there exists 
a complex number q such that 

ZiQ = 2 : 2 , ( 14 ) 

then we say that Z2 and Zi have the quotient q == Z2/Z1. To deter- 
mine q we observe that, if (14) holds, then 

21*21^ = {x\ + yi)q = 2^1*22. ( 15 ) 


If Zi 7^ 0, so that x\ + y\ 9^ 0, then by the latter part of (15), 


a = ^1*^2 ^ {xi — y\i ){x2 + 2/ 2O 

^ x\ + y\ xl + y\ 

= ?i?2_+J/iy_2 , 5i?/2.“" .^ 2^1 . 

A + y\ A + y\ 


(16) 


It is seen that this value of q satisfies (14), for 


Z\q = z\ 


2 1*22 


2l2l 


+ yl ^1 + 2/f * 


Z2. 


3. Geometric Representation of Complex Numbers. Let a 

right-hand cartesian coordinate system be set up in a plane (P. 
Associate with each complex number 
z = X + yi the corresponding point (x, y) 
in the plane (P. Then each complex number 
z = X + yi is represented by exactly one 
point (x, y)j and conversely, to each 
point {Xy y) there corresponds exactly one 
complex number 2 = x + yi. The x-axis is often called the 
real axis and the i/-axis the imaginary axis, (Why?) The 
complex number 0 = 0 + Oi is represented by the origin of 
the coordinate system. 

Let (r, 6) denote the polar coordinates of the point (x, y) 
constructed in the usual manner, with 6 chosen so that r is 
positive. Then 
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r = y/x- + y"^ = -s/zz*, cos 0 = ^» sin = -■ (1) 

The number r is called the absolute value (or modulus^ radius 
vector) of the complex number 2 = x + yi. The symbol \z\ 
is also used to denote the absolute value of 2 , so that 

1^1 == r = (2) 

The number 0 is called the arnpUttide (or arc, argument, angle) of z. 
While for a given complex number z 0, there is but one 
amplitude 6 such that 0 ^ ^ < 2 t, there is also an amplitude 
between 27r and 47r, an amplitude between 47r and Gtt, etc. The 
term amplitude may refer to the smallest positive number 6 in 
(1), or it may refer to any number of the set $ + 2mr, where n 
is any integer. The amplitude of ^ is sometimes denoted by 
amp z. It is readily shown (see Exs. I, 4, 5) that 


\ZlZ2\ 


— \ Z 2 \ ^ \ Z ] + ^'>1 ^ + 12:2!, 


1^1! 


= if ^ 0 , 


(3) 

(4) 


It follows from (1) that any complex number can be represented 
in the form 


z X + yi — r(cos d + i sin 0), (5) 


For example, 

-5 
5i 

However, 6 in (5) may have infinitely many different values. 
Hence each complex number z = x + yi may be represented 
in the form (5) in infinitely many ways. In fact, because 
cos (0 + 2/c7r) — cos 6 and sin {d + 2k‘w) = sin B for any integer 
k, we may write 

z = r(cos 6 + i sin B) 

= r[cos {B + 2fc7r) + i sin {B + 2fc7r)]. (6) 

Another method for representing geometrically a complex 
number Zi ^ Xi + y\i is by means of vectors. By a vector we 


= — 5 + 0^ = 5(cos TT + z sin tt), 
= 0 + 5^ = 5^cos " + i sin 
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shall mean a directed line segment OA. If 0 is the origin ( 0 , 0 ) 
and if A is the point (xi, 2/1), then the complex number 


= Xi + yii 


is represented by the vector OA (see Fig. 149 ). Thus, to each 
number Zi tlu^re corresponds one vector OA from 0 , and con- 
versely, to each vector OA from 0 there corresponds exactly one 
complex number Zi. 



Using formula ( 1 ) of Sec. 2 , we may give a geometric construc- 
tion for the sum z^ + 22 of two complex numbers 2 i = Xi + yii 
and Z2 == X2 + y2i- Let Zi and 22 be represented by the V(ictors 

OA and OB as indicated in Fig. 149 . If C is determined as 

the fourth vertex of the imrallelogram OACB, then OC is the sum 

of OA and OB^ and OC represents Zi + 22. This construction is 

called the parallelogram law of addition. 

— ► — ). 

In Fig. 150 , OE represents —22. It is seen that OD is the sum 

of OA and OE, and OD represents the difference Zi — 22. 

To construct the vector representing the product 2122, let us 
write 


Z1Z2 = ri(cos Oj + i «in ^1) • r2(cos 62 + i sin ^2) ( 7 ) 

— rir2[cos (01 + ^2) + i sin ( 0 j + 02)]. 

It is seen by ( 7 ) that the modulus of Z\Z2 is equal to the product 
of the moduli of Zi and 22, and that the amplitude of Z1Z2 is the sum. 
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of the amplitudes of Zi and Z2. Let the vectors OA and OB 


[VoJB 


represent Zi and Z2, and let OU represent the number 1. On OB 
construct a triangle OBF similar to triangle OUA, Angle BOF 
p equals angle f/OA, and angle UOF is 

the sum of angles UOA and UOB. 
Moreover 

OF ^ OA _ OA 
OB OU 1 ' 

^ ^ so that OF = OA OB. Thus OF 
represents Z1Z2 (see Fig. 151). 

By (16) of Sec. 2, the quotient 22Ai may be written in the form 






0 


1 

* 5 : 


__ 22 _ zi*Z2 __ ri(cos — i sin ^i)r2(cos 62 + ^ sin ^2) 

~ 2i ~ 2i*2i ”” rf(cos 61 — i sin ^i)(cos + i sin ^ 

= [cos {62 — di) + i sin {62 — ^1)]. 


Thus the modulus of 22/^1 is the quotient of the moduli of Z2 and Zi, 
and the amplitude of Z2/Z1 is the difference between the amplitudes 
of Z2 and 2i. A quotient may be constructed geometrically in 

much the same way as a product. Thus, in Fig. 151, OA repre- 


sents the quotient of the complex number OF divided by the com- 
plex number OF. 

If in (8) we set 22 = 1, = 2, then (8) assumes the special 

form 

1 = ~[cos (0 — 0) -f i sin (0 — ^)] 

2 r 

= i (cos B — i sin B) = (9) 

Thus the modulus of I/2 is the reciprocal of the modulus of 2, 
and the amplitude of I/2 is the negative of the amplitude of 2. 

If n is a positive integer and if tt; = r(cos ^ f sin ^), then by 
(7) we have De Moivre^s theorem: 

= [r(cos ^ f sin ^)]” = r”(cos + i sin n^). (10) 

We define an nth root of a number 2 = JB(co8 B + i sin $) to be a 
number w = r(co8 ^ + i sin ^) such that 
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( 11 ) 


= z, 

and we write w = By (6) we may write 

z = JK[cos (6 + 2kT) + i sin (6 + 2kTr)\^ (12) 

where k is zero or any other integer, and where we may suppose 
B to be the smallest nonnegative amplitude of z. By (10) and 
( 11 ), 

r'»(cos n\l/ + f sin nrp) = R[cos (6 + 2k7r) + i sin {0 + 2kT)], 
Hence 

where denotes the positive real nth root of R. It follows 
that 

i/n ^ “h ... ^ -f* 2A)7r\ a \ 

w = 2 ^/’* = ->^2 = cos h ^ sin )• (14) 

\ n n / 

By assigning to k the values 0, 1, 2, • • * , n — 1, we obtain n 
distinct complex numbers, each of which is an nth root of z. 
If we assign to k any other positive or 
negative integral value, the resulting am- 
plitude will differ by an integral multiple 
of 27r from an amplitude of one of the above 
roots, and we obtain merely another repre- 
sentation of this root. Thus there are 
exactly n distinct nth roots of any nonzero 
complex number. In fact, the points 
representing the nth roots of z all lie on 
a circle of radius a/S and form a regular 
polygon of n sides, one vertex having the amplitude B/n, (See 
Fig. 152.) 

If p/q is any positive rational number, then by (10) and (14), 

= ( 2 i/«)p = rP/«j^cos ^{B + 2kir) + i sin ^{B + 2hjr) 

(fc = 0, 1, • • • , g - 1) (15) 

This result also holds when p/q is a negative rational number, as 
may be seen by letting p/q = —in and noting that 
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^ _1. = \ 

^ z"' r^[cos m{d 4“ 2A:7r) + i sin m{6 + 2kTr)] 

= r~”^{cos [ — 7n(6 + 2kT)] + i ^^in [~m{d + 2kTr)]\ , (16) 

Example 1. Find the 5th roots of 32. 

Since 32 == 32[(;os (0 + 2A:x) + i sin (0 + 2^7r)J, it follows that 

1' 5 / — / 0 -f- 2/r7r 0 -f- 2k7r\ 

32!'® = V32( cos + i sin — — \ 

By assigning k f lic values 0, 1,2, 3, and 4 wo find that the lifth roofs of 32 are 

( 27r 27r\ ( Att 4 x \ 

2, 21 cos + I sin -- l> 21 cos --- + i sin -- h 

\ 5 5 / \ 5 5 / 


/ ()7r . 67r\ / Stt 87r\ 

21 cos h % Sin — l> 21 cos — + z sin — )• 

\ 5 5 / \ 5 5 / 

In Sec. 8 shall define th(‘ symbol by the formula 

z — — r(cos 0 z sin 0), (17) 

and we shall show that is snbjt^'t to tin' well-known laws of 
exponents. In particular, 

(riC^i)(r2C^’) — 

This rt'sult brings out the fact that we arc imTcly restating a law 
of exponents when we say that ^^in multiplying comjilex numbers 
we add amplitudes’’ [cf, comment following (7)J. Likewise, 
the significance of division and the taking of powers or roots is 
made clear from the relations 

Tt 

ro" ’ ^ 

EXERCISES I 

1. Prove relations (3) to (7) and (13) of Sec. 2. ^ State these relations in 
words. 

2. Show that (R(;s) = (z z*) 12 and that &{z) — {z — z*) 12%. 

3. Show that — z^] is equal to the distance between the points 
representing z\ and zo. 

4. Prove relations (4) of Sec. 3. [Hint: Use (2).) Show that 


IZlZ2 ■ • • Zn\ = l^ll • \Z2\ 


and that 


\z*^\ = \z\\ 


(n a positive integer) 


5. Prove relation (3) of Sec. 3. 

6. Show that 6l{ — ~ + (H* 


{— — ) + (nf ^ « 1. 

Vl +22/ \2i + 22/ 
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7. (a) If 2 i = 2 “f- 3t and 22 == 5 — 7f, find zi -f- 02 , zi — Z 2 y z\Zi^ and 
Z\lz 2 . Verify your results by graphical constructions. 

(b) Repeat part (a) with 2 -] == — 1 + 2f and 2:2 = —2 — i. 

8. Find the modulus and amplitude of; 

1 -f —7, —Of, 24 — 23f. Represent these results graphically. 

9. Find by numerical and graphical methods: (3 — 4^)^, ( — 1 -f f\/2)2, 
(1 ~ i)\ (1 -I- i)\ 

10. Find by nunu'rical and graphical methods the n nth roots in each of the 

foll owing cases: \/l, 1, '^—1, ^^128, '^—8, \/2 -h Siy 

*^4 - 7i. 

11. Plot the numbers zi = zj, z\/z\y 

Z\ -f- Z-ly Z\ ~ Zi. 

12. If a’l, a' 2 , and 1 are the three cxilx* roots of 1, show that c', u)^ 

n'l = n'2, 1 + v'l + y'2 = 0. 

13. Let z be represcuited by the vector OP. Show that the operation of 
multiplying z by i may b(‘ interpreted as rotating OP counterclockwise 


through the angle 7r/2 without changing the length of OP. Interpret the 
operation of multiplying z by: —1; a positive real number a; a negative 
real number a; —i;bi {b real, positive or negative); 2 -f- z; a hi; rO^. 

14. An airplane is flying in a horizontal plane and is headed due north. 
Its airspeed is 175 miles an hour and it is b(‘ing carried to the east of north 
by a wind blowing in the direction of northeast at 50 miles an hour. Find 
an expression of the form z — x + iy for the resultant velocity of the air- 
plane. Express the resultant spex'd and dirc'ction in 
terms of z, and find these quantities numerically. 

15. Let P denote a point on the circumference of a 
wheel 3 ft. in radius. The wheel rotates about its 
center at the rate of 120 r.p.m. Find an exjxression 
of th() form 2 : = a -f ht for the position of the point 
P at any time if at f — 0 seconds, P lies on the x-axis. Also, find a similai: 
expression for the velocity of P at any time. 

16. If in problem 15, Q and R are points on the line OP 30 and 40 in., 
respectively, from 0, find expressions for the position and velocity of Q 
and R at any time. 

17. Suppose that the wheel in problem 15 is a car wheel and that it rolls 



Fig. 153. 



Fig. 164. 


along a tangent straight track at a uniform rate of 75 rn.p.h. 
Find expressions for the position and velocity of Q, P, and R. 

18. On the inner side of the wheel in Exs. 15 and 17 is 
mounted a circular gear with its center at the center of the 
wheel and an effective radius of 30 in. A smaller gear of 
effective radius 8 in. is mounted with center on a vertical 
line through 0 and is enmeshed with the larger gear. Find 
an expression for the position and velocity of a point S on 


the circumference of the smaller gear under the assumption of problem 15; 


also under the assumption of problem 17. 
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PART B. FUNCTIONS OF A COMPLEX VARIABLE 

4. Functions. The definitions of a complex variable and of a 
function of a complex variable are quite similar to the definitions 
given in Chap. I, Sec. 2 for a real variable and for a function of a 
real variable. 

A complex variable is a symbol having complex numbers for 
values. 

If a complex variable w has one or more complex values for 
each value of the complex variable z in some subset D of the set 
of all complex numbers, then this variable w is called a complex 
function of z defined over D. If to each value of z in Z), there 
corresponds exactly one value of the variable then w is called 
a single-valued complex function of z defined over D. 

A polynomial {rational integral* function) in the complex varia- 
ble z is a function of z of the form 

OnZ^ -f- + * * ‘ + ^^0, (1) 

where Un, , Uo are complex constants and n is a positive 

integer or zero; if an 9^ 0, the polynomial is said to be of degree n. 

By a rational {fractional) function of z is meant the quotient of 
two polynomials in z having no common factor, i.e., a function w 
of the form 

OnZ^ ”4“ Un—lZ^ ^ *4“ * * * “f” ao 

^ ~ hrnZ” + + • • • + 6o’ 

where m and n may be any two nonnegative integers. 

While a polynomial is defined for all values of 2 , the region of 
definition of the rational function (2) cannot include points where 
the denominator vanishes. 

All algebraic complex functions which are not rational are called 
irrational functions. 

'L^%go{z),gi{z)j • • • , be polynomials in 2 . The equation 

g(^{z)w^ + gi{z)w^-^ + g 2 {z)w^-^ + • • • + gn{z) = 0 (3) 

is said to be reducible if it is possible to express the left member 
of (3) as the product of two polynomials P and Q with complex 
coeflScients, where neither P nor Q is merely a constant. Equa- 

An integral function is sometimes called efitire, since such a function is 
defined everywhere over the entire 2 -plane. 
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tion (3) is said to be irreducible if it is not reducible. We say that 
it? is a complex algebraic function of z when w and z are related 
by an irreducible equation of the form (3). 

Evidently, all rational functions w are algebraic functions. 
All nonalgebraic functions are called transcendentaL For exam- 
ple, it is known that the logarithmic and trigonometric functions 
are transcendental. 

If it? is a complex function of z = x + iy, say w = <^( 2 ), then 
w can be expressed in the form w = u{Xy y) + iv{Xj y)^ where u 
and 1 ? are real functions of x and y. That this is true is evident, 
for if M? = w + iVy where it? is a function of z = x + iy^ then it?, 
and hence u and t?, must be determined for each pair of values 
of X and y in the domain of definition of it?. For example, if 
it? = 1/(2 — 1) and 2 : = X + iyy then 

^ Xx + iy) - 1 {x - 1) + iy 

^ - 1 ) . zl . 

{x-\y + y^^\{x - + 

Conversely, every expression of the form tv = u{Xy y) + iv{Xy y) 
represents a function of z ^ x + iy, for the determination 
of z implies the determination of x and y, the determination 
of the functions u and v, and hence the determination of w. Thus 
{x*^ — y^) + i(2xy) = (x + iy)^ and x — iy are functions of 
z x + iy. (We shall show in a later section that x — iy is 
not a rational function of 2 ; = a: + iy^) 

Suppose w = f(z) — u + iv, where z == x + iy. If one at- 
tempts to graph w as a function of z, a figure in four dimensions 
is suggested by the presence of the four variables x, y, u, v. 
However, it is customary to represent the values of z = x + iy 
by points in a 2 ;-plane with coordinates x and y, and to represent 
corresponding values of w = f(z) = u + iv by points in a ii?-plane 
with coordinates u and v. Thus, in Fig. 155, the point (1, 2) 
in the s-plane and the point (-3, 4) in the i4?-plane represent a 
pair of corresponding values of z x + iy and w = z^. Again, 
if z varies so as to trace out some path in the 2 ;-plane, then ?/? 
varies in a corresponding manner to trace out a path in the 
te?«-plane. Since \z — Zo\ represents the distance from 2 to 20 
(see Ex. I, 3), the condition \z - Zq\ < S implies that z lies in a 
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circle with center z and radius 5; the condition \w ~ < € 

admits of a similar interpretation in the le-plane. 



{C) 

Fig. 155. 


6. Limits and Continuity. The concepts of limit and con- 
tinuity carry over directly from real variables to complex 
variables. 

Definition 5.1. If f{z) is a complex single-valued function of 
the complex variable z, if Wq and Zo are complex numbers^ and if for 
each preassigned positive number e there exists a positive number b 
such that \f{z) — tCo| < efor all values of zfor which 0 < \z — Zo\ < 6, 
then Wo is denoted by lim f{z)j and, Wq is referred to as the limit of 

z—*zo 

f(z) as z Zo. 

We leave it to the student in Ex. II, 2, to interpret this defini- 
tion geometrically with the aid of Fig. 155. As in the case 
of real variables, this definition implies that f{z) is defined over 
some circle about Zo as center (except for Zo itself). This defini- 
tion may be extended in the manner indicated in Ex. IV, 27, of 
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Chap. I, and we shall make free use of this extension wherever 
occasion arises. 

As an immediate consequence of Definition 5.1 we have 

Theokkm 5.1. A necessary and sufficient condition that 
w = f{z) = u{x, y) + iv{Xy y) have the limit iCo = Wo + Wo as 
z X iy approaches the limit 2o = + iyo is that 

lim u = Uq and lim v = Vo^ 

x—*xo,y-~*yo x—*X(i,y--*yo 

Definition 5.2. If fiz) is a complex single-valued function of 
0 , and if {\) f{zf) exists^ (2) ]im/( 2 :) exists, and (3) lim/( 2 :) == /(^o), 

Z — Z — >20 

then f is said to be continuous at z = Zo. If f{z) is continuous at 
each point z of some subset D of the set of all complex numbers, then 
f(z) is said to be continuous over D. If f{z) is not continuous at 
z = z^, then f(z) is said to be discontinuous at z = Zo, and Zn is 
called a point of discontimiity of f{z). 

As an immediate consequence of this definition we have 

Theorem 5.2. A f unction f(z) is continuous at z = Zo when and 
only when (1) f(zf) exists, and (2) for each positive number e there 
exists a positive number d such that 

1 /( 2 ) — f(zo)\ < e when - 2 ,)j < 5. 

This theorem is sometimes taken as the definition of continuity 
of f{z) at z — Zo, 

As an analogue of Theorem 5.1 we have 

Theorem 5.3. If z ~ x A- iy, cl necessary and sufficient condi- 
tion thatf(z) = u{x, y) + iv{:x, y) be continuous at z — Zo = Xo + iijo 
is that u(x, y) and v{x, y) be continuous at the point (xo, yo). 

A neighborhood of a point Zo may be defined as in Sec. 15 of 
Chap. I. We leave to the reader the proof of 

Theorem 5.4. If f{z) is continuous at some point Zo and if 
f{zo) 7 ^ 0, then there exists a neighborhood N of Zq over which 
f{z) 9 ^ 0. 

Suppose f{z) is continuous at each point of some region D. 
Let Zo be a point of Z). Then, c being any arbitrarily selected 
positive number, there exists a positive number b, depending in 
general upon e and Zo, such that 

\f{^) /(^o)! < € when \z — Zo\ < 5. 


( 1 ) 
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For a fixed e, the value of b may decrease if some other point Zi 
of D is used instead of and b may further decrease at another 
point 22 . In fact, it may be necessary to so restrict the value of b 
that, as 2o ranges over D, b becomes arbitrarily small. However, 
if it is the case that, for any value of €, there always exists a fixed 
b independent of Zq in D, and for which (1) holds, then we say that 
f{z) is uniformly continuous over D. 

Let i? be a set of points in the 2 -plane. If there exists a posi- 
tive number d such that \z\ < d for every point of i2, then R is 
said to be bounded, A simple closed curve C in the 2-plane is a 
continuous curve which divides the 2 -plane into exactly two parts, 
one of which is bounded; the bounded part, together with the 
bounding curve C, is called a closed region. (This concept may 
be described in many other ways, but we shall not go into the 
matter here.) 

The following theorem is an extension of Theorem 8.7 of Chap. 
IX, and may be proved in the same manner as this latter theorem. 

Theorem 5.5. If a function f{z) of a complex variable z is 
continuous over a bounded closed region D, then it is uniformly 
continuous over D. 

The following two theorems follow directly from Theorem 8.3 
of Chap. IX. 

Theorem 5.6. If f(z) is continuous throughout a bounded 
closed region Z), then there exists a positive number M such that for 
all values of z in Z), \f{z)\ < M. 

Theorem 5.7. If f{z) is continuous throughout a bounded closed 
region Z), then \f(z)\ has a finite least upper bound U in Z), and 
1 /( 2 )! actually attains the value U at some point Zo of D. 


EXERCISES n 


1. Prove Theorems 5.1, 5.2, and 5.3. 

2. Translate Definition 5.1 into geometric language. 

3. Find the limit of f(z) « — Sxy^) + i{3x^y — t/®) as z approaches 

6 - 3i. 


4. Prove that f(z) s log {x^ + 2/*) + i arc tan 


2xy 


all finite values of z 

5. Let Sn 




X -h iy except 2 = 0 . 


2 /* 


+ 2/® : = 0, n 

n* 


1, 2, 3, 


is continuous for 


, be a sequence 


gf circles. Prove lim Sn exists and is the origin. 
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6. Prove that every polynomial in z is uniformly continuous in any given 
bounded region. 

7. Let f{z) = ( 2 * — 1). Prove that in the region bounded by 

aja -j- 2 /* = i, \f(z)\ has a finite least upper bound. Does 1/(2) | have a finite 
upper bound within the region bounded by = 1? Discuss. 

8. Give a geometric interpretation to the notion of uniform continuity. 

6. Anal 5 rtic Functions. We shall define the derivative of a 
function f{z) of a complex variable z in much the same manner 
as we did for a function of a real variable. 

Definition 6.1. Let f{z) denote a complex^ single-valwd func- 
tion of z. The derivative of f(z) with respect to z is defined to be 
that function f {z) of z such that 

( 1 ) 

at all points zq where the limit exists^ and such that f'{z) is defined 
for no other values of z. 

The laws for differentiating functions of real variables can 
easily be extended without modification to functions of a complex 
variable. That this may be expected follows from the fact that 
these laws depend, when the functions are suitably defined, 
upon the general theory of limits which, as we have seen above, 
hold equally well in the real and the complex number fields. 
For example, 

Dz{wi + W 2 ) = DgWi + DzW 2 , DgW^ = nw^^^DzWj etc. 

(See Sec. 5 of Chap. I, relations 1 to 22.) 

The definition of the differentials dz = dx + i dy and dw^ where 
w == /(z), are made in much the same manner as in the theory of . 
real variables. The higher derivatives and differentials follow 
as in the theory of real variables. 

Definition 6.2. A single-valued complex function f(z) of the 
complex variable z is said to be analytic throughout a region D if 
f(z) has a derivative at every point of D. 

Different writers have used, with various modifications, the 
terms monogenic, holomorphic, and regular in the sense that we 
have used the term analytic. 

While there is a close analogy between the rules for differentia- 
tion in the real and complex fields, there is an important distinc- 
tion between the two cases in respect to the type of limit involved. 
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Since 2 = a: + iy, the increment A 2 in z is As = Ax + i Ay. 
In order that A 2 — » 0 both Ax and Ay must approach zero. We are 
thus faced with a double limit in the case of a complex variable. 
In order that the derivative of a function /(z) exist at a point Zqj 
the diff('rence quotient [/(zo + Az) — f(zo)]/Az must have the same 
limit no matter how Ax and Ay approach zero. There are many 
simple functions which do not have a derivative at any point. 
For instance, f(z) ~ x — iy is such a function, since the limit 
of llie quotient 

fiz + A z ) - f{z) ^ [(j + Aj: ) - i{y + Ay)] - [x - iy] 

Az Ax + i Ay 

__ Ax — i Ay 
Ax + i ^y 

is de])endent on the manner in which Ax and Ay approach zero. 
(For if we make Ay 0 and then Ax 0, then the limit of the 
diff(‘renee quotient is +1, but if Ax 0 first and then Ay — > 0, 
the limit is —1.) We are thus led to the conclusion that the 
condition that a complex function f{z) be analytic is far more 
restrictive than is apparent. However, it is due principally to 
this ])articular restriction that so many fruitful results appear. 
Analytic functions have many properties not possessed by com- 
plex functions in general. In the sections to follow many of these 
properties will be developed. 

We shall now develo]) necessary conditions in order that 
f{z) = u(x, y) + iv{x, y) be analytic, where 2 = x + iy. Sup- 
pose we first let A?/ = 0 and then let Ax — > 0. We find that 


^ ^ ^ df ^ ^ ^ 

dz Az=-Ax.-->0\^^/v dx dx dx 

Next, suppose we first let Ax = 0 and then Ay 0. 

f. ii„ + 

dz a»-,aj/-.o\Az/i i dy tidy dy ] dy 


( 2 ) 


We obtain 



( 3 ) 


This leads us to the conclusion that if /(z) is analytic, then 
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du __ dv 

dx dy dy dx ^ 

This proves 

Theorem 6.1. A necessary condition that f{z) = u + iv he 
analytic at 20 = ^0 + ^2/o, i^ that Eqs. (5) he satisfied at Zo. 

Equations (5) ani known as the Cauchy-Riemarm differential 
equations or conditiojis. 

We shall now inquire as to sufficient conditions that J{z) be 
analytic. Since Eqs. (5) arose merely from tlie fact that the 
limit of Af/Az is the same for two particular ways in which Az 
was made to approach zero, it does not ne(;essarily follow that 
Eqs. (5) give sufficient conditions that f{z) be analytic. We now 
prove 

Theorem 6.2. If the four first partial derivatives of u and. v 
exist throughout a region i), and are continuous at all points of D, 
then the validity of the Cauchy-Riemann conditions is both a neces- 
sary and suffident condition for f{z) = + iv to he analytic 

throughout D, 

From the assumptions on the (existence of the first partial 
derivatives and their continuity, we find with the aid of the 
theorem of the mean, 

Au = u(xii + Ax, yo + Ay) — u(xo, yo) 

= Urixo + Si * Ax, yo + Ay) Ax + u,,ixo, yo + O2 ‘ Ay) Ay, 

(0 < 01 < 1 , 0 < 02 < 1 ) 

= [u^{xo, yo) + Cl] Ax + {uy{xo, yo) + 'n^] Ay, 

and 

Av = yo) + € 2 ] Ax + [vy{xo, yo) + V 2 ] Ay, 

Then making use of Eq. (5), we find 

Au + i Av = (Ux + ivx)(Ax + i Ay) + p, 


where 

Hence 


P = [(ci + ^€2) Ax + (^7i + iv'i) Ay], 


f(zo + Az) - fj zo) 
Az 


An + i Av 
Ax + i Ay 


= (Wx + ivx) + 


P 

Ax + i Ay 
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Now 




+ ie2| + |»?i| + Im 


0 as 0. 


\Ax + i Ay\ 

Hence f{z) is analytic at 2o. 

The necessity of the condition follows at once from the defini- 
tion of analyticity. 

Theorem 6.3. If f(z) is analytic throughout D, not only the 
first 'partial derivatives of u and v, hut also those of higher orders all 
exist throughout D, 

We must postpone the proof of this theorem to Sec. 15. 

Theorem 6.4. A necessary condition that u + iv he analytic 
in a region D is that in Z), u and v satisfy Laplace^ s equation, i.e., 


d^u dhi _ 

dx^ dy^ ~ ^ 


and 


dh dH _ 


If + iv is analytic, dujdx = dvjdy and dujdy = —-dvldx. 
By Theorem 6.3, we are assured of the existence of the higher 
partial derivatives of u and v. Differentiating, we see 

dx\dx) dx\dyl dy\dy) dy\ dxfi 

so that 

dhi ^ __ dh d'^V _ ^ 

dx"^ dy'^ dx dy dy dx 


A similar proof holds with regard to v. 

This theorem shows that, if we wish to construct an analytic 
function u + iv, we must select for u and v solutions of Laplace^s 
equation. 

If u is chosen so as to satisfy Laplace^s equation, then we may 
obtain v so that u + iv is analytic from the real line integral 


Vi 



du 

dy 


dx + 




Since the value of this integral is independent of the path con- 
necting (a^o, 2/o) and {x, y), it follows from Theorem 18.13 of 
Chap. II that dvifdx = —du/dy and dvxjdy = dujdx. Thus 
u + ivi satisfies the conditions for analyticity and vi is a possible 
value for v. We shall leave it as an exercise to show that for a 
given w, if w + iv is to be analytic, every possible v must have 
the form vi + c, where c is a constant. 

If w is a solution of Laplace’s equation, having second partial 
derivatives, then u is called a harmonic function, and vi is called 
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its harmonic conjugate. This terminology appears in physical 
as well as mathematical literature. The Laplace differential 
equation is of great importance in theoretical physics and 
engineering. 


EXERCISES m 


1. Verify the rules for differentiation, given in Sec. 5 of Chap. I, directly 
from Definition 6.1. 

2. D(*fine the differential of Wj where w — f(z). 

3. U z X yi, where x — y = and where i is a real variable, 

show that dz == di. 

4. Prove that w ~ x^ — y‘^ -f- i{2xy) is analytic everywhere in any finite 
region of the 2 -plane; also for w = z^; for 

w — {x* — 4- y*) + i{4x^y — 4x1/®). 


5. Prove that if fi{z) and f 2 iz) are analytic in D, then so is/i( 2 ) +/ 2 ( 2 ); 

fi{z) ' f'liz)] }i{z) except at those points for which/af^) = 0. 

6. Prove that if f{w) is analytic in some neighborhood Ni of iCo, and if 
%v — 4){z) is analytic in some neighborhood A ^2 of 2o, then f[tt>(z)] is an 
analytic function of z in some neighl»orhood of 2o. 

7. Prove that any rational function of z is analytic except at those points 
where the denominator vanishes. 

8. If f{z) = (R( 2 ) =* X, show that/ is not analytic. 

9. li f{z) = I 2 I* = X* -f show that the Cauchy-Riemann equations 
are satisfied only at 2 = 0. Is /analytic? 

10. Is 3x — Sty an analytic function of z = x + fy? 

11. Given w = x® — y^. Find a function v so that u + iv is analytic. 


du au 

Ans. V — I dx dy — I 2y dx 2x dy — 2xy — 2xot/o. 

*/Xo,|/o ^y dx Jxo,yo 


12. Find v so that u + iv is analytic if: 


(a) u = logc \/ X® 4- y\ Ans. v - arc tan y/x 4- c. 

(b) u == x/(x® 4" 2 /*). A'na. w « I/ 2 . 

13. Find where the following functions of z are continuous: 


(a) 2 * 


(b) 


2 4- 2 * 

1 4-W' 


(c) 


2 ® 4- 2 ** 


14. Examine each of the functions given in Ex. 13 for differentiability. 

15. Given f(z) = \/\xy\. Show that the Cauchy-Riemann equations 
are satisfied at 2 *=0, but that/( 2 ) has no derivative at 2 ~ 0. 

16. Given /(z) «= 2 5 *^ 0 , /(O) =» 0. Show that as 

X* 4- y^ 


z 


0 along any straight line, 



0; that as 2 0 along 


2 


1. Is/( 2 ) analytic at 2 * 0? 
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17. Given f{z) — when 2 0, /(O) = 0. Show that / is analytic 

for all finite values of z except 2=0. [Hint: examine the behavior of fiz) 
as r — > +0 with 2 = 

18. Prove the assertion left as an exercise near the end of Sec. G. 

19. Show that the curves u = const, and v ~ const, are orthoji^onal when 
u and V are conjugfite. Illustrate with th(5 aid of J<]x. 1 1 . 

20. Prove: (a) The transformation 

a2 + (i* 

W = ’t 

(iz + a* 


where a and (3 are any two complex numbers satisfying the relation 
aa* “ = 1, transforms the circumference of the unit circle into itself 

and the interior of the circle into itself. 

(b) If /i/3* — aa* = 1, the transformation maps the interior of the (circle 
into the exterior. 


21. Prove: The transformation 




maps 


the cir(‘l(‘s with 


centers at the origin and the straight lines through the origin of the 2 -plane 
into confocal ellipses and hyperbolas, respectively, in the w’-plaiu*. 


22. If 2 i, 22 , S 3 , Zi be any four distinct points, then 

Z2 — Z3 22 — < 3^4 

is known as their crass ratio. Prove that the cross ratio is absolutely 
invariant (unaltered) by ev(‘ry transformation of the form 


(az + /3) 

y, ^ 

(72 + 5) 


{a6 — (iy) 7 ^ 0. 


23. The general linear transformation is 


az 4- b 
tv = 

C2 + a 


when a, h, c, d arc constants and ad — he 0. 

(a) Prove that all circles and straight lines in the 2 -plane are transformed 
by this relation into straight lines and circles in the ic-^lane. 

(b) The points for which z = tv are called fixed or invariant points. Prove 
that there are two invariant points associated with the transformation given 
above. Are they always distinct? 

(c) Prove that the family of circles through the two fixed points and the 
family of circles orthogonal to them transform into themselves. 

24. Solve the equation 


22 + 42 4- 7 = 0. 

25. The impedance Z of a certain electric-circuit element containing 
resistance R and reactance X is frequently expressed in the form 


Z ^R^ Xi, 
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when the impressed e.rn.f. is sinusoidal and of a definite frequency. R is 
always positive. If two such elements of impedance zi and 2 : 2 , respectively, 
are connect(id in series the impedance Z equivalent to the two impedances in 
series is Z = 21 + 22 ; but if the elements are con- 
nected in parallel, the impedance Z (equivalent to the 
two impedances in parallel is given by the n'lation 

L _ i + ^ 

Z zi z-i 

Lcit thre(‘ circuit elements subject to a 00 -cycle e.rn.f. 
hav(‘ impedances 21 = 11 + 820i, 22 = 25 + 30f, 

23 = 7 — 3500f, resp(M-tively : 

(a) Find impcidance equivalent to 21 and 22 in series. 

(b) Find impedance ecjuivahait to zi aiid 22 in 
parallel. 

(c) Find impc'dance (‘quivahmt to 21 , 22 , and 23 in 
seri(‘s. 

(d) Find impedance equivalent to 21 , 22 , and 23 in parallel. 

((') Find impedance equivalent to 21 in series with 22 and 23 in parallel. 

Ncrj'E: In electrical (uiginec'ring many writers iis(‘ j in place of i, in order 
to rescu've the use of i for current. 

20. In the computation in connection with transmission line problems 
it is frecjuently necessary to find the valuiis of \/ ZY and \/ Z/Y, where Z 
is th(‘ series impedance of the line and Y th(' admittance of the line to ground. 
Suppose that for a 25 cycle line, Z — 0.275 + 0.50^ and 

Y = (1.78)10-8 + (4.57)10-of. 

Find \/zV and Vz/Y. 

27. In both (dectrical and mechanical work the complex number 

is of gr(\‘it utility.* If A, w and 0 are constants and t is time, this complex 
number is often called a rotating vector. Prove: 

(a) That this vi'ctor is of constant length and rotates uniformly with 
frciquency/ = a;/27r. 

(b) The product of any two rotating vectors is a rotating vector with 
frequency equal to the sum of the frequencies of the two vectors. 

(c) State and prove a theorem similar to (b) for the (}uotient of two 
rotating vectors. 

(d) The sum or difference of two rotating vectors of the same frequency 
is a rotating vector of that frequency. 

(e) Is (d) true with the word same removed? 

28. (a) Find the frequency of each of the rotating vectors: 

2i = == 28 = 

(b) Express each of the following in the form of a rotating vector: (1) 
Z\ + 22 , (2) Zi - 22 , (3) 2i22, (4) 21 / 22 , (5) 2223 , (6) 22 /^ 3 . 

* Some writers use A\u3t + 0 in place of 


€ 






"EiHfDn 


Series Connection 


Parallel Connection 
Fig. 156. 
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29. Find the rotating vectors having the following properties: 

(a) Real component is 5 cos (377< — 30°). 

(b) Imaginary component is 12 sin (63^ 4- 45°). 

(c) Real component is 7 sin (157^ — 37°). 

(d) Imaginary component is 3 cos (157^ + 21°). 

7. Certain Elementary Functions. In this section we shall 
extend the definitions of certain elementary real functions 
e®, sin X, • • • to the field of analytic functions of a complex 
variable. 

The Exponential Function e\ In extending the definition of e* 
for complex values of z, w^here c = 2.718 • • • is the natural 
base of logarithms, we wish: (i) to be the real function when 
^ is a real number x] furthermore, we wish to preserve as far as 
possible the familiar properties enjoyed by namely, that (ii) 
for every z — x + iy, = u + iv be single-valued and analytic ; 
(iii) that de^jdz = e\ 

The last requirement implies by (2) of Sec. 6 that 


or 


dju + iv) 
dx 


u + iv, 




A solution of the first of these differential equations is evi- 
dently of the form u = e^ip{y). By (ii), dufdy = —dv/dx, and 
dv/dx = V, so that 


V = 


du 



Substituting these values of u and v in the equation 


dx ^ dy 


and dividing by c®, we have 

^-0^ + <piy) = 0 . 

From the theory of differential equations we know that <p{y) 
must be of the form 

<p(y) - Cl cos 2 / + C 2 sin y, 
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so that 

u = e^(p{y) = e*(ci cos 2 / + C 2 sin y)^ 

d(p(y) , . V 

V = = e^{ci sin y — C 2 cos y). 

By property {i)y if z = Xj — u + iv must be equal to e®, so 
that when 2 / = 0, 

u\ = cic^, t; ^ = -*C2e®, 

J1/-0 J1/-0 

u iv\ = u + t(0) = 6 ®, 

SO that Cl = 1 and C 2 = 0. We have now shown that 


u = cos y, V = sin y, 

and 

= c®[cos 2/ + ^ sin ?/]. (1) 

TFe shall take formula (1) as the definition of c^ 

From (1), we see that • c*2, where = a^i + iy\ 

and 22 = ^2 + iy^i for 

e^x * = [c®i(cos 2/1 + i sin 2/i)][c®»(cos 2/2 + i sin y^)] 

= c^i+"=2[co8 (2/1 + 2/2) + i sin (2/1 + ^2)] = 

By setting a; = 0 in (1), we have 

c^v = eos y + i sin y. (2) 


It is easy to show that the function c* is periodic, with period 
2xt; i.e., that g^jgQ Qf period 2 nTi 

where n is any integer, but e* has no other periods. To show 
this, suppose p = pi + ip^ is a period of e\ Then = e*. 
Dividing by c*, we have = 1. Hence 

^ gPi(cos P2 + i sin P2) == 1, 

so that P2 = 2 mr, pi = 0, and p = pi + ^2^ = 2 nTi, 

Replacing 2/ by (—y) in (2), we find 

e^y =: cos y — i sin y. (3) 


From (2) and (3), we see that 

giy 4- e'^y 
cos y = s ^ 


sin y = 


e<v — 

2i 


( 4 ) 
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The Trigonometric Functions. We shall use formulas (4), which 
hold for y real, to define the trigonometric functions cos z and 


sin z: 


cos z = 


+ e- 




sm z 


2i 


It is easy to show that 


cos z = cosh y cos x — i sinh y sin r, 


sill z = cosh y sin x i sinh y cos 


sin r, I 

^os X. j 


(5) 


( 6 ) 


Since is single-valued and continuous for all 2 :, it follows from 
Definition 5.2 and definitions (5) that cos z and sin z are single- 
valued and continuous everywhere. 

Let cos z u + iv. From (6), 

u = (*osh y cos Xj z) = —sinh y sin x. 

Evidently, u and v have continuous first partial derivatives 
which satisfy the Cauchy-Riemann equations 


du . . 

— = sinh y cos x = 
dy 


dv ^ 
dx^ 


du , . dv 

— = -cosh y sin x ^ 
dx dy 


so we see that cos z is analytic everywhere. 

From (5) a large number of trigonometric identities may be 
derived. For example, 


cos^ z -f sin^ 2 = 1 , 

sin {zi + 2 : 2 ) = sin zx cos Z 2 + cos Zi sin z^. 


( 7 ) 


It is easy to show that cos z and sin z have the period 2?Z7r, 
where n is any integer, but have no other periods. 

We define the other trigonometric functions of z as follows: 


sin z 

tana: = — —7 
cos z 


, cos z 
etna: = > 


sec z = — CSC z = — -* (8) 

sm z cos z smz 

The Logarithmic Function. We define the logarithm of 
z =z X + iy to be that function w = log z which satisfies the 
exponential equation = z. Let w u + iv, and let z = 
where p and B may be found from 2 = a; + iy. Then 


1 


Hence e^ = p 


(p > 0) and V = 6. Thus 
IP = log a: = log p + i$. 


( 9 ) 


( 10 ) 
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Let ^ 1 , 0 ^ < 27r, bo the principal amplitude of z. Then z 

has the amplitudes 0 = 0i + 2n7r, where n is any integer. Since 
^tv „ p^,i[d^+ 2 nir] _ _ 2 r, we have 

w = \og z = log p + z'(0i + 2nT). (11) 

Thus, the logarithmic function is infinitely many-valued and is 
defined for all values of z except 2 = 0. We call log p + ^0l the 
principal value of log z. 

If in (11) we restrict n to a particular value, w is then a particu- 
lar branch of the logarithmic function which is single-valued 
and continuous in the interior of every region not containing 
2 = 0 nor the positive a:-axis (since 0i ranges from 0 to 2ir), 
We shall now show that such a branch is analytic. Now 

dz de^ 
dw dw ^ 

so that 

dw 1 _ 1 

dz ~ dzldw z 

Thus, tv = log 2 has a derivative at every point for which a branch 
of this function has been defined. 

The logarithms of the positive real numbers are special cases of 
those of the complex numbers, namely, those cases in which the 
amplitude 0i = 0. The logarithms of the negative real numbers 
may now be given an interpretation. If 2 is a negative real 
number —R, then the corresponding amplitude 0j = tt, so that 

log ( — /?)= log p + inw. 

Thus, log ( — 1) = log 1 + inw = inw] log ( — 4) = log 4 + inw) 

• • • which are all representable as definite sets of points in the 
complex plane. 

The function log z obeys the usual laws for real variables: 

log ( 2122 ) = log 2 i + log 22 , (12) 

log 2 “ = a log 2 , (13) 

where a is any complex number. The proof of (12) is quite 
short: 

log 2i + log 22 = (log Pi + iniBi) + (log P 2 + ^202) 

= (log Pi + log P 2 ) + i{nidi + 71202) 

= log P 1 P 2 + i(ni6i + n 202 ) = log ( 2122 ), 
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since for each choice of ni and there is a value of log (2122). 
We shall define where a is any complex number, as 

( 14 ) 

Since log z is infinitely many-valued, so is 2®, unless a is a rational 
real number. 

We shall define a*, where a and z are complex numbers, as 


a* = c* log a, 


which in general is infinitely many-valued. We shall agree in 
any particular case as to the particular value we mean. 

We define w = sin“^ 2: to be a solution of 


z 


sin w = 



( 15 ) 


Solving ( 15 ) for we have 

^iw ^ ^ ^ ^ 2 , ( 16 ) 


From this we find, upon taking logarithms, that 

w = --i log {iz ± \/l — z^) = sin"^ 2, ( 17 ) 

w = i log {—iz ± y/l — z^) = sin"^ z. 

Similar definitions may be given for cos"^ s, tan~^ s, etc. 


EXERCISES IV 

1. Prove that e*'^**' = 6* • 

2. Prove that where n is any integer. 

3. Show from definitions (1) and (5) that 

(a) cos z — cosh y cos x — i sinh y sin x. 

(b) sin z — cosh 2 / sin x + i sinh y cos x. 

[Recall that cosh y ^ {e^ -{■ 6’"^)/2, sinh y ^ (e^ — €''^)I2]. 

4. Prove that sin z is analytic everywhere. 

6. Prove that the functions defined by (5) coincide with the rc‘al trig- 
onometric functions cos x and sin x, when 2 ? = x. 

6. Prove relations (7). 

7. Prove cos [z + (ir/2)] = — sin 2 . 

8. Prove cos {z -f 2nx) = cos z; sin (z + 2nT) = sin z. 

9. Prove that cos z and sin z have no other periods than 27m, where n 

is any integer. 

10. From the definitions of the hyperbolic functions cosh z — {€‘ 
sinh z = (e* — c”*)/2, tanh z » (sinh z)/(co8h z), etc., 

Prove; cosh z =» cos tz, sinh z * i sin iz, 

cosh* z — sinh* z » 1, sech* z + tanh* z « 1, ctnh* z — csch* z « 1. 
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11. Prove that the hyperbolic functions cosh z and sinh z defined in 
Ex. (10) are analytic. Are tanh ctnh z, csch z, sech z everywhere analytic? 

12. The hyperbolic functions are periodic. Find all their periods. 

13. Show that cosh (^i + Z 2 ) = cosh zi cosh zz + sinh 21 sinh Zz. 

14. Given w = log 2 = log p + i^i, where p = y/x^ -f 1 /*, and 

y 

d\ = tan"^ - 

X 

is a particular amplitude of 2 . Show that w is analytic almost everywhere. 

15. Show that (13) is true provided that for each value of 2 % log 2 * is 
suitably chosen. 

16. Define cos”^ 2 , tan"^ 2 . 

17. (a) Prove that 2 = x + is the equation of a line parallel to the 
a;-axis. 

(b) What is the corresponding equation of a line parallel to the ^/-axis? 

(c) Prove that z — x i{mx -f- b) is the equation of a line of slope m. 

(d) Prove that 2 — 20 — is the equation of a circle with center at Zo 
and radius a. 

(e) Of what locus is 2 = a; -f iax^ the equation ? 

18. A point 2 = moves in the 2 -plane with r and B functions of the 
time t. 

(a) Prove that the velocity of the point at any instant is given by 

2 = 4* • 6, 

where 2 indicates the derivative of 2 with respect to time t. 

(b) Prove that the acceleration is given by 

2 == re'^ + 2ire^^ • d -f- • B — rc*®(d)*. 

(c) Find the x and y components of velocity. 

(d) Find the direction of velocity. 

(e) Find the x and y components of acceleration. 

(f) Find the direction of acceleration. 

(g) Find the radial component of velocity. 

(h) Find the radial component of acceleration. 

(i) Find the component of velocity orthogonal to the radius vector. 

(j) Find the component of acceleration orthogonal to the radius vector. 

19. The position of a particle in a plane is given by 

Find by the method of Ex. 18 the velocity and acceleration of the particle 
at time i * ir/3 sec. 

20. Prove that if 2 * F(ic) is analytic everywhere in a neighborhood of tc©, 

dz 1 

its denvative at that point is given ^ dw fiz 
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21. Show that w — defines two families of curves <p ^ = <piy 

and ^ ^ 2xy = which are orthogonal. (Here (pi and are constants.) 
Plot these curves. 

22. Given z = c cos w = c cos {tp + i\I), where c is a constant. Show that 
the curves ^ = constant and <p = c.onstant are orthogonal conics with 
(common foci at ( ±c, 0). 

Hint: cos {<p + — <*os <p cosh xp — i sin p sinh \p. 

The conics are 

= 1 . 

cosh'*^ \p sinh^ xp c- cos'-^ p c-' siri^ p 

23. Find at least one value of (‘acdi of the following and express it in the 
form X 4- iy’ 

(a) 3M (b) 3V'5 (o) (2 - 2ijV'a ^ 

PART C. COMPLEX INTEGRAL CALCULUS 

8. Indefinite Integral. By an integral of a single-valued 
continuous function f{z) of a complex variable, we shall mean a 
function F{z) such that DzF{z) ~ f{z). We shall denote an 
arbitrary integral of J{z) by ^ f{z) dz, and we call }' f(z) dz the 
indefinite integral of/( 2 ). 

The various formulas for calculating the indefinite integral 
of a function of a real variable x given in Sec. 4, Chap. II can 
be shown to hold with x replaced by the complex variable z. 
Thus, ^z^ dz = z^^'^/{n -f 1) + C, n — 1 ; etc. 

The reader should note that the above definition is /essentially 
that given for the indefinite integral of a real function of a real 
variable, How^ever, while every real single-valued continuous 
function of a real variable has an indefinite integral, it is not true 
that every single-valued continuous function of a complex 
variable has an indefinite integral. In fact, the nonanalytic 
function x — iy of the complex variable 2 '= a: + iy is such a 
function; for while x — iy is single-valued and continuous, there 
exists no (analytic) function w = u + iv whose derivative is 
equal to a: — iy. To show this, suppose dwjdz = x — iy. Then 
dwjdz = du/dx + i{dv/dx) = x — iy and 

du dv 

to “ 

If w is analytic, then by the Cauchy-Riemann conditions, 
dv/dx = —duldy, so that du/dx = Xj and du/dy = y. Forming 
the Laplacian, we have d'^u/dx^ + d^u/dy^ = 2. Since u does 
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not satisfy Laplace^s equation, u cannot be the real part of an 
analytic function that is, a function having a derivative. 
We then conclude that there exists no function w having x — iij 
for a derivative. 

9. Definite Integral. Consider a continuous are C connecting 
])oints A and B of a curve d(‘fine(l 
by tilt' equations .T = ct{t)yy ~ 
wlu'if on C, a and (3 are real differ- 
(‘uliable f unc tioiis of the n^al 
varial)I(‘ t. 

Su{)])ose tliat as t varies from the 
valut‘ Ia to tnj the point (,r, y) movers 
along C '^smoothly” from A to B. 

Supi)Ose/(2:) = 'u{x, y) + tvU\ y) 
is any coinpk'x fiinctiofi of con- 
tinuous {'veryvvdiere on C, Select 
any n distinct consecutive points • • • , Zn on C, Zo corre- 

sponding to A and to B, Next, consider the sum 

n 

Sn -- • {u ~ (i) 

A - 1 

whert^ in any point on C between ^/,_i and Zk, We call 

n 

lim 5 ^/(r/o)fe ~ ^A-i) the complex line intcqral of f(z) along 
/-I 

tb(' crave C (provided, of course, this limit exists), where d is 
the largest of the numbers \zk — 2/0-1I partitailar set of 

points Z(), Zi, • • • , Znj and we shall denote this limit by the 
symbol f{z) dz. 

To evaluate ^cf{z) dz^ let us write 

Ta = + iVk, Uk = m(|a, rik), Vk = v{kk, Vk), 

n 

S„ = ^ (uk + m)(xk + m- — Xk-i - tpk-ij- ( 2 ) 

a=i 

By the theorem of the mean, 



Fia. 157. 


Xk — Xk-i = oc(tk) — a(tk-i) = a'(6k)((k — tk-i), 
yk — 2/1-1 = |8(4) — = P'{4'k){tk — tk-i), 
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where ^ 6k ^ tk, ^ ^ tkj so that (2) may be written 

n 

Sn = (3) 

Jfc»l 

Since a', /3', v*, are real and continuous on C, they are all 

uniformly* continuous on C. Hence, if e be an arbitrary posi- 
tive number, there exists a positive number 6, such that if 
— tk^i\ < 5, then \uk<x'{ek) — u{xk, yk)a'{tk)\ < e for A- = 1, 
• • • , n. Consequently, as € — ^ 0 and 5 — ^ 0, we see that 

n n 

^Uka{ek)(tk - tk-i) and ^u(xk, yk)a{tk){tk - tk~i) 

jfc-i 

both tend to the limit 

£ u[cc{t), mwit) dt. 

By a repetition of this argument for the other products in (3), 
we find that Sn in (3) approaches the limit 

{u + tV)[«'«) + 0{t)] dt. (4) 

Since a'{t) dt = dx^ 0'{t) dt = dt/, we may write (4) in the form 

f{2) dz = (u + iv){dx + i dy) 

= /]* (udx-vdy) + {v dx + u dy)j (5) 

where dz = dx + i dy, Za == value of 2 at A, and Zb == value of 
z at jB. 

While /(«) was not assumed to be analytic, it is evident that our 
argument and definition is valid for any function f{z) analytic 
ever 3 rwhere in any region R including the curve C. 

Many of the formulas for real definite integrals hold for 
complex integrals. Thus, we may show that: 

[/l(2) +/.(2)] dz = fjxiz) dz + f^Uiz) dz, 

kf(z) dz = dz, k a constant, 

f;y{z) dz + f;jf(z) dz = £V(«) dz, 
c c 

* See Chap. IX, Theorem 8.7 
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where Zb lies on the path C connecting Za and Zb, 

£f{z) dz = 0, 
j^/(z) dz = dz, 

where C denotes the arc C described in the opposite sense. 

We shall now prove an important inequality. Consider the 
curve C defined by a: = a{t), y = /3(0, where the derivatives 
«'(/) and are real continuous functions of the real variable t, 
for an appropriate domain of L By Ex. X, 7, Chap. II, we know 
that the length L of the curve C connecting two points Zi and z% 
is (if it exists) 

L {[aW + [r(<)]M«(i<. 

Theorem 9.1. Let f(z) be any complex function {not necessarily 
analytic) of the complex variable z, continuous along C, If along Cf 
\f{z)\ is less than or equal to some positive constant JIf, and L is 
the length of the curve connecting zi and then 

fy(z) dz\ ^ ML. 

1 

Suppose X(0 is any continuous complex function of a real 

n n 

variable i. Since ^'\{ti){U — h-i) ^ 
we find that 

x(t) dt\ g £ |x«)| dt. 

Consequently, 

\ff(z) = £ (u + iv)[a'{t) + dt\ 

^ £ M\[a'(t)Y + Wim = ML. .. 

EXERCISES V 

1. Show that fckdz == k(b — a), where C is any curve connecting 2 « a 
and 2 = 6. Do this by constructing the sum (3) and then letting n — > 4- «. 
Note that the result is independent of the path C. 

2. Show that fczdz = i(6® — a*) for all paths connecting 2 = a and 
2 = 6. 
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3. Show that fc {dzlz) = 27ri, where C is a circle of radius p with center 
at the origin. (Hint: Let x — p cos y — p sin z — x iy.) 

4. Repeat Ex. 3 for jc dz, when n is any integer. 

5. Let (7 be a simple closed curve bounding a region D. If z is interior 
to I) show that 


J dw ^ d 

= 2^1, and I ; 

C {w - z) Jc (w - 

( 


2 )" 


= 0, m *= ±1, ±2, • 


Hint: Let (iv — z) = 


What is the vahn* of 


j dw 

Jc - 


Then f 

Jc VC - 2 Jc P Jc / 


2 ) 


when C encircles z k times? 


Ans. 2kTn. 


10. Contours. Let x = a(t) and y = 0{t) define a continuous 
arc of a curve over some interval I of t, where a'(0 and /3'(0 are 
real continuous functions of the real variable t, 

A continuous curve consisting of only a finite number of arcs 
of the type named will be called a contour. If the end point of the 
last arc is the same as the starting point of the first arc, then the 
contour will be said to be closed. 

Suppose C is a closed contour. Furthi'miore, suppose: 
(1) There exists an interval [a, b] sucli that, if a < x < 6, then the 
line X = X meets C in exactly two points, yi{x) and y 2 {x), with 
yi < y 2 ] if X < a or x > hj the line x = x meets C nowhere, (2) 
There exists an interval [c, d] such that if c < y < d, then 
y = y meets C in exactly two points, Xi{y) and x^iy), where 
X\ < X 2 ) if fj < c or y > d, y — y meets C nowhere. (Such a 
curve bounds an axial region of the type described in Theorem 
17.2 of Chap. IL) A point {Xy y) such that yi{x) < x < y^ix) 
and Xi{y) < y < X 2 {y) is said to be Menor to C. A point 
not on C and not interior to C is said to be outside or exterior to C, 
A curve meeting all the conditions mentioned above is said to be 
a simple closed contour or a simple closed curve. * 

The student will no doubt feel that all of this phraseology is 
unnecessary. An accurate study of the matters at hand is 
really quite difficult and is beyond the scope of this book. How- 
ever, while the correct statement of many theorems requires the 

* For a rigorous definition and treatment, see R. L. Moore, Foundations 
of Point Set Theory,^’ Colloquium Lectures of the American Mathematical 
Society; also see A. Hurwitz and R. Courant, ^^Funktionentheorie.” 
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greatest care at times, the reader will no doubt find his geo- 
metrical intuition an excellent guide and help. 

Many of the theorems to follow and stated for simple (dosed 
contours are readily extended to a more general class of curves. 
We shall give several examples: (a) If C and C' are two simple 
closed curves with one or more common arcs, but C and C' 
lying outside each other, we can then form a new closed contour 
C" by deleting the common boundary K; (b) if all of C' is interior 
to C, we can form a new closed curve C" the interior of which 



(a> 



ib) 

Fig. 158. 



consists of points outside C' but interior to C; (c) the region 
indic3ated in Fig. 158 (c). 

11. Cauchy’s Integral Theorem. A theorem upon which the 
entire theory of analytic functions can be built is the following 
one, due to Cauchy. 

Theorem 11.1 (Cauchy’s Theorem), If f(z) is , single-valued and 
analytic within and on a simple closed curve C, then jcf(z) dz = 0. 

Consider the integral in (5) of Sec. 9 over the simple closed 
curve C: 

fiz) dz = j^(udx - V dy) {v dx + u dy). (1) 

Since f(z) is analytic, dufdy — —dv/dx and dv/dy = du/dx. 
It follows directly from Theorem 18.1 of Chap. II that the two 
integrals in the right member of (1) are each zero, so that 

jeSiz) dz = 0. 

12. Certain Extensions of Cauchy’s Theorem. It is quite 
evident that we can ext(‘nd Cauchy’s thoortan to any closed 
contour of the types mentioned in Sec. 10. 

There are many different forms in which this theorem may be 
stated. Suppose that 20 and Zi are two points connected by two 
different curves C and C, such that C and C' reversed together 
make up a simple closed curve or a closed contour of one of the 
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types delSned in Sec. 10. Suppose f{z) is a function analytic in 
the entire region enclosed by C and C', including the curves 

themselves. Then Cauchy’s theorem 
states that 



J^fiz)dz= J^jiz)d 2 . (1) 


Fio. 159. 


Suppose C and C' are simple closed 
curves, the latter of which lies entirely 
inside C. If f{z) is analytic and single-valued everywhere in the 
enclosed region between C and C', then 


J^f(z)dz = J^j{z)dz. 


( 2 ) 


The reason for this becomes quite evident when one draws a 
simple curve I connecting C and C'; for then the curve C described 
counterclockwise, the curve C' clockwise, and the curve I, 
described in both directions, as indicated in the figure, form a 
closed curve T ; and (> 



(2) results. Similar results may be obtained for the case where 
there are a finite number of contours: C', C", • • • , inside C, 
and if f(z) is analytic in the region within, then 

dz = dz + dz + ■ • ■ . (4) 

It could be shown that certain of the assumptions stated in 
Cauchy’s theorem are not necessary. For example :/(25) need not 
be analytic on C, it being only necessary that / be analytic 
inside C and continuous up to and on C. Without going into 
the detail of the rigorous proof of this fact, we remark that, if 
f{z) is continuous, 

f f(z) dz = lim Cf(e) dz, (5) 


where C is a simple closed curve lying inside C, and tending to C. 
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The right-hand side of (5) is zero for all of the curves C' inside C, 
so that the left-hand side of (5) is zero. 

13. Relation between Definite and Indefinite Integrals. The 

following theorem due to Goursat is an immediate consequence 
of Cauchy’s theorem. 

Theorem 13.1. If f(z) is analytic throughovi a region D 
hounded by a simple closed curve, then fl\f{z) dz is independent 
of the path connecting zi and z^, where the path of integration must 
lie entirely inside of D. 

Theorem 13.2. If f(z) is analytic in a region D bounded by a 
simple closed curve, then f%f{w) dw = F{z) is also analytic in D 
(if the path joining Zo to z lies entirely in D), and the derivative 
of F with respect to z is f(z). 

Consider 

F{z + Az) - F{z) = dw, 

where the integral is taken alojig the straight line connecting z 
and z -1“ Az. Then 

F (2 + Az) - ^( 2 ) , 1 ^ 

Let € > 0. Since/(z) is continuous in D, there exists a 6 > 0 such 
that for every |«> — 2 | < 5, |/(tc) — /( 2 )| < e. Hence if |Az| < 5, 

f (» + ^) - F W ^ ^ 

SO that F(z) is analytic and dFjdz = f{z). It is proved in the 
following theorem that the function F{z) + C represents the 
indefinite integral of f{z). 

Theorem 13.3. Let F(z) and G(z) he analytic functions such that 
throughout a region D, F\z) ^ f(z) and G'{z) ^ f(z). Then 
F — G is a constant, and flf(z) dz = F{b) — F(a) = G{b) — G(a). 
Since F'(z) ^ G'(z), (d/dz) [F(z) - G(z)] = 0. Write 

F(z) — G(z) = w + iv. 

Then du/dx ~ du/dy = dv/dx = dv/dy = 0. (Why?) Hence 
u and v are both constants, so that F{z) — G(z) is a constant. 
Therefore, in D, 

£f(,z) dz = F{b) - F(a) = Gib) - Gia). 
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SERIES WHOSE TERMS ARE COMPLEX NUMBERS 

14. Complex Numbers and Sequences. A large part of the 
definitions and theorems referring to sequences and series of real 
numbers given in Chap. IV hold when the arbitrary real numbers 
are replaced by complex numbers. In fact, subject to a few 
minor alterations, this situation extends equally well to the proofs. 
Throughout Chap. IV we have prefixed the symbol c to the 
theorems and definitions which remain valid word for word when 
arbitrary real numbers are replaced by complex numbers and the 
numerical values of real numbers are replaced by the absolute 
values of the corresponding complex numbers. Theorems and 
definitions referring to real numbers in which the symbols < 
and > play an essential part either do not hold for complex 
numbers, or require considerable modification. 

For a r^sum^ of the definitions and theorems valid for complex 
numbers the reader is advised to reread the preceding sections of 
Chap. IV in which the prefix c appears, with the terms arbitrary 
real numbers'^ replaced by arbitrary complex numbers. 

One of the most important theorems which is easily extended 
to complex numbers is the Cauchy-Toeplitz theorem. 

The problem of reducing the convergence or divergence of 
complex sequences to the corresponding problem in real sequences 
is easily solved by splitting ,up the terms into real and imaginary 
parts. The following theorems are all easily proved: 

Theorem 14.1. A Jiecessary and sufficient condition that the 
sequence \zn} = [xn + iyn] converge to X + iY is that the real parts 
Xn converge to X and the imaginary parts yn converge to Y. 

An immediate and important consequence^ of Theorem 14.1 is 

Theorem 14.2. A necessary and sufficient condition for the 
convergence of a complex sequence {z„} is that for every arbitrary 
positive number e, there exists a positive number no such that for 
every n > no and every ni > no, |zn, — Zn\ < e. 

The theorem regarding series of complex terms corresponding 
to Theorem 14.1 is 

Theorem 14.3. A necessary and suffiicieyit condition that the 
series Szn of complex terms converge is that the series 2)(R(0n) of 
the real parts of 2JZn, and the series of the imaginary parts 

of Xzn each converge. If these two series have the sums Sr and S- 
respectively, then the sum S of llZn is S = & + iSi. 
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The distinction between absolute and nonahsolute convergence of 
series of real terms remains the same for series of complex terms. 

Since for every complex number 2 = 3 :+ iy^ 

\x\ g lz\ g \x\ + \y\ and \y\ g \z\ ^ \x\ + \y\, 
we have 

Theorem 14.4. A necessary and sufficient condition that the 
complex series 'Lzn be absolutely convergent is that the series 2^6{(zn) 
and both be absolutely convergent. 

In general, all results proved for absolutely convergent series of 
real terms may be used in the theory of absolutely convergent 
series of complex numbers. 

The theory of real power series developed in Part C of Chap. IV 
remains valid without essential change for complex power series — 
series of the form 2an(2 z^Y^ when the quantities Un, 2 , and 2o 
are complex. However, the geometrical interpretation is some- 
what different: The power series 1>an{z — ZqY converges — and 
absolutely — for every z interior to the circle C of radius r about 
20 , and diverges for all points outside C. This circle is known 
as the circle of convergence of the power series. 

The results obtained in Part D of Chap. IV in regard to series 
'Lfnix) of real variable terms remain essentially the same for 
series of complex terms, but in place of the common interval 
of definition we now assume a common region of definition. 

Theorem 14.5. A power series represents an analytic function 
inside its circle of convergence. 


Suppose f{z) = is convergent for \z\ < R. If p < K, 

n =s 0 

then lanP""! ^ iC, where K is some fixed positive number, for 


anP^ is bounded. Let g{z) — Then 

n “ 1 


f jz + Ag) 
Az 


■fiz) 


ao 

/■ ^ { (z + Az)» - 2" 

- g(z) = ^ 






when \z\ + |Az| < p. Since 
(2 + Az)" - 2" _ ^ 

Az 


— 2"~^ A2 + • • • 4- A2’*“‘ 

(|2| + |AZ|)" - |2|" _ , , j 

lAi] * 
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we conclude that 


\f(z + ^z) - f{z) 


tnz 






(|z| + |Az|)" - \z\ 
|Az| 


n\z\ 



Kp\Az\ 

(p - |zl - |A2l)(p 



(p - \Ay. 


This expression 0 as A 2 — » 0. Hence/' ( 2 ) = g{z). 

A uniformly convergent series of analytic functions of a 
complex variable may be integrated term by term along any path 
lying in the region of uniform convergence. 

A series of analytic functions may be differentiated term by 
term at any point within a region where the derived series is 
uniformly convergent. 


EXERCISES VI 

1. Show that S 2 " converges with the sum 1/(1 — z) in the interior of the 
unit circle, and diverges everywhere else. 

2. Show that 2(z”/n*) converges within and on the boundary of the unit 
circle. 

3. Show that S(z”/n) is convergent within the unit circle C; conditionally 
convergent on the boundary, except where z = 1 ; divergent at z = 1 ; and 
divergent exterior to C. 

4. Where is S(z^"/4n) convergent? S(z"/n!)? 

15. Cauchy’s Integral Formula and Its Extensions. The 

following theorem is known as Cauchy^ s integral formula. It 
expresses the value of f{z) at any point z interior to C in terms of 
the values of f{z) on C, that is, in terms of its boundary values. 
Thus, if f{z) represents a physical quantity whose value has been 
measured only along C, Cauchy’s formula enables one to compute 
f{z) within C from these values. 

Theorem 15.1. If f(z) is analytic inside and on a simple 
closed curve C and z is any point interior to C, then 

f{z) = f dw. (1) 

2x1 Jc w — z ^ 

The function ~~ is analytic ever 3 rwhere within C except at 
w = z. Hence, if T is any circle with center at z inside C, then 
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Jew - z Jrw - z 


Let p be the radius of the circle T. Since f(w) is continuous, we 
can select p small enough that with w on F, 

\f{w) - f(z)\ < c. Now 

f . /(.) f ^ + f iy,, 

JtW — z Jrw — z Jr W — z 

By Ex. V, 5, the first term on the right is equal 
to 2-wiJ{z) ; by Theorem 9.1 the absolute value of 
the second term cannot exceed {e/p)2Tp = 27re. Hence 



Fig. 161 . 


f dw - 2wifiz)\ < 2vt. 

\JcW-Z •'""I 

The left-hand member vanishes since it is independent of e. 
Hence 


m 


27njcw — 


dw. 


An important extension of Theorem 15.1 is given by 
Theorem 15.2. If f(z) is analytic throughout an open region"^ D 
bounded by a simple closed curve C, then its derivatives of all orders 
exist at each point of D and each derivative is analytic throughout D. 
In fact, 


f>(z) -if 
^ ~ 2TiJc(w - z, 

fMM = ii! f _ 

^ ^ ’ 2«jc(w’ - 2)"+' 


dWf • 

dw. 


Let z and 2 : + be two neighboring points inside D. By 
Theorem 15.1, 


f{z + h)^ 


2Tri 




dWj 


(10 


* An open region is a set S of points such that any point of 8 can be made 
the center of a circle which contains in its interior only points of S. 
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SO that 


- f{z) 


= ±r 

2 wtjc 


f(^) 


(w — z)(w — z — h) 


dw. 


( 2 ) 


Assuming for the moment that as 0, the right-hand side of 


(2) ai)proaches 


1 


d 


/M 

2TnJc(w — z) 


, dw, the left-hand side also 


/(»■’) 
^Ttjciw - z) 


, dw. 


approaches a limit, and 

“ H 

By a repetition of this argument we obtain 
/•///--i _ 2 r f(w) 


(3) 


/W(2) 


n! C 
27rtjc 


f(w) 


c(w — 2)”+' 


dw, 


(4) 


We shall now verify the assumption made immediately prior to 
equation (3). Consider the difference 


f dw - f-M, dw 

jc(w - z){w -z-h)''^ Jc{w- zY 

^ ^ jc (te - zyIv ^-z-h) 

Let the minimum value of |te — 2 :| as -m; describes C be 6 and 
furthermore suppose l/(wOI ^ M on C. Then if L be the length 
of C, and if \h\ < 8, 


IX 


f{w) 


(w — z)^{w — z — h) 


dw 


ML 

&\8 - |A|)‘ 


( 6 ) 


The right member of (6) is bounded as \h\ 0, so that (5) 

approaches zero as \h\ — > 0. 

Theorem 15.3 {Morera^s Theorem), If f{z) is single-valued and 
continuous throughout a region D hounded by a simple closed curve 
C, and the irdegral fctfiw) dw vanishes when computed over any 
closed curve C 2 in D, then f(z) is analytic in D. 

The value of 


P(.s) * 
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is independent of the path Ct of integration. Since f{w) is 
continuous, the difference 

F(z + h)-Fiz) ^ 

■ -j /(«) = [f(.w) - f(z)] dw 

tends to zero as A — > 0 when the path of integration is a straight 
line. Hence dF{z)ldz = J{z) and F{z) is analytic. Our theorem 
is now immediate, since the derivative of an analytic function is 
analytic (Theorem 15.2). 

Morera\s theorem is in a sense the converse of Cauchy^s 
theorem. 

As another extension of Cauchy’s integral formula, we have 

Theorem 15.4 (Taylor^s Theorem). Let f{z) be single-valued 
and analytic throughout the interior of a region Z), where D is 
hounded by the simple closed curve C. Suppose z and a are both 
ivierior to D. Then 


f{z) = fia) +/'(a)(2 - a) - a)* 


where 

where 


+ • • • + 

= (Z — aYPniz), 


(7) 

( 8 ) 

(9) 


is analytic throughout the interior of D. 
From Cauchy’s integral formula. 


/w 


2Tnjcw — z 


Since 


= J- fi! 

2finjcw 


f(w) 


1 — W 


l-l(z 

= 1 + M + «*■+ • 




,yn-l 


+ 


1 ~ u 


1 ^ 1 . g - « . / z-a V , . 

j _ z — a w — a \w — a) 

w — a 

\w — a/ 


(z — a)" 


(w — ~ z) 


( 11 ) 
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Substituting (11) in (10), we find that 


/(.) . i, r iW- + (1^ f 

2vtjc w — a 2m Jc 


f{w) 


+ 


+ 


2m 
{z - a) 


dw 


+ 


c {w - a)- 

O’Z'f JM 

2m Jc (w — a)" 

(z_- ^ C f(w) 

i Jc ill’ 


2Ti 


ay(w — z) 


dw. (12) 


From Theorems 15.1 and 15.2, we can write (12) in the form (7). 

An Inequality for Pn{z). Let C\ and C 2 be two 
circles of radii ri and r 2 , respectively, > ri, with 
centers at a, such that the region within and on 
C 2 lies interior to the region D in Theorem 15.4. 
By (2) of Sec. 12, if 2 is within C 2 , the integ- 
ral (3) is unchanged when C is replaced by C 2 . 
If, furthermore, z is interior to Ci, then for all 
Fig. 162. values of W on (72, 

Ity — a| = r 2 , \w — z\ > r 2 — ri, |/(^-^^)| ^ 

where M is the maximum value of \f{w)\ on C 2 . By Theorem 
9.1, 



fmdz 




g ML, 
2jrr2 = - 


M 


’2\ri — ri) — ri) 

where z is within Ci, |z — a| < ri. Hence 

i«.i . - »i-ip.wi < 


Since r 2 > ri, it follows that for every z within Ci, i2n — > 0 as 
n — > + 00 . 


Theorem 15.5 {Cauchy's Inequality). If f{z) = ^an{z — 20 )"" 

n "O 

converges for \z — Zol < r, if 0 < p < r, and if M is a number 
which |/(z)| never exceeds along the circumference \z — Zo\ = p, then 
|a„| ^ (M/p-), (n = 0, 1, 2, • • • ). 

By Taylor’s theorem, a„ = 2«' Jc (g dz, and by 

Theorem 9.1, |an| ^ M/p”. 
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As a corollary to this theorem we have 

Theorem 15.6. If f(z) is analytic within the circle \z — Z ( i \ < r, 
then \f{z)\ at an interior point of this circle never exceeds the maxi- 
mum M of \f{z)\ on the boundary of this circle. In other words, 
\f{z)\ cannot have a maximum at an interior point z. 

16. Taylor’s Series. In the preceding section we discussed 
Taylor’s theorem; 

f{z) = f (a) +/'(«) (2 - a) - «)* 

Cal 

+ • • • + 

and it is seen that, if C be a circle about a such that C and the 
region interior to it are within a region T throughout which /( 2 ;) is 
analytic, and if z is interior to C, then 0 as n + oo . We 

then write 

m = /(a) +f(a){z - a) - a)^ 

/*Ot) 

+ • • • • • • . ( 1 ) 

The infinite series in (1) is called Taylor's series. This series 
converges and is equal to f(z) at every point z within C', where C' 
is any circle throughout the interior of which f{z) is analytic. 
If a = 0, the series is known as Maclaurin's series. 

It is frequently difficult to establish the validity of a Taylor’s 
series for a real function of a real variable x. The method of 
this section often is helpful in such cases: Let S{x) be a real 
Taylor’s series about x = a generated from the real function /(x). 
In the series ${x)j replace x by z. The resulting series §( 2 :) will 
converge everywhere within (7, where C is the largest circle about 
the real point a within which f{z) is analytic. C cuts out on the 
x-Sixis the interval of convergence I of the original series S(ar); and 
within / the value of f(x) must be equal to the value of its Taylor^s 
series §>(x). Thus, in this manner we could conclude that the 
binomial series 
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for (1 + 2 )'” converges to the value of (1 + x)^ at every point of 
the interval — 1 < a: < +1, since {I + z)”' is analytic within a 
unit circle with center at 2 : = 0. Again the method shows us 
immediately that a Maclaurin^s series for does not converge 
to the value of since is not analytic at 2 ; = 0. 

Theorem 16.1. Letf{x) be a real function of the real variable x 
representable by a real Taylor* s series $(x) within the interval of 
convergence {a — R) < x < (a + R). Then the power series §( 2 ), 
found from S(x) by replacing x by z is a power series in (2 — a), 
convergent throughout a circle C of radius R about a, and represents 
a function f{z) analytic within C and is equal to f(x) when z ■= x. 
This function f(z) of z is the only function analytic throughout C 
and which coincides with f(x) on an interval about a of the x~axis. 

Suppose there were two such functions fi(z) and / 2 ( 2 ), each 
representable by Taylor series and whose values coincide along 
(a — R) < X < (a + R). By an argument similar to that given 
in Theorem 13.2, Chap. IV, their coefficients would coincide, 
and/i( 2 ) ^f 2 {z), 

A theorem analogous to the one proved in an earlier section — 
that an analytic function is completely determined within a closed 
curve by its values on the curve — is 

Theorem 16.2. Let f{z) be single-valued and analytic throughout 
T. Then f{z) is completely determined at every point of T when we 
know either (1) the value of f and all its derivatives at an interior 
point of Tj or (2) its values at the points of an infinite set having a 
limiting point within T. 

A combination of Taylor\s series and Theorem 14.5 leads to 

Theorem 16.3. A necessary and sufficient condition that a 
function should be expressible in a power series is that it should 
be analytic in a region. 

17. Liouville’s Theorem, If f{z) is analytic for all finite 

00 

values of 2 , then the Taylor^s series f{z) = converges 

n «0 

for all values of 2 . If f{z) is bounded, that is, if \fiz)\ ^ ilf, 
then by Theorem 15.5, |a„| g ilf/r"* for all values of r and li. If 
n > 0, Mr~^ —>0 as r ”-> + 00 . Hence Un — 0 for n > 0 and 
f{z) = ao, a constant. Hence we have 

Theorem 17.1 (Liouvillels Theorem). There exists no hounded 
function other than a constant which is everywhere analytic and finite. 
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More generally, it is possible to prove 

Theorem 17.2. If f{z) is analytic for all finite values of z, 
and as \z\ — > +<»,|/(2)| = 0{\z\^), then f{z) is a polynomial of 
degree not greater than k. 

Theorem 17.3 {Fundamental Theorem of Algebra). If f{z) is a 
polynomial of degree greater than zero with complex coefficients^ then 
f{z) = 0 has at least one root. 

Suppose that f{z) ^ 0 for all complex numbers z. Then 
ip{z) = \lf{z) is everywhere analytic and finite, for f{z) is a 
polynomial, f{z) ^ 0, lim (p{z) = 0. Hence, there exists a circle 

Z — ► 00 

C of radius r with center at the origin and a positive number M 
such that for every circle of radius R > r, W{‘^)\ < M for all 
values of z outside C. Also, on and within C, (p{z) is continuous 
so that \<p{z)\ has a maximum value M for all values of z within 
or on C. By Liouville\s theorem we conclude that (p{z) = l/f{z) 
is a constant. But this cannot be true since /(s) is of degree > 0. 
Hence /(s:) must vanish for at least one value of z. 

18. Zeros of Analytic Functions. A value a oi z such that 
f{a) = 0 is called a zero of f(z). An analytic function f(z) is 
said to have a zero of order m at 2 = a if 

f{a) f (a) = • • • =/(— i>(a) = 0, f^^{a) ^ 0. 

Theorem 18.1. Let pij p 2 y , Pn , ••• be a set S of points 
with limit point p inside the region D. If f{z) is analytic in Z), and 
if f{z) = 0 each point of S, then f{z) — 0 everywhere in D. 

For convenience we may suppose that p is the point 2 = 0. 

00 

Then/( 2 ) = ^anZ'^ is analytic in some region, \z\ < R, enclosing 

n “O 

2 = 0. Suppose that one or more of the coefficients ao, ai, • • * 
in the series is not zero. Let a* 0 be the first such nonzero 
coefficient. Then/( 2 ) = z^{ak + an^iz +•••), l^l < The 
series is convergent for 2 = p, 0 < p < K. Hence |anlp” ^ iC, 
for a„p” is bounded. Then 
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Except at the point 2 = 0, the right-hand side here is positive 
for sufficiently small. But by hypothesis f{z) has zeros 
arbitrarily close to, but not coincident with, 2 = 0. We have 
reached a contradiction, and we conclude that all the coefficients 
ao, ai, • • • must vanish. Hence /(z) = 0 everywhere inside the 
circle of convergence of the series. 

Theorem 18.2. If f(z) is analytic in a region D including 
z — a^ and if f{z) does not vanish identically, there exists a circle 
\z — a\ — r (r > 0) inside which f(z) vanishes nowhere except 
possibly at z — a, i.e., the zeros of f{z) are isolated points. 

Theorem 18.2 follows directly from Theorem 18.1. 

EXERCISES VII 

]. Show that sin z has zeros of order one at 2 = 0, ±7r, ±2Tr, • • • , and 
no others. 

2. Find all the zeros of cos z. 

3. Prove: If f(z) is analytic in D and vanishes at all points along any arc 
of a continuous curve in D, then it must vanish identically. 

4. Prove: If /i( 2 ) and f 2 (z) are analytic in Z), and have the same values at 
an infinite set S of points having a limit point p, then /i ( 2 ) = f'ziz) through- 
out D. 

5. In Ex. 4 suppose fi{z) •/ 2 (s) ^ 0 throughout D. Prove that cither 
fi{z) or fziz) vanishes throughout D. 


6. Show that if f(z) = ^a„(z — a)" has a zero of order m at z — a, 

n *=o 

then ao == fli = • • • = Om-i = 0, 9 ^ 0. 

19. Laurent’s Series. An important generalization of Taylor’s 
series is one which gives us a method for representing a function 
analytic everywhere outside a circle C by means of a series of 
positive or negative powers of (2 — a) convergent everywhere 
outside C. 

We shall have need of some terminology relating to the 
behavior of a function f{z) as 2 becomes infinite. 

Definition 19.1. A function f{z) is said to be analytic at the 
ideal point 2 = 00 , (^^at infinity’^) if f{z) is carried by the trans- 
formation u? = 1/(2 — a) into a function fp{w) analytic at w = 0. 

Suppose f(z) is analytic everywhere exterior to a circle C of 
center a including the point 2 = 00 . Let <p{w) denote the value 
of f{z) when w = 1/(2 — a). Then <p{w) is analytic in w every- 
where interior to some circle C\ about ti? = 0. By Sec. 16, <p may 
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be expanded into a Taylor^s series valid throughout the interior 
of Cl, 

(p{w) = ao + a\W + a^w'^ + • • * . (1) 

Since /(z) = ^{w), we can express /( 2 ) by the series 

/(.)=ao + ^ + ^!^,+ ... (2) 

which converges everywhere outside C including 2 = oo. The 
expansion (2) is known as a development of f{z) about 0 = 00 . 

« 

Example 1. The function 

loK (1 -f ^) = 2 - - 4- • • • + ^ 4- • • * 

2 n 

converges everywhere within a circle C of radius r := 1 whose center is at 
2=0. Let z = 1 /w. Then 



converges everywhere exterior to the circle C. 

We shall now prove 

Theorem 19.1 {LaurenVs Theorem), Let T be the region 
bounded by the concentric circles C\ and C 2 with 
center at a. Let f(z) be analytic and single-valued 
within and on the boundaries of T. Then f{z) can 
be represented in the form 

n “ + « 

/(z) = ^ a „(2 - a)”, (3) 

00 

where 



1^ r f{w) dw 

” 27rtJ (w — 


(4) 


for all values of n, the integral being taken around any simple closed 
contour which passes around the ring. 

Consider the integral 2 is a point of T, 

taken around the boundary C and cut I as indicated in Fig. 163. 
By Cauchy^s integral theorem, 



606 


HIGHER MATHEMATICS 


[Chap. V 


/(z) = 


u. 


/(«’) 

w — z 


dw 4* 


2Tn 



f(w) 
w z 


dWj 


(5) 


since the two integrals taken along I in opposite directions have 
the sum zero, f{z) being single-valued. As in the proof of Taylor’s 
theorem, 


n»0 


where 


Since 

1 


a„ = ^- f ^ 

2xtjc, {w — 


f(w) 


a) 


n+l 


dw. 


1 


“ /_ _\9 “ 


z — w z — a (z — ay 


, (w - a)"~^ , 
■^■■( 2 -a)" 


(6) 


(7) 


a series uniformly convergent on Ci, the second integral in (5) 
is equal to 


L. r dw = f fiw) dw 

Jci w — z z — a 2njc, 


2wijc, w — z 

+ • • • + 


1 


(z - a)" 2«Jc. 


X. 


(w — a)'^~'f(w) dw + 


( 8 ) 


- 2 (T^-’ - aX. 

n = l 


^f(w) dw. 


Combining the series in (6) and (8), we obtain (3). 

If f{z) is analytic inside Ci, each 6n in (8) is 0 (by Cauchy’s 
theorem), and (3) is simply Taylor’s series. It should be noticed 
that the series in (6) converges, not only in T, but everywhere in 
C 2 . The series (8) converges everywhere outside C\. 


EXERCISES Vra 

1. Expand 1/(3* — 3^! + 2) by Laurent series valid for a region outside 
the unit circle C\ with center at 3 * 0 and inside the circle C 2 of radius 2 with 
center at 3 « 0. 

Am. * • • - (l/3») ~ (1/3*) - (I/ 3 ) - J - (3/4) - (3V8) - . • • . 
Find an expansion valid inside Ci; outside C 2 . 
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(z 1)(3 — 2) 

2. Expand — in the neighborhood of z 

(2-3)(e-4) 

1 / 1\ n-+oe 

z) = 


«0. 


3. Show that 


where 



cos {n6 ~ w sin B) dd. 


PART D. SINGULARITIES OF SINGLE-VALUED ANALYTIC 
FUNCTIONS 

20, Singtilarities. A point zo is said to be a singular point of a 
single- valued function f{z) if f(z) does not have a derivative at 
Zoj or if every neighborhood of Zo contains points other than Zq 
at which f(z) has no derivative. 

If Zo is such a point that there exists a neighborhood of Zo 
throughout which /(z) is analytic, except at Zo, then Zo is said to 
be an isolated singular point of the function /(z). 

If /(z) is single- valued and analytic, we may expand /(z) in a 
Laurent series of powers of (z — a), and we may take the inner 
circle C\ (see Sec. 19) arbitrarily small. Thus 


00 00 

/(2) = ~ (0 < k ~ ®i < •K). (1) 

n-0 n=»l 

We shall consider three cases: (1) the case when all the bn are 
zero; (2) the case when the series of negative powers of (z — a) 
contains only a finite number of terms; (3) the case where the 
series of negative terms does not terminate. 

If all the bn are zero, the first series in (1) is analytic and 
represents /(z) for |z — a| < R, except possibly at z = o. The 
function /(z) = 3, z 5 *^ a, with f{a) = 0 is an example of such a 
function. This case is of no particular interest. 

In case (2), /(z) is said to have a pole at the point z = a. , If bm 
is the last nonzero coefficient in (1), then 

« m 

/(«) = '^Clniz - O)" + ^bn(z “ O)"", (2) 

n»0 n«l 

and the pole at 2 : = o is said to be of order m; if m = 1, the order 
is simple; if w = 2, the order is double; ■ • • . 
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If f{z) has a pole of order m at z = a, then (z — a)”/(z) is 
analytic and does not vanish at z = a. Hence 


<p(z) = 


1 

(z - a)'“/(z) 


(3) 


is analytic and does not vanish at z = a, so that the function 


7(V) ^ ~ a)’"^e(z) (4) 

has a zero of order m. 

If f{z) has a zero of order m, then ) /f(z) has a pole of order m. 
The finite series 


m 

'^b„(z - a)-” 

n = l 


(5) 


is called the principal part of f{z) at z = a. 

Theorem 20.1. If f{z) has a pole at z = a^ then \f{z) \ — > + oo 
as z a. 

Evidently, 


^h„(z - a)-"| 


n-1 


= z - a 


- a)™-" 

|n =*= 1 

m — 1 

^ Iz - - '^\bn\ • Iz 


n-1 



Since the terms enclosed in the braces approaches \bm\ as z 
the entire expression on the right —» + c» a. 

Theorem 20.2. Let A be a nonzero conmm. If 




f{z) 

\z — a\~^ 




as \z — a I — ^ 0, z = a is a singular point for f{z) of at most a pole of 
order k; if f(z) is bounded, f(z) has no singular point except possibly 
that of the trivial type mentioned in case (1). 

In case (3), where the expansion of f(z) in powers of (z — a) 
leads to a nonterminating series of ^jtotive powers, the point 
z == a is called an essential singularity^ f(z). Then 


/(.) . 2«.<« - «)■ + 


( 6 ) 
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where the second series in (6) does not terminate, but is con- 
vergent for all values of z except z = a. 

Theorem 20.3 (Weierstrass Theorem), If f(z) has an essential 
singularity at z = a, and if C is any complex number, then for 
every positive number p and t, there exists a point z in the circle 
\z — a\ < p at which \f(z) — C\ < e [i,e., f(z) tends to any given 
limit as z a through a suitable sequence of values]. 

Suppose that p and M are any two positive numbers. If, 
for vevery point 2 such that |2 — a| < p, \f(z)\ ^ M, then by 
Theorem 9.1 


\bn 



— a)”"y(ic) div\ 




where Ri is the radius of Ci. Since this is true for all positive 
numbers M and Ri, it follows, upon letting Ri — ^ 0, that bn = 0 
for n ^ 1. But this indicates that/( 2 ) has no essential singu- 
larity, contrary to hypothesis. Thus, there exist values of z 
in the circle |2 — a| < p for which |/( 2 )| > M. Let C be any 
finite (‘omplex number. We consider two cases: 

(I) f{z) — C has no zeros inside every circle |2 ~ a| = p. 

(II) f{z) — C has such zeros. 

Case (I). Select a p sufficiently small that, for \z -- a\ < p, 


f{z) — C has no zero. Then g{z) ^ ^ is analytic for 

/W - L 

0 < |2 — a] < p. g{z) has an essential singularity at z — a; 


for f(z) = + C would be analytic if g(z) had a pole, while 

f{z) would be analytic or else have a pole if g{z) were analytic. 
From our earlier discussion we know that there exists a point 
2 in [2 — o| < p such that lp( 2 )| > 1/c, so that \f{z) — C| < €. 

Case (II). If/(2) ^ C has zeros within every circle |2 -- a| = p 
the theorem follows immediately. 

Singularities at Infinity. We shall define the properties of 
f{z) in the neighborhood of 2 == <» as those of (p(w) = f(l/w) 
in a neighborhood of tt? = 0. We say that f(z) has a simple pole 
at infinity if ip{w) has the same property at «? == 0; etc. For 
example, /(z) s z® has a triple pole at z = « since /(1/t/;) == \/w^ 
has a triple pole at tt? *= 0. Similar definitions may be given 
for other types of singulaiities at z =« oo . 
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Theorem 20.4. A function which is analytic everywhere^ 
including infinity ^ is a constant. 

By Laurent^s theorem, since /( 2 ) is analytic for all finite values 
00 00 

of 2 ,/( 2 ) = ^ 

n «0 ^ ^ n -»0 

f{\/w) is analytic at ic; = 0 and Un = 0 for all n > 0. 

Theorem 20.5. A function f(z) which has no singularities 
other than poles is a rational function. 

Suppose that the number of poles of f{z) were infinite. Then 
the set of poles would have a limit point (finite or infinite), and 
at such a point f{z) would have an essential singularity, con- 
trary to hypothesis. Hence the number of poles is finite. 

Suppose the poles of f{z) are of multiplicities a, /3, • • • , ic 
at the finite points a^ * • • , respectively. Then the func- 
tion g(z) ^ f(z)(z — ay • • • {z — ky is analytic except at 
infinity, where it may have at most a pole. Then 



This latter series must terminate, since the singularity (if there 
is one) of g{\/w) at the origin is a pole. This means that g{z) is 
a polynomial, so that/( 2 :) is the quotient of two polynomials. 

We leave the proof of the following theorem to the reader. 

Theorem 20.6. A rational function has no singularities other 
than poles. 

EXERCISES IX 

1. Show that ctn z and esc z have simple poles at 2 = 0, ± t, ± 27r, • • • . 

2. Show that tan 2 and sec 2 have simple poles at 2 =* ± ± |r, * • • . 

3. Show that esc ( 2 ®) has one double pole and an infinity of simple poles. 

4. Locate the poles of each of the following functions : 

1 1111 

, , , , 

cos 2 -f cos a sin 2 — sin a 1 2 * I z* 1 -f 22* + 2 * 

6. Discuss the type of singularity present in: sin (I/ 2 ), I/ 2 , (I/ 2 ) sin (I/ 2 ), 
c*''*, cos {l/z). 

6. Prove Theorem 20.2. 

7. Prove Theorem 20.6. 

8. Show that each of the following functions have isolated essential 
singularities at 2 * 0: sin (1/e), cos (I/ 2 ).* 
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9. Show that actually takes every value except 0 an infinite number 
of times in a neighborhood oi z =0. Show that — + 0 as 2 — > 0 along the 
negative real axis. 

10. Show that esc (I/ 2 ) has a nonisolated essential singularity at 2 = 0. 
Show that this singular point is the limit point of the poles 2 = 1 /nv. 

21. Analytic Functions Defined by Integrals. We Kshall now 
indicate how we may extend the discussion of Sec. 33 in Chap. II 
to complex integrals. 

Theorem 21.1. Let f{Zj w) be an analytic function of z in a 
region D for each value of w on the boundary C of D. Suppose 
f{Zj w) is a continuous function of the complex variables z and w 
when z ranges over D and w lies on C, Then in D 

^’(2) = 

is an analytic function of z in D, and 



Theorem 21.2 Suppose C in Theorem 21.1 goes to infinity, 
such that on any bounded part of C, f{z, w) is analytic in z, and 
continuous in z and w. Further suppose that on any bounded 
part of C, subject to the restrictions of Theorem 21.1, fcf{z, w) dw 
is uniformly convergent. Then the conclusions of Theorem 21.1 
remain valid. 

EXERCISES X 

1. Show that F{z) = dw is analytic for the region (R( 2 ) > 0. 

2. In what region does the integral /“ dw represent an analytic 
function? 

22. Residues. In the neighborhood of an isolated singularity 
at z = a, a one-valued analytic function f(z) may be expanded 
in the form 

ao -f 00 

/(*) = ( 1 ) 

n *“0 71 = 1 

The coefficient bi in this expansion is called the residue of /(z) at 
z — a. By Laurent’s expansion 



( 2 ) 
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where C is any circle with center at 2 = a containing no other 
singularity of f{z). 

If 2 = a is a simple pole of /(2), 

61 = lim (2 — a)f(z), ( 3 ) 

2— ►a 

Theorem 22 . 1 . Let f(z) be single-valued and analytic every- 
where within and on a simple closed curve C, except perhaps at a 
finite number of singularities 2i, 22, • • • , 2n, in the interior of C. 
Let jRi, R2, ' ' • y Rn denote the residues of f{z) af 2i, • • • , 2n, 
respectively. Then 

dz = 2Tri(Ri + 722 + • • • + Rn)- 

Let Cl, C2, • • • , Cn be circles with centers at 21, • • • , 2n, 
having radii so small that Ci, • • • , Cn are all inside C and do 
not overlap. Then f{z) is analytic in the region between C and 
these circles, so by Cauchy^s theorem 

f fix) dz = fjiz) dz + ■ ■ ■ + fj{z) dz. 

Since fcif{z) dz = 27 rz 72 i, the result follows. 


EXERCISES XI 

1. Expand \/z inside a circle with center at i. 

2. Expand \lz^ inside a circle with center at ( — 1). 

3. Expand \jz^ in powers of (z -j- i). 

4. Expand l/(z — 1) about z = 0 for a region inside a unit circle with 
center at z =0. Expand l/(z — 1) about z = ». In the latter case what 

2 4 - 1 

is the region of convergence? Repeat for — — — • 

(z -f 3)(z + 2) 

5. Expand about z = 0; about z - —1. 

z*(z 4 - 1)® 

6. Find the residue of /(z) *= i at z = a. Ana. — ^ — 

(z ~ a){x — z) X — a 

7. Find the residue of /(z) * ; : at z « a. 

(z - a)^(x - z) 

Ana. ~“* 

{x — a)^ 

8. Show that the zeros and poles of analytic functions are necessarily 
isolated. 

9. Show that the reciprocal of a function analytic at a cannot have an 
essential singularity at a. 
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10. Let C be a circle of radius R and center Show that 

m = ^ I Kz) d8 

is the arithmetic mean of the values of f(z) on C. 

11. If the function u(x, y) is harmonic; i.e., satisfies 


d^u d^u 
dx^ dy^ ’ 

there exists an analytic function whose real part equals u(x^ y). 

23, Contour Integration. The theory of residues is quite useful 
in evaluating a large number of real definite 
integrals. In this method we usually take as 
a part of the contour the real axis, the remain- 
ing portion of the contour usually being made 
to tend to oo . We shall resort to examples to 
explain the method. 



Example 1. Show that the real integral /^*dx/(l -f a?*) = t/ 2. 
Consider the integral 

C dz 

Jd +2* 


(1) 


taken around the contour C consisting of the real axis from — to -}-/2, and 
a semicircle on this line segment as diameter above it. Evidently 


1 -f- 2* 2i\z — i 


-f-\ 

z +t/ 


This integral has poles at 2 = f and z — —i. If we select > 1, then the 
integrand has a pole at 2 = t inside C, and by (3) of Sec. 22, this residue is 
l/2t. By Theorem 22.1, the integral (1) is equal to tt. On the semicircle, 
|1 -f- 2^1 ^ 7^2 _ 1 go that the absolute value of the integral around the 
semicircle does not exceed irR/(R^ — 1). Hence, a,8 R —* «, the integral 
around the semicircle tends to 0, and 


X 


dz 

(71+2* 



dx 

TTx^ 


Since 1/(1 -}- x*) is an even function, the given integral has the value v/2. 
Example 2. Consider the integral 



dz 
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over the contour C indicated in Fig. 165, where 0 < p < JR, p small and 
R large. Since e'^/z is analytic and has no singularity inside C, its integral 
is zero, i.e., 

gi* C gt* 

— dx \ — dz -\- \ — dx ■\- \ — dz = 0. (2) 

P ^ JT Z J-R X Jy z 

The sum of the first and third integrals is equal to 

rR rR • 


f R . 
sin X 
dx, 

X 




Jr 3 



r 

Jo Ja 


e~^ Bin e 


^-R Bin h de + j de < 26 + ^ 


By selecting 5 arbitrarily small but fixed, then by choosing R sufficiently 
large, the middle integral here can be made as 
small as we please. Hence the integral along V 
tends to zero as «. 

/ \ Now 


-R -/> \0 p R 

Fio. 165. 

By Theorem 15.4, 


( s :^. f*+ 

Jy z Jy ^ Jy ^ 




e» - 1 


is bounded for all z with \z\ < po, where po is sufficiently small 


The last integral in (3) approaches 0 as p — > 0. (Why?) Since 

Xt-X 

we obtain from (2) by letting p — > 0 and 12 — > co, 


X!=r 

(tting p — > 0 ai 

I sin a; _ 

2t I d 

Jo * 

00 

sm a 

0 X 


dx -* iir = 0. 


X T 

• ox *= “ * 
2 
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EXERCISES XU 


P"*" “ sin fca: P"*" “ cos fca: , ir ^ 

. Show I ; — ; — ■ o* = 0, and I - — ; — - ax = -e~*. 

J_. 1 4-** Jo 1 +x‘ 2 

Xf 


Hint: Consider 
Sec. 23. 

2. Show 


Jo r4^ 


dz 

dx = 


A; > 0, around the semicircle of Example E 


C 2-1 

Hint: Consider I d2, 0 < o < 1, along the contour C given above. 

JCI +2 

3. Evaluate by contour integration: 

w (W 

Jo I Jo 1 + 

(c) f (d) I ~dx. 

Jo 9+2;“ Jo 

00 00 

cos dx = I sin dx. 

0 Jo 


24, Analytic Continuation. Let fi(z) and f^(z) be analytic 
functions defined over the regions Di and I>2, respectively. Sup- 
pose D] and D2 have a common part Z>, and suppose /i(2) = f2(z) 
over D. If we let f(z) be such that f{z) ^ fi{z) over Di and 
f(z) = f^iz) over D2, then f(z) is analytic over the combined 
region Di + D2 smd f{z) is called an analytic continuation of 
either /i (2) or/2(2:). 


Suppose f(z) is represented by the series '^o.n{z — z^Y 

n-O 

vergent in the region \z — Z{)\ < J?, and suppose 21 is a point in 
this region other than 20. By Theorem 13.3 of Chap. IV we 


may represent f{z) by the series '^h„{z - z^Y. If this series 

n = 0 

converges anywhere outside the region \z — So| Ry then this 
series determines an analytic continuation of the function repre- 


sented by ^an{z - 2o)”. It may be shown that all possible 

n-O 

continuations of J{z) may be obtained by repeated applications 
of this method. 
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While the above determination of /(z) can be shown to be 
unique for the region Di + yet, in general, if the domain of 
definition of /i(z) is extended to an arbitrary point Zo not in Di 
by different successions of regions 1 ) 2 , • • • and/)^, Dg, • • • , 

different values may be obtained for the extended function /i at 

Zo. 


EXERCISE XIII 

]. Show that the function f{z) = z — § 2 ^ -f — • ■ • can be con- 
tinued analytically by the representation 


f{z) = log 2 ~ 


(1 - z)^ 
2-22 


(1 - 
3 23 


PART E. CONFORMAL MAPPING. APPLICATIONS 
26. Conformal Mapping. As we have previously remarked, 
equations of the type w = f(z) may be regarded as transforma- 
tions which define a correspondence between points of the w and 
z-planes. As a point z moves along any curve C in the z-plane, 
the corresponding point (or points) w will trace a curve (or 
curves) Y in the te-plane. We then say that the curve C in the 
z-plane is mapped upon T in the te-plane. Likewise, if z ranges 
over a region S in the z-plane, then w ranges over a region (or 
regions) S in the ty-plane and we say that S is mapped upon 2. 
We say that the mapping w = /(z) is hiunique if the function 
= fi^) gives but one value of te in S for each value of z in S, 
and if there exists an inverse function z = F{w) defined through- 
out S such that z = F{w) gives but one value of z in S for each w 
in S. What are the necessary properties of /(z) to be fulfilled 
in order that the mapping w = /(z) be biunique? 

Let (x, y) be a point P in S, and let (w, v) be the corresponding 
point Q in 2). Suppose w = f{z) is analytic and single- valued 
in /S, where z = x -f i?/ and le = w + iv^ 

u = u{x, y), V = v{x, y). (1) 

From Theorem 20.2 of Chap. I, we know that if J{u, v/x, y) 7 ^ Q 
over S, then equations (1) can be solved for x and y as functions 
of u and v, 


X = x(u, v), y = yiu, v), (2) 


the solution (2) is unique, and equation.s (2) define the inverse 
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function z = F{w) = x{u^ v) + iy{Uj v). But f{z) being analytic, 
du/dx = dv/dy and du/dy = — dv/dx, so that 

du du 

dx dy 

dv dv 

dx dy 

Hence a sufficient condition that w = f(z) define a biunigue cor- 
respondence between the points of S and. 2 is that f'{z) ^ 0 over S, 



w — Plane z —Plane 

Fio. 166. 

Let Po be the point in S corresponding to the complex number 
2o, and let Qo be the point of 2 corresponding to the complex num- 
ber Wo = f{zo). Through Po draw some curve C in S. Let F be 
the curve through Qo in 2 corresponding to C. Select some point 
P on C distinct from Po and call Q the corresponding point on F. 

Let As be the length of the arc PoP of C and let Aa be the length 




of the arc QoQ of F. Since f(z) is continuous over S [for f(z) is 
analytic over 5], Ao- — > 0 as As~^0. Assume f(z) to be such 
that the scale is constant at Qo, i.e,, lim (Act/ A s) exists and is the 

same for all curves (having arc lengths) in S with initial point 
Po. The length of the chord PoP in S is — zo\ == lA^j, and the 
length of the chord QoQ in 2 is \w — Wo\ = lAii;|. Assume 
f(z) to be such that 

lim — = hm — • 

If w— f{z) is analytic in S, we know that lim {Aw /As) = f{zo)j no 

Aa-^O 

matter how Az—*0 and As — > 0. Thus the scale function for 
/at zo is |/'(zo)i. 

Let Cl and C* be two curves in S through Zo, intersecting at an 
angle a. Suppose C\ and C* are then mapped by the transforma- 
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tion w— f(z) into the curves Ti and r2 on the ti;-plane. If the 
angle between Fi and r2 is equal to a, the mapping is said to be 
isagonah If the sense of rotation of a tangent is preserved, an 
isogonal transformation is called conformal. We shall now show 
that the transformation w = f(z) is conformal when f{z) is analytic 
withf'(z) 9^ 0 over S, Suppose/' (2:0) 9*^ 0 . Write/' (20), Aw;, and 
Az in the polar forms f'(zo) = Aw — Az = 



(p, Pi, P 2 > 0 ), where and 62 are taken as the principal ampli- 
tudes of Aw and A2, respectively. Then 


f(Zo) 


lim 

Az— *0 


Aw 

Az 


= lim 


Pie^^i 


Az-*0 P2^ 


iS, 


== pr* 


and 


p = lim — ^ 
Az-»0 P2 


6 = lim (01 — $2), 


Let (p2 be the angle which the tangent to C at Po makes with the 
x-axis and <pi the angle which the tangent to F at Qo makes with 
the w-axis. Then as Az —^ 0 , 02 <p2 and 0 i ^1. Hence 

0 Here 0 is the angle through which the curve C 

is turned during the mapping process. Since f{zo) is a non- 
vanishing constant, 0 is a constant for all eurves through Zq, 
Thus, every curve through Zo is turned through the same angle 0. 
In particular Ci and C2 make the same angle as Fi and F2. Thus 
the mapping is not only isogonal, but it is conformal. 

The scale function |/'(2^o)l — \pe*^\ = p == lim (pi/p2) is known 

Az— ►O 

as the ratio of magnification. 

If the curves Ci and C2 are mapped onto the iw-plane by the 
conjugate w"^ = u iv of w, the resulting configuration is sym- 
metric (with respect to the w-axis) to the configuration resulting 
from w = /(«), for the direction from Fi to F2 is merely reversed 
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in the mapping w*. Mapping with is thus isogonal with 
reversal of angle. 

Example 1. Discuss the transformation w = and its inverse. 

Since tv — u + iv ~ — (x iyy = -j- 2 xyi, then 

u — — y^, V = 2 xy. 

The ratio of magnification at (xo, yo) is |/'(2o)| — |22o| — 2\/ xj yl. 
Evidently, the greater the distance from (xo, t/o) to (0, 0), the greater is the 
magniti cation. The representation will be conformal everywhere except 
whcn/'( 2 o) = 2^0 — 0. 



2— Plane la — Plane 

Fm. 168 


If we let z == pe*^, then w = — pV^*^^ = Xe'^. Since ^ = 20, we see 

that if z de.\scribes an arc subtending an angle 0 at (0, 0), then w describes 
an arc in the it>-plane which subtends an angle 2^ at its origin. In fact, 
half the r-plane maps into the whole of the ?p-plane. Evidently, the positive 
x-axis maps into the positive w-axis, the positive y-nxis corresponds to the 
negative w-axis, and the first quadrant of the 2 -plane is mapped on the upper 
half of the ic-plane (see Fig. 155(a) and (6)). 

The straight lines x = Ci in the 2 -plane map into the family of parabolas 


u = cj - y\ 
V = 2 ciy, 


or = 4cJ(cJ — w), 


((Pi) 


on the ?/?-plane, and the family of lines y — C2 maps into the family of 
parabolas 


w = X® — cl, 
V = 2c2X, 


or i;* = 4c|(w + Cg). 


((P») 


The families (CPi) and ((?%) are orthogonal. 
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The straight lines u — kij v — on the to-plane map into the orthogonal 
families of hyperbolas 


^ kiy 2xy = k 2 

As a further illustration, the region indicated in Fig. 168 of the s-plane 
maps into the indicated region in the ?^‘-plane. 


EXERCISES XIV 


Discuss ea(;h of the following transformations and their inverses. Illus- 
trate with sketches. State where the conformal property fails (if anywhere). 
Give the magnification. 


w ^ z^. 

3. w = 
b, w — 

7. It? = cosh 2 . 

9. tt? = (1 --2)/(l-i-2). 

11. tt? — 2 4- (lA). 

13. w — y/z. 

15. It? ~ 2 4 e*. 


2. w ~ 2 ”. 

4. -M? = 2“". 

6. It? — sin 2 . 

8. tt? == log 2 . 

2 — 1 

10. w = log — — . 

2 4 1 

12. tt? — 22 4 ( 3 / 2 ). 
14. w = tan 2 . 


16. Reconsider Exs. Ill, 20 to 23, from the point of view of conformal 
mapping. 

17. Let Af Bf C be three complex constants, (a) Then 


(A 4 A*)zz* 4 B2 4 B*z^ 4 C 4 C* = 0 (i) 


is a real circle or a straight line if 

BB* > (A 4 A*)(C 4C*). (ii) 

(b) Prove conversely that every real circle and every real straight line can 
be represented by such an equation with the restriction given in (a). 

18. Consider the transformations 


It? = 2 4 X, 

W = IXZy 

1 

tt? = — 

2 


(iii) 

(iv) 

(V) 


(a) Show that (v) transforms those circles and lines of (i) for which 
C 4 C* « 0 into straight lines which pass through 2 = 0. (For this reason, 
straight lines which pass through 2 - » are called circles.) 

(b) Prove that the result of applying successively any finite number of 
transformations of the form 


02 4 ^ 


w 


yz + i 


(Vi) 
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when Of, iS, 7, 5 are constants and 

a6 — fiy 9^ 0, (vii) 

is a transformation of form (vi). 

(c) Show that any (bilinear) transformation (vi) can be obtained by 
means of transformations (iii), (iv), (v), and hence (vi) transforms circles 
into circles. 

(d) Show that the inverse transformation of (vi) is 

— 6w ^ 

^ — , (^5 __ Q (viii) 

yW — a. 

(e) Show that the result of first performing th(? transformation (vi) 
and then the transformation 

aitv 4- 3i 
yiw -f- 

results in a third transformation of the same type, 

. Az -j-B 

w — » 

+ A 


with 


A A — Br = (aB ~ fiy) (01181 — 0 iyi) 5^ 0 . 

This shows that the set of all bilinear transformations forms a group, 

(f) If the point 2 = « be added to the 2-plane show that every bilinear 
transformation forms a one-to-one transformation of the closed 2-plane 
into itself. 

(g) Show that if y 7^ Oj w — ajy in (vii) corresponds to 2 = 00, and 
w = 00 in (vi) to 2 = —5/7. If 7 = 0, then 2 = « corresponds to ic = «. 

(h) By computing dwldz^ show that the transformation is conformal except 
at 2 = 00 and 2 = —6/7. 

A fumdion w ^ f(z) is said to transform the neighborhood of 2c conformally 
into a neighborhood of = <» if ry — 1 if(z) transforms the neighborhood of 
2o conformally into a neighborhood of 17 = 0. w — f(z) is said to transform 
the neighborhood of 2 = 00 conformally into a neighborhood of Wq if 

~ <f>(^) = transfdrms the neighborhood of ^ = 0 conformally into a 

neighborhood of wq, (Here Wq may be «.) ^ 

(i) Prove: Every bilinear transformation gives a one-to-one conformal 
representation of the entire closed 2-plane on the entire closed ic-plane. 

The theory of the bilinear transformation has found wide application in 
certain branches of engineering, for example as in the theory of circle 
diagranis^^ as used by some electrical engineers. 

19 . Let 118 consider a fluid flowing over the 2-plane. Let the components 
of velocity at 2 « x -f ii/ be u(Xy y) and v(Xj y). Kecall that the velocity 
potentud <p(Xj y) is defined by the relation 
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J ^* 0 , 1/0 

^ udx + V dyy 
a,b 

where = u dx -t v dy is exact. Likewise the stream function y}/{x, y) is 
given by 


J <*xo,yo 

— vdx u dy, 

a,h 

where again d\p = — v dx u dy is exact. The function 

= /(2) = -p 4- 

is an analytic function of z. (Why?) We shall call w the general 'potential 
function. The streamlines lie along ^ = const. 

Example 1. Suppose w — — {x iyy — (x* — y^) + (2xy)i. Since 
w — <p + i\l/y we see that <p = x^ — y^^ rp — 2xy^ and u = d<f/dx = 2x, 
V == difjdy = —2y. We can also find u and v from the fact that 

dw 

— u — %v — 2z — 2x 2yi. 
dz 


Example 2. Given y? == x* — y^. Find \p. 


Solution. 


ion. \p — I — V dx udy = \ dx + 

Jo.o jo.o a?/ 


dy 


0,0 


2y dx 2x dy = 2xy. 



Fig. 169. 


(a) Give a physical interpretation to 
’A. 

(b) Prove that the curves <p = const, 
and \j/ = const, are orthogonal. 

(c) Show that dw/dz = a ~ iv. 

(d) Show that u — dipjdx = 

V = dipidy — -^d\p/dx* 

(e) Show that in polar coordinates 

dip — n dr cr de, 
d]p ^ nr d$ — c dr^ 

where n is the component of the velocity 
in the direction of the radius vector, and 
c is the component normal to the 


radius vector at the point (r, 6). 

(f) Given ^ = 2xy, find ip. (Fig. 169.) 

(g) If iz; « (a + ih)z^ find ip^ w, Vj dwjdz. 

(h) If ID * log z * log r -f- fa, find tt, d, dwjdz. 

Am. V? » logr, ^ » a, c « 0, w » (cos $)/r, v * (sin ^)/r, dwjdz * 1/a. 
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(i) Prove the velocity at any point is inversely proportional to the 
lengths of the intercepts on successive lines <p const, cut off between 
adjacent lines ^ *= const. 

(j) Fluid flows with constant velocity IJ parallel to the a;-axis. Show 
that (p ~ Ux, ^ ^ Uy, and that w <p i\f/ == U z, 

(k) Show that, if fluid flows with constant velocity V parallel to the 
^-axis, then w = —iVz. 

(l) If the fluid flows with constant velocity at an angle of 30° with the 
ar-axis, find w. Find w when the components U and V are constant. [Ans. 
w — (U — iV)z.] Find the streamlines in this case, and plot. 

(m) Show that the velocity ' along a streamline at any point is directly 
proportional to the space rate of change of velocity potential at this point 
in the direction of the Streamline, and hence is inversely proportional to 
the spacing of the curves <p — const, along the stream- 
line. 

(n) Show that, for the flow w = <p ixp, the diver- 
gence of the velocity of the fluid equals 

(dU/dx) + (dV/dy) = 0. 

20. Suppose a fluid flows over a plane surface. A 
point P from whicli the fluid flows out (in) in all direc- 
tions in a uniform manner is called a source {sink). The 
total flow per unit of time across a small closed curve about P is called 
the strength of the source. The strength is tak(m to be positive for a source, 
negative for a sink. Suppose n denotes the radial velocity of the fluid 
from source 0 at a (list<M-nce r from O. Then the strength m of the source 
is m == 27rrn. If 0 is the origin, then the x and y components of the radial 
velocity are 

m cos B m X m sin 0 m y 

27rr 27r y^ ^ 2'jr r 27r x^ + 2/^ 

Since d(p ~ 2 i dx -j- v dy, we see <p == (m/27r) log r = (m/47r) log (x^ -f y^). 
The stream function is xp — {m/2'ir) Tan" ^ {y/^) — {m/2Tr)0, so that 

— V? -j- ixp — (m/^7r) log z = (m/27r) log {x + iy). Show that this 
motion is irrotational. (Hint: Show circulation is zero.) (Fig. 170.) 

Prove that, if the source is at (a, h), 

“ log [{x - a)* + iy - h)^], ~ Tan"^ 

47r ^Tr {X — a) 

and 

7H 

™ log [2 — (a -f ib)]. 

27r 

21. Prove that, if two rectilinear-plane flow fields of potentials Wi and 
Wi be superimposed, the resulting flow field is represented by w — wi -h Wn. 
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22. Show that, if a source be assumed at the origin and a rectilinear flow 

along the x-axis be superimposed, the potential of the resulting flow is 
w — (m/27r) log z. Plot a few streamlines. (Fig. 171.) 

23. Repeat Ex, 22 with a sink instead of a source. 



Fio. 171. 



24. Repeat Ex. 22 for two sources of equal strength located at (a, 0) and 
0). (Hint: Add w\ and W 2 .) (Fig. 172.) 

Am. if == (m/2T) log rir 2 , w * (w/2ir) log (z + a)(« — a). 
Find u and v. Write equation of streamlines and plot. (Note: All 
streamlines pass through one source or the other.) 

Find a point of siagnationy that is, a point where the velocity is zero. 
Show that the ^-axis passing through the stagnation point separates the two 
parts of the joint field. This means that this streamline can be replaced 
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by a rigid smooth barrier without in the least interfering with the flow from 
either source. We may then suppress the flow from either source without 
in any way disturbing that from the other. We thus arrive at the field on 
one side of the y-axis as representing the flow for a source placed near an 
indefinite straight barrier. 

25. Repeat Ex. 22 for two sinks of equal strength. 

26. Repeat Ex. 22 for two sources of unequal strength. 

Ans. w = (mi/2ir) log ( 2 : -f- a) -j- log (2 — a). 

Find w, v, and the point of stagnation. Find the streamline passing 
through the stagnation point. 



27. Repeat Ex. 22 for a source and sink of equal strength. 

Ans, w 


m . z — a 

— log 

2ir ^ 2 4- a 


Plot streamlines. Show that there is no point of stagnation (Fig. 173). 

28. Repeat Ex. 22 for source and sink of unequal strength. 

Ans. w — {m\/2Tr) log (2 -f o) — (ms/2x) log {z -- a). 
Show that the streamlines are partly open and partly closed. Find the 
point of stagnation. 

29. Repeat Ex. 22 for rectilinear flow with source and sink of equal 

. , z — a 

strength. 


Ans. w ^ —Uz-\-^ log “ 

27r z + a 


Plot streamlines. Find the point of stagnation. 

30. In a field known as vortex flow in a plane outside a circular barrier 
of radius r, 

n « velocity along radius = 0, 

r 

c velocity perpendicular to radius 


where T is the strength of the vortex core. Then 
■* cr dd •+• « dr, so that 


2irr 

r 


2ir 




626 


HIGHER MATHEMATICS 


[Chap. V 


and 


d\{/ — nr dB — c dr, 



For the ideal vortex sheet, a may be taken very small. Then 


w = — B 

2ir 


iV r 

log - 
Jtt a 


iV 


2ir 



Compare xo for a vortex with w for a simple source. 

31. Ivct P at (a, 0) be a source of strength m and P' at (—a, 0) be a sink 
of strcajgth (—m). Let P and P' approach the origin 0 along the real axis 

An 


u 


Fig. 174. 



in su(^h a way that 2wa = ifc is a constant. Find the velocity potential. 
What is the stream fun(;tion? What are the lines of flow? Lines of equal 
velocity potential? Plot. (Fig. 174.) This case is known as the plane 
doublet of strength k. Ans, w — —M/z^ where M — amlir. 

32. Find the general potential function for the following types of flow: 

(a) A superposition of a rectilinear flow with a doublet. 

(h) A superposition of a rectilinear flow, a doublet flow, and a vortex 
flow, the vortex center being at the doublet. 

Ans. w — ~Uz — {M /z) — iK log z. 

Plot streamlines and find points of stagnation. 

33. Suppose sources of strengths kv, k 2 , • • ' , kn occur at the points ai, 

« 2 , ' • * , cen, respectively, and sinks Si, st, ’ • ^ , Sm occur at the points 
^ 1 , ^ 2 , 1 respectively. Show that 


w = log 


{z — •— • • • (2 — 

(z - - ) 92)*2 • • • (« - 


where w — <p ix}/. 


34. Determine the value of n so that w ^ will determine an irrotational 
flow of a fluid between two walls making an angle 60° with each other. 
Find velocity potential and direction of flow at the point z^ = 3; at 
zi = 3(e6o"»). 
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35. In a certain electrostatic field the lines of equipotential are given by 
\l/ — and the lines of force are given by ip — C2, where ci and ^2 are arbitrary 
constants. Make a map to show these lines for the case when w ~ <p A- 


(a) IV = z; 
(d) VC = 

(g) IV = 


(b) VC = z2; 
(e) w = zk-2; 
(h) VC = z”; 


(c) w == 1/z; 

(f) u' = z^^; 

(i) z IV A- e^. 


36. Wires pierce the complex plane at P{L 0) and /*'( — !, 0). The wire 
through P carriers a current of two units and the wire through P' a current 
one unit. The function (v — p A- i4' determines the equipotential lines and 
the lines of force in the magnetic field about the two conductors. Bhow tliat 
(3 - 1)2 


log 


Find points of (‘(juilibrium. Map. 


(2 + 1 ) 

37. (a) We dc^fined w ~ p A- with the assumption of irrotational flow. 
Under this assumption, show that 


(Pif d^<p <)^\L <P\I/ 

_r = 0^ .j — ^ = 0. 

dx^ dy^ ()x^ ()iE 

(b) Suppose \p — A- \E certain flow. Find u and v. Show that 

a general potential function does not exist. (Why?) 

(c) Plot the streamlines in (b). 

(d) Calculate; the circulation around a circle of radius a with cent<;r at 
the origin. {Anv, — ^ttu^) Mote that (ftV/ + {d’^^/'dip) = —4. 
2^v — —4 is called the vorticiiy and w is the ang\ilar velo(‘ity of th(‘ vort(;x. 

38. Consider the mapping function ?c = 1/z, with (v ^ p A- 

(a) Express p jind \p as functions of x and y. 

(b) Make two diagrams showing how’ th(‘ z-plane is mapped into tlie 
ic-plane. Into what curves do v’ ~ const, map in the z-jdane? The* curve's 
\J/ — (3onst.? 

(c) P4nd all invariant points which are unchangeel b}' the transformatie)n. 

A ns. z — I, —1. 

(d) Find the singular pednts (i.e., points where dividz ~ 0). 

(e) The unit cire*le z == is transformed into w hat curve in the </>-plane? 

(f) (^uaelrant I of tJie z-plane outside; the unit, eurcle is transforme^ei into 
what region in the ve-plane? 

(g) Quadrant I of the z-planc inside the unit cire*le‘ is transfonneel into 
what region of the ve-plane? 

i/ A 

39. Consider the mapping function w - Az 4- 

(a) Find (p and whe'u a' ^ ^ + i4/ is a gemeral potential function. 

(b) Into what curve\s in the z-plane ele> the' tairves p = const, map? 
^ ** const.? 

(c) Find the invariant points of the transformation. 

A ns. z == 0, 1 , — 1 . 
Arts, z = 1, —1. 


(d) Find the singular points. 
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(e) Show that the unit circle in the s-plane is transformed into the portion 
of the v>“axi8 between (1, 0) and ( — 1, 0). 

(f) Show that the positive half of the real axis in the e-plane is trans- 
formed into the real axis of ^ between 
1 and -f « . 

(g) Into what does the negative half 
of the real axis map? 

(h) Let z = re'^. Show that the lines 
6 ~ const, go into hyperbolas with foci 

(±1, 0), (v>Vco8* e) — (^®/sin* e) « 1. 

X (i) Show that the circles r const, 
go into ellipses: 


2 -Plane 



(r + r-i)* (r - 

40. Suppose that in the ti>-plane, 
w ^ u iVj the lines v — constant are 
streamlines for a fluid flow. Describe 
and map the curves in the 2 -plane into 
which these streamlines map for each of 
the following cases: 


Plane 
Fra. 175. 


(a) w = 32. 
(c) w - 2 ®. 
(e) w = 2 ^. 


(b) w = 2 *. 
(d) w = 2 ^ 
(f) (w ^ 2 ^ 


41. Describe how each of the follow- 
ing curves in the 2 -plane is mapped into the i/vplane by means of the 
transformation w — z {2/z). Make a map in each case. Plot ^ = 0.5, 
1, 2, 3, in each case. 

(a) The circle z = 

(b) A circle of radius 1.2 with center at (0.1, 0). 

(c) A circle of radius 1.2 with center at (0, 0.1). 

(d) A circle of radius 1.2 with center at (0.1, 0.1). 

(e) The circle of radius 2.0 and center at (0.5, vl.O), and the circle of 
radius 1.3 and center at (0, 0.7). 

For the transformation used above, find the singular points; the stagnation 
points; and map the stream lines ^ = const. 

The methods of complex variables have been found quite useful in aero- 
dynamics. The preceding problem is taken from the Joukowsky-aerofoil 
theory y where transformations of the form w z {a^/z) are used. A 
typical figure is shown in Fig. 175. By varying the center and radius of the 
circle, various figures may be obtained resembling aerofoil shapes. 


PART F. ELLIPTIC INTEGRALS 

26. Introduction. We have seen in Chap. II that every 
integral of the type 
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^R{x, dx or J* R{xj \/ax^ + bx + c) dxy 

where 1? is a rational function of the arguments indicated, can 
be evaluated in terms of elementary functions. (See Chap. II, 
Secs. 7, 8.) 

We here wish to study certain integrals having algebraic 
integrands which cannot be evaluated in terms of only ^‘elemen- 
tary functions.^^ In particular, an important class of integrals 
which require new functions for their evaluation are integrals 
of the type 

fRix, \^aoX^ + aix^ + a^x + a«) dx, (1) 

and 

V aox^ + aix^ + a^x^ + asx + 04) dx. (2) 

It can be shown that the functions introduced to evaluate (2) 
can be used to evaluate (1) . The evaluation of (2) can be reduced 
to the evaluation of the following types of integrals, known as 
Legendre^s normal forms: 


„ ^ r*__£__, (3) 

Jo V(1 - <*)(! - w) 

r ^ 

jo («* - a)V{l - «*)(! - m 

These integrals are called incomplete elliptic integrals of the 
firsts secondf and third kindy respectively. It is customary to 
take 0 < < 1 in these integrals. More generally, any integral 

of the type (2), in which 

+ aiX^ -f* a2X^ -f- cnx -f- (I4 = 0 


has no multiple roots, is called an elliptic integral. The variables 
x and t may be either complex or real. 

Upon substituting ^ s= sin ^ in the integrals (3), (4), and (6), 
we obtain, respectively. 





sin^ ^ 




( 6 ) 
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vr- 

/V 

(sin" 


A*“ sin^ \p d\l/ = (p)y 


xp — a)\/l — k- sin- xp 


Th(‘ integ-ral 


VI “ A'-sin-iA' Jo — ^“)(1 ~ A’-r-) 


= /’Y', H. /v(/:), (0 < A;2 < 1) (9) 

is ('alU'd //ir ramplvte elliptic integral of the first kind. The integral 


Jv^ = o V ^ “ A '“ sin- xp 

= f'-- = K’{k') (10) 

jo v^(l -ne - 

is called tlu' associated elliptic integral of the first kmd, and 
/;' ^/i ~ A- is the mod id as cornplementary to the modulus k. 

27. The Elliptic Functions sn u, cn u, dn u. Let the elli|)tic 
integi al in (6) in Sec. 26 1)(‘ d(‘noted hy Then the relation 

2 = F(k, if) (1) 

df'fine^; c as a function of k and (p. The number <p is known as the 
aniphiinie of th(' integral 2 :, and k the modulus of z. Suppose that 
A* is Then (1) d(‘fines v? as a function of z which we denote 

by 

ip = am z. (2) 

Since X — sin ip and 2 : is equal to the integral u given in (3) 
in Sec. 26, 

X = sin (am u)y (3) 

or more briefly, 

X = sn u, (4) 

The expressions and \/l — k-x^ appearing in (3) in 

Sec. 26 define the functions cn u and dn u^ 

±\/\ — sn- u = ±y/\ ~ = cos (am u) ^ cn u, (5) 

± Vi — ±y/\ — kV == A cos (am u) s dn u. (6) 
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[The sign to be used may be determined from (5) or (6) in Sec. 3.] 
To complete the definitions of these functions we require 

sn 0 = 0, cn 0 = 1, dn 0=1. (7) 

The fuiKJtions sn, cn, and dn are called the Jacobi elliptic 
functions. 

28. Derivatives of Elliptic Functions. Upon differentiating 
the integral u in equation (3) of Sec. 26, we find that 

^ ^ L_ (1) 

dx ^/(] _ j .- 2 ) 7 i _ 

Since ^ , V, and x = sn u, we have 

da du/dx 


” ~ \/(l — .r“)(l — h'V) = \/l — sn- • \/l — sn- // 
= cn u dn a. (2) 

From (5) and (6) of Sec. 27, we find that 


and 


d, cn u 
du 


— sn u 


d sri u 
du 

sn^ u 


— sn a dn w, 


d dn 
da 


— sn a cn u. 


(3) 

(4) 


By means of Maclaurin's series we find that 

sn u = u — (I At + (1 + 14fc^ + ‘ , (5) 

u I O I 

cn M = 1 - + (1 + 

- (1 + + 16fc^)|-j + • • • , (6) 

dn M = 1 - + k-{4 + 

- fc^ie + 44fc2 + + • • • . (7) 

These series may be shown to converge. 

From (5), (6), and (7) it is easy to see that sn is odd and that 
cn and dn are even functions, i.e., 

sn ( — u) = ~ sn (v), cn ( — u) = cn (a), dn ( — a) = dn (u). (8) 
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29. Addition Formulas. We shall indicate how it may be 
shown that 


, , . sn w • cn t; * dn i; + sn t; ' cn w • dn w 

sn (w + v) = ;; rs — S S ^ 


on {u + v) = 
dn {u + v) = 


I — sn^ u • sn^ v 
cn u • cn V — sn u • sn V • dn u • dn V 
1 — sn^ u • sn^ v 

dn u ^ dn V — k^ sn u • sn V • cn u • m V 
I -- k^ sn^ u * sn^ v 


(1) 

( 2 ) 

(3) 


W e shall suppose Si = sn and S 2 = sn v, where u and v vary so 
that 


w + V = b, 


(4) 


where 6 is a constant. Differentiating with respect to u, it can 
be shown that 


du + dv 0, 

S1S2 — _ 2k^8i82iSiS2 + ^2^1) 

8 182 — S281 1 — k'^slsl 


(5) 

( 6 ) 


where dots indicate differentiation with respect to u. Integrating 
(6), we obtain the solution 


S1S2 


1 — k^lsl 


= C, 


(7) 


or 


cn M • dn M • sn t> 4- cn t) • dn r • sn M _ _ . . 

1 — A;* • sn* u • sn* v ' ^ 

Let G denote the left-hand member of (8). We note that both 
(8) and (4) are solutions of (5). From the theory of differential 
equations, it can then be concluded that C is a function of 
b = u + V, so that 

G = C(u -f t)). (9) 

Setting t) = 0 in (9), we see that sn u = c(w). Hence the addi- 
tion relation (1) follows. Relations (2) and (3) follow from (1). 
Similar relations can be shown to hold for sn (« — v), etc., using 
relations (8) of Sec. 28. 

30. The Periods of the Elliptic Functions. We consider K ae 
defined by Eq. (9) in Sec. 26. Then sn jK” = 1, cn if *» 0, 
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dn if = fc' = \/l — the real positive root being used if 
A; < 1. Substituting v = K in formulas (1) to (3) of Sec. 29, 
we have 


/ 1 cn w 

sn (u -f- K) = j y 

dn w 

(1) 

/ 1 1 /Sn w 

cn (u + K) = —k - 3 — ) 
dn -w 

(2) 

dn (u+K) = / ■ 
dn u 

(3) 


In (1) to (3) of Sec. 29, replace i; by u + X; we find that 


sn {u + 2K) = — sn w, (4) 

cn {u + 2K) = — cn w, (5) 

dn {u + 2K) = dn u. (6) 

Replacing uhy {u + 2K) in (4) to (6), we have 

sn (u + 4iK) = sn Uy (7) 

cn {u + ^K) = cn u, (8) 

dn (u + 4K) = dn u, (9) 


Consider the sum 


K + zK 


iK' = 

J^-o 


^—tr/2 




+.r 


vr 

^ -ir /2 


sin^ ^ 
# 


\/l — sin^ yj/ 


{k' = VI - **) (10) 


Let CSC — \/l — k'^ sin^ Then we find from (9) and (10) 
of Sec. 26, 


_ 1 d0 

~ iJff-T/2 a/I — sin* d 

_ 1 p/* dx 

“ iji Va - *“)(! - A:***)’ 

Hence 


(11) 


ii: + tii: 


iK' = I 

J*-o 


V'-ir/2 ranp-l/k 

\/l — k* sin* if- J^-,/2 Vl ~ sin* d 

^.0 VI - ** 8in*T 
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From (5) and (6) of Sec. 27 and (12), we see that 



sn {K + iK') == 

(13) 


cn {K + iK') = 

K 

(14) 


dn {K + iK') = 0. 

(15) 

Substituting (13) to (15) in (1) to (3) of Sec. 29 in succession, we 

obtain 

sn (w + X + iK') = 

k on u 

(16) 


cn {u + A' + iK') = _ /'" , 

k cn u 

(17) 


dn (» + A' + iK') = 

cn u 

(18) 

and 

sn {u + 2K + 2iK') = — sn w, 

(19) 


cn {u + 2K + 2iK') = cn Uy 

(20) 


dn (u + 2K + 2iK') — —dn w. 

(21) 

By a similar 

method, we could prove 



sn {u + iK') = — j 

k anu 

(22) 


, , -vix i dn u 

cn {u + iK') = — , > 

K sn w 

(23) 


dn (u + iK') = ^ 

sn u 

(24) 


sn {u + 2iK') = sn Uy 

(25) 


cn {u + 2iK') = — cn w, 

(26) 


dn {u + 2iK') = — dn w, 

(27) 


sn {u + 4iK') = sn w, 

(28) 


cn (?^ + 4ziiL') = cn w, 

(29) 


dn {u + 4iK') = dn u. 

(30) 


Hence 

Theorem 30.1. The functions sn w, cn Uj dn u are doubly 
periodic; sn u having the periods 4iv and 2iK, cn u having the 
periods 4X and 2K + 2iK'j and dn u having the periods 2K and 
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31. The Cases k = 0; k = 1. If = 0, the integral (3) of 
Sec. 26 becomes 


u 



dt 

vr-72 


sin~^ X. 


( 1 ) 


This shows that x — sn u = sin u, cn u = cos w, dn ?/ = 1 if 
fc = 0. Also, AT = 7r/2, and the period iK = 27r. K' has no 
significance hero. (Why?) 

If fc = 1, (3) of Sec. 26 becomes 


Thus, 



tanh~^ X, 


( 2 ) 


X — sn u = tanh Uj 


so that cn u = sech ii, and dn u = sech u. If A' = 1, K' = 7r/2 
so that the period AiK' — 27ri, K is of no significance. 

32. Complex Elliptic Integrals. Compk^x line integrals may be 
used to obtain many important n^sults. We shall illustrate the 
use of complex line integrals by giving a second proof of Th(H)r(Mn 
30.1. We shall now consider the complex ellij)tic integral 


“-jo *' -“ 1 ^ 

over various })aths in the complex plane, where u + iv 
and where z = x iy. The integrand /(; 2 ) has poles at 2 = ± 1, 
±(1/A:), whil(‘ at all other points /(^) is analytic. Let Wq he 
the value of w when (1) is evaluated along any arbitrarily given 
path Fi in the 2 :-plane joining the point s = 0 to th(^ point 
Zo = Xo + iyo (see Fig. 176); thus 

ivo = j. fiz) dz. (2) 

The path Fi may be deformed in any manner whatsoever and 
not change the value of Wq, provided that in the deformation no 
point is encountered at which f(z) ceases to be analytic. Let F 2 
be a path which, together with Fi, incloses the singular points 
5 : = —1 and 2 = +1. The value of the integral w taken around 
r 2 from 0 to 20 , will not be changed if F 2 be deformed into the 
curve Fs, where F 3 consists of a piece of the real axis from 2 = 0 
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to 2 = 1 — r, a circle C\ of radius r with center at 2 = 1, the 
piece of the real axis from 2 = 1— r to 2 = — 1+r, a circle C* 
with radius r and center at 2 = —1, and a portion of the real axis 
from 2 = — 1+r to 2 = 0, and the curve Fi from 0 to 2o. F* 



is indicated by the dotted curve in the figure. The value of 
w along Fs is then equal to the sum 

£ ' fix) dx + dz + - fix) dx + - fix) dx 

where the changes in sign of the radical in/( 2 ) are due to passage 
around a singular point. 

The value of the integral around the circle Ci can be found as 
follows: Let (1 — 2 ) = then dz = ire~^* dfi>. The integral 
reduces to 

J*^/(2)d2 = rWjr''G(,^,)d0, (4) 

where Gi4>) is bounded and is independent of r. A similar 
expression may be obtained for fcfiz) dz. 

The sum of the remaining integrals in (3) is equal to 

^^0 dx + Wo. (6) 

We have now seen that the value of (4) does not depend on r. 
Let r — ♦ 0. We find 

(roX***^^*^ “ SS d* + Wo] * 4JS: + Wo. (6) 
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But the value z^oi z in (1) and (2) is the same, hence 

sn + Wii) = sn Wq. (7) 

Let r 4 be a path which, together with Fi, inclose the singular 
points 2 = 1 and 2 = 1/A;. Deform r 4 into the path Fs indicated 
in Fig. 177. It can be shown by a method similar to that given 
above, that 


dz = 2iK' + Wo, 



Fio. 177. 


(Til 

SO that 

sn {2iK* + t^o) = sn Wq, (8) 

All of the various relations 
found in Sec. 30 can be obtained 
by similar methods applied to 
various other paths. 

We now consider the integral 
/o/(2) dz around a path Fe con- 
sisting of the circle z = and the portion of the imaginary 
axis between 2 = —iR and z = where R > \/k. Deform 
the path Fe into the path Fy indicated in Fig. 178, where F? 
consists of that portion of the real axis between 2=1 and 
2 = 1/A;. The integral along Ft is /r 7 /(a;) dx = 2iK^j by equa- 
tion (11) of Sec. 30. The integral Ssf{z) dz 
around the semicircle S is of the form 
{l/R)^-^^/\F{d) dB, where F{B) remains finite 
as ^ + 00 . Hence by letting J® + oo , we 
have 

2r f{z dz = 2iK', 



X' 


dz 


Jo V (1 - 2*)(1 - fcV ) 

Fig. 178. THEOREM 32.1. The elliptic functions su 

cn w, and dn u have simple poles at w iK'^ with residues 1/A;, 
— I’/fc, and —f, respectively. 

By (22) of Sec. 30, (5) of Sec. 28 and an inversion of the series 
for sn w, 

1 1 , 1 + A;* , 

= it:. + + • • • . 




64 ; 
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Upon substituting w + iK' for wo have 


1 t 1 “1“ 'Trf\ « 

^ ) + 


This -,hows that sn it has a simple pole with residue 1/fc at 
IV = iK' . A similar proof holds for cn u and dn u. 

33. Integrals of the Second and Third Type. Consider the 
oliipti<‘ integral (7) of See. 26. When = 7r/2, this integral 
is by 

(1) 

From (7) of See. 26, 


y" + tt) = 1 ~ /c- sin ip dip 

+ \/\ — kP- sin (p dip, (2) 

In th(^ s(H*ond integral of (2) let v’ = ^ + x; we find that this 
int(‘gral naluee.s to 

\/l — k‘^ sin‘^ ^ = B(k, ip). 

By ( 1 ) we s(‘e that 

E(k,ip+T) ^2E + E{k,ip). (3) 

In (7) of Sec. 26, set x — sn u and let E{u) denote the resulting 
integral We find 


E{u) = dn- u du — u — sn- u du. (4) 

By setting t = sn and a = siT a, the elliptic integral (5) of 

S(*e. 26 can be written 




dd 


/3=o d — sn- a 


(5) 


The various values of E{k, ip), E, K, • • • may be found in 
tables or may be computed by expansions into power series. 

34. The Weierstrass Elliptic Function p(u). The elliptic 
integral 


u = 


X 

X 


“ dt 

\/ 4 <’ - g4 - 93 
M 

V 4 (< — ei)it — 62) (i — e») 


( 1 ) 
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X = fiu), (2) 

known as the W eierstrans elliptic funciion. Evidently 

p'(v) = V Ap^iv) - gip{u) - gz, 
and p{y) is a solution of the equation 

(S) = 4.^^ - - ^3. (3) 

The integral (1) can be reduced to one of the first kind. This 
may be done by setting f = C3 + in the second form of (1 ), 

taking g- = Ci — cs and k- = (e^ — C3)/(ci — C3). There nssults 


^ 1 dr 

^Jo \/(l — 

(4) 

from which we have 


t = sn (gu). 

(5) 

It can be shown that 


p{u) = C3 H / > r- 

sn2 (gu) 

(6) 

From (6) and Sec. 30 it can be shown that 


p{u + 2w) = p{u), 
p{u + 2iw') = p{u), 

(7) 


where iv == K/g, w' — K* /g. 

Theorem 34.1. The function p(u) is doubly periodic with 
periods 2w and 2iw' . 

From (6) and (1) it can be shown that 

p{w) = Cl = C3 + V{^ + w’') = ^^2 = C3 + krg'\ p{w') = C3, (8) 

tti = ( /i(^) dx^ w' = I h(.r) rf.r, 

*/ei 

w + ~ 

where h{x) = (4.t^ — g 2 X — gz)~^''^. 

36. Certain Applications. We shall give two examples 
illustrating the applications of elliptic integrals. 
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Example 1. Let a pendulum of length I and mass m be supported at 0. 
Since s = Id, dh/df^ « I d*e/dt*. By Newton's laws of motion (see Fig. 179) 


Hence 


dh 

tn— * — mg am 0. 


dt* 


— - sin $. 


Multiply both sides by 2~ and integrate. 

di 


Then 


/ 2g , . 

\dt) =y («««»+«)• 

If a is the maximum value of 0, then 0 ^ a when d0/dt « 0 and c = — cos a. 
If we take the square root and reciprocal of both sides and integrate again, 
we find that 


d0 


( 1 ) 


I ffJo \/ 2(cos 0 — cos a) 
where i « 0 when 0=0. To reduce this integral to standard form, write 

(a 0 \ 

(cos 0 ~ cos a) = (1 — cos a) — (1 ~ cos 0) = 2l sin* - — sin* ~ I 


sm* 


sm* 


I sin* - = 2k* cos* 

JL 


a 10 

where /: = sin -» sin 0 = - sin -• Hence (1) becomed^ 
Z K ^ 


d<f> 


qJo \/ 1 — A;* sin* 0 


(2) 


Since we wish to regard t, and not 0, as the independent variable in connec- 
tion with the motion of the pendulum, we write 


0 - amp [ ^ jt j 


To obtain a geometric representation of 0, we observe that 
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sin (g/2) _ / l ~ cos e __ jl — I coa e jSP' 
sin (a/2) \ 1 — cos a \ / cos a \ 


(See Fig. 180.) 
triangle E'MS: 


We may remove the radical by constructing the right 




jSP' 

P'E' 

JSE' 

' P'E' 


E'M' 


Hence = ZSE'M. Since ZE'MS is a right angle, it follows that, E being 
fixed, M moves about a circle with center at the mid-point of E'S, 




Example 2. Find the length of an arc of the ellipse * ■« a sin 
y b cos 

By Ex. X, 7, of Chap. II, the arc length of the ellipse from (0, h) to the 


point {x, y) is 




8 — \/ a* cos* ^ -f sin* ^ d\p. 

(3) 

Since 6* = a*(l 

— c*), (3) may be written 



i = \/ 1 — €* sin* \i^ ^ aE(ej 0). 

(4) 

When (i> == t/2, 

s = aE is the quarter arc of the ellipse. 



EXERCISES XV 



1. Evaluate each of the integrals in equations (3), (4), (5), (6), (7), (8) 
of Sec. 26 for the case where A; * 0; the case where A; = 1. 

2. Tabulate the values of sn w, cn dn m at w =* 0, K, iK', K -f iK\ 

3. Find expressions for sn (u — v), cn (w — v), dn (u — v). 

4. Prove: sn (w -f* v) sn (u — v) =» (sn* u — sn* v)/(l — A;* sn* u sn* v), 

6. Prove: sn* m =» (1 cn 2w)/(l -}- cn 2w). 

6. Evaluate: sn {2K — w), cn (22^ — w), dn {2K — u), 

7. Prove: p(— u) * p(w). 

8. Verify (6) and obtain (8) of Sec. 29. 

9. Show that the length of the circumference of the hyperbola 
(**/a*) — (2/*/6*) « 1 of eccentricity e is equal to 

{h^/as) F(^, A;) 4* ae tan 0\/ 1 — A;* sin* ^ — aeE{4>j k), 
where tan ^ » oep/6*, k « 1/c. 
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10. Find the arc of the hyperbola cut off the latus rectum if c = 1.3, 

e - 2. ^ 

11. Evaluate ^de/\/~a — cos 6, a > \ in terms of elliptic fum tions. 

12. From (9) of Sec. 32 show sri(ifc') — oo, cn {ik') = dn {W) = w. 

13. Complete the proof of Theorem 32.1. 

14. Express (4) of Sec. 33 as a power series. Use (5) of Sec*. 28. 

15. Verify (4), (6), (7), and (8) of Sec. 34. 

16. (a) Express sn 2u, cn 2a, dn 2a in terms of functions of a. 

(b) Express sn Ja, cn Ja, dn Ja as functions of u. 

(c) Show that 

sn “ = (1 4- cn — = -\/k'{\ + k')~^'^^ dn — y/ k' . 


1 7. Show that 


i: 


(i<t> 


vr- 


sm^ <f) 


_ 1 p 

^Jo 


(l\l/ 


y / 1 — M ' s*i»5“ >/ 


M > 1, 


sill 2 = ^2 ^ 

18. Using Ex. 17, find the arc length of the lemniscate r- - 2a- cos 2<t>. 
Also, the arc length from <^ = 0 to 0 == 30®. 

19. Compute: jf dQjy/ 1—0.1 sin* Q to find A’';sn {2K IZ)\F{fr . 8, i/y/ 10). 
Check against a table of elliptic integrals 

20. Evaluate: 


(a) 

(c) 


dx 




Jl - 1)(1 - 0.1a;=) 

•10 dx 




V(1 + x2)(4 + 9*2) 


(b) 




dx 


V(25 - x2)(l + 


21. In connection with Example 1 above: (a) Find geometric representa- 
tions for sn \/ g /I t, cny/ g /It, dn y/^l (b) show that if 4 T is the period 
of oscillation of the pendulum then T = y/l/gK; (c) show that 



22. Repeat Example 1 for the case when the bob goes completely around 
the circle and the velocity at the bottom is Vq) also when the bob just 
reaches the top of the swing. 

23. Find the period of a pendulum oscillating through the following 
angles: 10®, 00°, 180°, 330°. In each case find the instant at which the 
pendulum makes an angle of 5° with the vertical. 
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24. Examine I — foF thc difference in its values 

Jo Vd - 

corresponding to two paths Fi and 1% connecting s = 0 and z — 2o, where 
Fi and F2 taken together enclose 2 = ] ; same for z — l/k. 

f “ dz 

25. Re peat Ex. 24 for I corresponding 

Jro 2\/ {z - ex){z - e^){z - 63) 

to two jiifths Fi and l'^ wliich taken together enclose two of the distinct 
points Cl, r C3. 

2(). Repeal Ex. 25 foi the case when F| and F_> together enclose om* of the 


25. R(‘peat Ex. 24 for 


distinct ]>oints Ci, C2, c^. 



CHAPTER VI 


ALGEBRA AND VECTOR ANALYSIS 


PART A. ALGEBRA 

1. Determinants. Consider the system of m linear homo- 
geneous equations in the n variables Xi, X 2 , • • • , Xn- 

( aiiXi + 012^2 + • • • + ainXn = 0 , 

^21^1 ■*}“ U22^2 “f“ * • • (l2nXn ~ Oj 


\ (i>m\X\ “f" Ufn2^2 "P * * * “f" dmnXn 0^ 


where the coefficients Oij (i = 1, 2, • • • , m; j == 1, 2, • • • , n) 
are any real or complex numbers.* The properties of this system 
of equations, such as consistence, redundancy, solutions other 
than Xi = X 2 — • * * = a:n = 0, etc., are completely determined 
by the values and positions of the numbers a*,. This suggests 
that a study of the properties of arrays of numbers may be useful. 

Special importance attaches to the caso 'here m == n, that is, 
the case where the array A 


dll 

Oi2 • • 

* din 

021 

a22 • * 


Onl 

dn2 • • 

* dnn 


( 1 ) 


is square. Such an array A w Jl be referred to as an n X n array, 
or a square array of order n. Associated with such an array, 

* We shall assume, unless otherwise Fpecified, that the arrays and matrices 
with which we are working have elements which are complex numbers. 
Most of the results stated in the present treatment of the theory of deter- 
minants and matrices are valid inder more general hypotheses on the 
algebraic system in which the elements of the arrays and matrices lie. Such 
generality is not necessary for our present purposes. For a more thorough 
treatment the reader is referred to the comprehensive works of MacDuffee 
and Wf iderbum mentioned in the bibliography. 
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there is a number d(A), called the determinant of A, defined by 

d(A) = 2:(-l)*aua2t, • • • Uni^, (2) 

where the summation is taken over all permutations t’l, t 2 , • • • , 
in of the integers 1, 2, • • • , n, and where h is the number of 
successive interchanges of two t’s which would be necessary to 
permute the order ii, t 2 , •••, in into the order 1, 2, • • • , n. 
It is obvious that the order ii, ^ 2 , j in might be brought 
into the order 1, 2, • • • , n by a variety of sequences of inter- 
changes. However, it can be shown that for a given order, the 
number of such interchanges is either always even or always 
odd, regardless of the chain of interchanges employed. Thus, 
while h is not uniquely determined for any given term in (2), 
( — 1)^ is unique. 

A symbolism frequently used in place of d(A) is 

^11 <^12 • • • <^ln 

CI’21 U 22 • • • U2n 


jUnl Ctn2 • • • Unnl 

We note that the determinant is defined for a square array only; 
hence there will be no ambiguity if we omit the word square in 
speaking of the determinant of an array. 

Example 1. I^t A be the third order array 


Oil 

O12 

018 

021 

O22 

O23 

_ 08 i 

O32 

O33. 


The possible permutations (t'l, 12 , u) are (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), 
(3, 1, 2) and (3, 2, 1), and 

<i(A) = 2 J( — = aiia 22«38 — 011023082 — 012O21O88 

+ Ol* 02 sOai -f* 018021082 — 013022081. 

It is possible to eliminate the variables X 2 , • • • , Xn from a 
system of equations whose array of coefficients is (1) in such a way 
that the coefficient of xi in the resulting equation is exactly d(A). 
Without going into greater detail on this point, we remark that 
this suggests at least one important reason for studying this 
number associated with a square array. 
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The calculation of the determinant of an array by (2) becomes 
a laborious process where n > 3, and consequently it is advisable 
to investigate some properties of determinants which will enable 
us to shorten the computation. 

Theorem 1.1. 7/ B is the array obtained from A by interchang- 

ing rows and columns j then d(B) = d{k). 

If in (2) we rearrange the factors Urs in each term so that the 
column indices are in the order 1, 2, • • • , n, we have 

d(^Ai) — w( 1) * * * ani^ ■^( 

= Z(~iy‘ 6 iy^ 62 ;- • • • (3) 

where the bra are the elements of B. Th(? sequence of int(^rchang(is 
necessary to bring ji, j 2 , * • * , in into the order 1, 2, • • • , /i 
can be taken as the revfinse of the sequence of inter(‘liang(^s by 
which we brought ii, ^ 2 , • • • , in into the order 1, 2, » • * , n. 
Hence ( — 1 determines the sign on each term in the last nuanber 
of (3) so that we can write 

d(B) = • • • 6n;„ = rf(A). 

Example 2. t ^ ^ = 13. 

\Z i) 1 O 

Theorem 1.1 is important for the reason that any theorem on 
determinants resulting from a property of the rows of the array 
will automatically furnish a theorem on determinants which 
results from the sarm^ property of the columns. 

Theorem 1.2. If all the elements of a row (column) of an 
array A are zero, then d(A) =0. 

The proof follows directly from (2) and Theorem 1.1. 

Theorem 1.3. If the array B results from the array A by the 
interchange of hvo roivs (columns) of A, then d(B) = —d(A). 

Suppose that rowsj and k of A, j < k, are interchanged to form 
B. Then 

d(^) = 2 ( 1 • * * ^ki. * ’ * 

I 

= ( 1)2I( 1 * ■ * aji^ • • • 

- -d(A). 
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Theorem 1.4. If two rows {columns) of an array A are identical, 
then d{A) ~ 0. 

From Theorem 1.3 lh(‘ interchange of the two identical rows 
(columns) yields d(A) = — d(A), whence d{A) = 0. 

Theorem 1.5. Let Ai, A 2 , * • * , Aa be n X n arrays which 
have all their rows {columns), with the exception of the jth, in 
common. Then 

d{Ar) + d(Ao) + • • • + d(A,) - d(B), 

where B is an array which has those samr rows {columns) in common 
with Ai, • • • , Aa , a7id whose element in the jth row {column) and 
sth column {row), s = 1, 2, • • • , n, equal to the sum of the 
elements in the jth row {column) and sth column {row) of each of 
the arrays Ai, Ao, • • * , Aa. 

Let the elements of the jth row of A»„ be denoted by • • • , 
Then 

d(Ai) + d(A2) + * • • + d{Ak) = — l)''au-j * * * • * » Oni^ 

+ • • • Uni^ 

+ . . . + 2(-l)^ai,-^ • • • aft] • • • 

= • * • {aff] + + • • • + njf;) • * • = d(B). 


Example 3. 

a b c 
d € f 

-f 

a b c 
d e f 

„ 

n b c 

d e f 


Qi bi 


\g2 h2 k2 


0\ 02 hi h 2 ki ki 


Theorem 1.6. If the array B is formed from an array A by 
multiplying each of the elements of some row {column) by a number 
fc, then d{B) = kd{A), 

The proof is left to the reader. 

Definition 1.1. By the linear comhination 

k\{au) Ri2, ‘ ’ j cfiu) + k2{a<i\, a^i^ * * ‘ , (^2r0 

+ ' • • + kn{an\, an2y * * * , Unn) 

of the rows of an array A, we shall mean the row of elements obtained 
by forming the same combination of elements in like positions in 
those rows; that is, the row 

{kittn + ^2^21 + * * * 4“ knUnl, kittn + fc2Ct22 + • • ’ + knUnif 

* • ' , kiUin + k^a^n + ‘ + fcnO-nn). 
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We do not exclude the possibility of any or all of the h being 
zero. A similar definition will be understood for a linear com- 
bination of the columns of an array. 

Theorem 1.7. If B is an array arising from an array A hy 
adding to a fixed row (column) of A a linear combination of the 
remaining rows (columns) of A, then d(B) = d(A). 

Theorem 1.7 is a consequence of Theorems 1.4, 1.5, and 1.6. 


Example 4. Consider the array 



a 

b + kia •+• kiC 

c 


a 

b 

c 


d 

e kid -}- kif 

f 

arising from the array A = 

d 

e 

f 


,9 

h 4“ kiQ + kd 



.9 

h 

i_ 


by the linear combination of the columns indicated. The determinant of B 
is equal to the determinant of A, for 


a 

b *4" ki€i -f" k2C 

c 


a 

b 

c 


a 

k\a 

c 


a 

kiC 

c 


a 

b 

c 

d 

€ 4* kid 4" kif 

/ 

! 

d 

e 

f 

4- 

d 

kid 

f 

4- 

d 

kf 

f 


d 

e 

f 

9 

4- fciflf 4- kil 

1 


9 

h 

1 


9 

kig 

1 


9 

kd 

i\ 


9 

h 

1 


Definition 1.2. By the symbol A^^ ! ! . I* w shall under- 

stand the square minor array formed from the array A by selecting 
from A the elements in rows ri • • • rfc and columns Si * • • Sk, 
in those orders. If the same columns as rows are selected, the 
minor array is called a principal minor array. 

Theorem 1.8 (Laplace^ s Expansion by Minors). From the 
array A, let any distinct rows ri, r 2 , * • • rk be selected. Then 

where h is equal to the number of any set of interchanges which would 
be necessary to bring the order Zi, U, • * • ^ in into the order ri, 

ra, ’ • • , Tn, and where the summation is to be taken over the 
* 

ways of choosing the combinations ii, ij, • ' • , ik from 
the integers 1, 2, * • , n. 

The proof of this theorem is a little lengthy and will not be 
included here. 
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Example S. 


Oil 

Ol2 

Ois 

Oii 

021 

022 

028 

024 

031 

082 

088 

084 

Oil 

O 42 

OiS 

O 44 


= (-1)> d(A\l) (i(AiJ) + (-1)» d(A!5) d{kVi) + (-1)> d(A\l) d{Alt) 

+ (-1)> d(AJJ) dCAjJ) + (-1)* d{Ail) d(A;S) + (-1)» d(Ai;) diAll) 


Oil 

O 12 


028 

O 24 

+ 

On 

a 13 


O 22 

O 24 

Oai 

O 32 


O 43 

O 44 

Osi 

038 


O 42 

O 44 

On 

Ol4 


O 22 

028 


O 12 

Oi3 


O 2 I 

024 

081 

O 34 


O 42 

O 48 


Os 2 

038 


O 4 I 

O 44 

O 12 

Ol4 

. 

O 21 

023 


Ol3 

Oi4 


O 2 I 

O 22 

082 

O 34 

i 

O 41 

O 43 


O 33 

O 34 


041 

O 42 


Of particular importance is the case of Theorem 1.8 where k — 1. 


Let ( — !)’■+* • d{ 


Hr- 


, r — 1, r + 1, 

, s - 1, s + 1, 


by Ars- Art is called the cofactor of a^a. 
we can obtain 


^ 2 I b® denoted 
, nj 

From Theorem 1.8 


Theorem 1.9. d(A) = d(A) = The 

» «» 1 » — 1 

proof is left to the reader. 


Example 6. 


On 

O 12 

O 18 

O 21 

O 22 

028 

081 

082 

Os8 



O 12 

H -l-a„ 

On 

Oia 


On 

O 12 

s* —O 2 I 

082 


— 028 


a»| 

O 31 

Oss 

O 31 

082 


n n 

Theorem 1.10. 2)ar.Ap, — Oif r ^ p; = 0 if s 9^ p. 

•-1 .-1 

n 

By Theorem 1.9, ^ariApi is the determinant of an array B, 
1 

the rth and pth rows of which are identical, both being the rth 

n 

row of A. By Theorem 1.4, d!(B) = = 0. The proof 

»«■ 1 

of the second half of the theorem is similar to that of the first 
half. 

We conclude with an example of the use of some of the preced- 
ing results in the evaluation of a determinant. 
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Example 7. Evaluate the determinant 


2 

6 

1 

8 

3 

- 4 

-5 

2 

-1 

- 1 

4 

3 

-8 

-10 

11 

0 


Subtracting 2 times column 3 from column 1, 6 times column 3 from 
column 2, and 8 times column 3 from column 4, t Ik ‘ re results by Theorem 1 . 7 


0 

0 

1 

0 

13 

26 

— 5 

42 

- 9 

-25 

4 

-29 

-30 

-76 

1 1 

-S2 



By a Laplace expansion ac(K3rding to the (‘hum nts of the first row, we 
find that 



13 

26 

42 

A = 

- 9 

-25 

-29 


-30 

-76 

-82 


The expansion of this determinant would involves considerable arith- 
metic. Hence wc continue to manipulate the array as before. Subtracting 
twice the first column from the second and 3 times t he first (a)lunin from the 
third column, we have 


13 

0 

3 


13 

0 

3 

- 9 

- 7 

-2 

= 2 

- 9 

-7 

-2 

-30 

-16 

8 


-15 

-8 

4 


Subtracting 4 times the third column from the first, we have 


Further, 



0 

-7 

-8 


3 

-2 

4 



0 0 
-7 1 

-8 97 


whence by a J^aplace expansion according to elements of the first row, 


A 



and from (2) we find A = 2(— 679 + 8) = —1342, 


EXERCISES I 

1. By eliminating xi and x\ in turn from the set of equations 

-f- a\iX2 = hi, 
cl2\X\ T* d^iXi = hiy 
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show that if d(A) ^ 0, where A = I I, the solution of this system 

U22J 

is x\ — ri(Bi)/Vi(A), — ri(B2)/^f(A), where Bi (Bo) is thc^ array obtained 

from A l)y r(‘placiiig column one (two) by the column ^ 

2. SIiow ihiit the system of equations in Ex. 1 has no solution if (/(A) — 0 
and either (/(Bj) or ^(Bo) is not zero. 


3. E\ a!’iai(‘; (a) 


; (b) 


(l ) by using the definition of a delenninanl; (2) by using (be th(‘orerns on 
deterniina.nt.s to simplify (he computation. 

4. Verify Theorems l.l, 1.3, 1.6, 1.9 and 1.10 for (he array 


2 -1 4 

3 2 11 

-<S 6 4 


f). By using Theonmis 1.3, 1.5 and 1.0, express 


1 

2 

3 


4 

5 

7 

4 

5 

7 

— 2 

3 

4 

_2 

_2 

4 

4 


3 

G 

0 


as the detcTininant of a single array. 
0. Show, without expanding, that 


2 3 1 

5 -1 -2 

17 10 -0 

8 5 -G 


4 



-3 


7. Expand the determinant in Fa. G by a La})lac(* (‘xpansioii according 
to columns 1 and 4. 

8. Provi; Theorem 1.4 by using Theorem l.S. 

9. The fumdion of n variables 


F{Xi, 0 : 2 , • • • . Xn) = (Xi — X2)(Xi — ' (:ri ~ X„)(X2 ~ Xh) • • ' 

' (Xi - Xn) • * • - Xn) 

is called the alternating function of order n. Show that, if two variables 
Xi and Xj, i 5*^.7 are interchanged, the alternating function changes sign. 
(Hint: First prove the result for interchange of two successive variables and 
on that basis prove the gem^ral case.) 

10. Prove, by use of the alternating function, that the number of inter- 
changes necessary to bring the order ii, ^2, * * * , in (or the order xq, 

• • • , xij into the order 1, 2, • • • , n (or the order Xi, 0:2, ♦ • * , Xn) is 
either always even or always odd. 
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2* Matrices and Their Elementary Properties. We say that 
two m X n arrays are equal if and only if the elements in like 
positions in the two arrays are equal. Let A == [ar*] and 
B = [brg] be two square arrays. We define the sum A + B 
of the arrays to be the array [ar» + 6r«], and the product AB of 


the arrays to be the array 



The product of a number 


k and a square array A is defined to be the array each element 
of which is k times the corresponding element of A. 


Example 1 . If 



"3 

2 

- 3 “ 





1 

2 

r 


A - 

1 

0 

2 


and B = 

= 


-1 

4 

5 



2 

-1 

-1 




_ 

0 

~4 

2 


then 














'3 + 1 

2+2 

~3 + r 



‘4 

4 

-21 

A - f ” ® ■ 

= 

1 - 1 

0+4 

2+5 



0 

4 


7 



2+0 

-1 - 

- 4 

~1 +2 



2 

-5 


ij 


and 


AB 


(3)(1) +{2)(~1) +(-3)(0) 

(1)(1) +(0)(-l) +(2)(0) 

L(2)(l) +(^1)(-1) +(-l)(0) 

(3)(1) + (2)(5) + (~3)(2) 

(1) (1) + (0)(5) + (2)(2) 

(2) (1) + (-1)(5) + (-1)(2) 


(3)(2) -f(2)(4) -f (--3)(-4) 

(1) (2) + (0)(4) -f (2)(~4) 

(2) (2) -f (-1)(4) + (-l)(-4) 



‘1 

26 

7“ 


1 

-6 

5 


3 

4 

-5 


A member of a set of arrays of order n, for which equality, 
addition, and multiplication are defined as above, is called a 
matrix of order n (plural matrices). That is to say, matrices 
are arrays for which the above addition 'and multiplication 
processes and definition of equality are assumed. An array is 
not a matrix until such concepts are defined. On the other hand, 
a matrix is always an array, and hence all the results of the pre- 
ceding section can be rephrased in terms of the determinant of 
a matrix. A matrix will frequently be denoted by placing double 
bars about the array. The notation ( ) is also used. Where 
the order is known, Hartlj, where r is the row index and s is the 
column index, is unambiguous and will be used. 

The determinant of the array of coefficients of a system of n 
linear homogeneous equations in n variables characterizes that 
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system only partially. On the other hand, the properties of the 
matrix of coefficients will give a complete characterization. 
Moreover, we shall find other valuable applications of the notion 
and properties of a matrix. We proceed to investigate these 
properties. 

Theorem 2.1. Addition of matrices is associative and commuta- 
tive; that fsA + B = B + A and A + (B + C) = (A + B) + C. 

The proof is elementary and is left to the reader. 

Theorem 2.2. Multiplication of matrices is associative, but 
not, in general, commutative. 


Let A = ||or.ll, B = 

(AB)C = 


|5r.ll. C = ||Cr,|| be matrices of order n. 

n n 

(^ribia ' ||Cr»|] = 


t-1 


%ar,(^hijC,^ = 


i ,3 - 1 

A(BC). 


The matrices of Example 1 are not commutative, as the reader 
may easily verify. 

Theorem 2.3 {Distributive Laws). If A, B, and C are matrices 
of order rt^ then A(B C) = AB -f- AC; (B -f- C)A == BA -f- CA. 

The proof is left to the reader. 

Definition 2.1. The symbol dij{Kronecker^s delta) is defined 
to be unity if i ^ j and 0 if i 9^ j. {Thus 8u = 0, 633 = 1.) 

Definition 2.2. The main diagonal of a matrix is the set of 
positions along which the row and column indices are equal. 

For instance, the elements of the main diagonal of 


Oil 

012 

Oi 3 

021 

022 

028 

031 

032 

O33 


are <Xii, ^22^ and azz. 

Definition 2.3. A diagonal matrix is a matrix all of whose 
elements off the main diagonal are zero. 

Definition 2.4. A scalar matrix is a diagonal matrix whose 
main diagonal elements are all equal. 

By Definition 2.1, a scalar matrix can be written as ljfc5r«l|. 
The reader will easily verify that a scalar matrix of order n is 
commutative with every matrix of order n. The converse also 
holds, viz.. 
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Theorem 2.4. If A is a matrix of order n and if AX = XA for 
every matrix X of order n, then A is a scalar matrix. 

Since AX = XA, 

w n 

'^OrrXi, = ’^X-rfOi, (p, S = 1 , 2, • • • , «) (1) 

7 = 1 / = 1 

for all matrices X, that is, for all values fit and Xr,. Take 

Xrs = Tlicu (l) iiuist liold for this choic^e of Xrsy for every 

p and q. 

Substituting in (1), we have 

71 It 

7=1 7=1 

1{ q — s and r ^ p this gives arp = 0 for every r and every 
p 9 ^ while for ^ and r ~ p, it giv('s a^r — for ('very 
r and 6\ Hence A is scalar. 

By analogy with the ordinary number system (real or com])l(.'x), 
the zero matrix O should be such a matrix that A + O = A for 
every matrix A. By definition of addition of matricc's it is 
evident that 0 is a matrix each of whose elements is zero. Again 
by analogy the idc'iitity (or unit) matrix I sliould )>e a matrix 
such that lA = AI = A for every A. fTom Tlieorian 2.4, I 
must be scalar, and it is then further seen that ('aeh eh'nu^nt 
of the main diagonal must be 1. Hence I = (5r,). These 
matrices O and I play much the same roles in matric* algebra 
that 0 and 1 do in ordinary algc'bra. 

A matrix A when multiplied on eitln'r side by a scalar matrix 
||A:5r»l|, yields a matrix each ehanent of which is k time's tlu^ 
corresponding element of A. The product^ IjA'SrJlA i.- what w(^ 
defined earlier as kA. ||fc6rJ|] itself can l)e written as kl. By 
virtue of this definition, the meaning of the difference of two 
matrices is determined. For 

A - B = A + (-~1)B = A + (~I) • B; 
and (—1 * B) is a matrix each element of which is the negative 
of the corresponding element of B. 

Theorem 2.5. If A and B are matrices of order n, 

d(AB) = rf(A) . d(B). 

Let A = \\ara\\ and B = \\bra\l Consider the square array of 
order 2n: 
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c^ll 

ai2 * * 

a In 

0 

0 

• 0 


(l21 

022 * * 

(l2n 

0 

0 

• 0 

M - 

am 

a n 2 ■ ■ 

^nn 

0 

0 

• ' 0 


-1 

0 

0 

5u 

5i2 • 

' ‘ 


0 


0 

^21 

^22 

* * 52n 


0 

0 

• -1 

5n 1 

hn2 ' ‘ 

5nn 


By a Laplace expansion according to rows 1, 2, • • • , n it is 
clear that c/(M) = d{k) • d(B). By Theorem 1.7, 



Oil 

0 12 

Oin 

n 

1 

n 

0 \ih{n 


021 

022 

• * O 2 rt 

i-l 

Tl 

t = l 

n 

• • ^a2.6i7. 




. 

i-1 


d(M) = 

• 


• 




Onl 

On2 ' 

Onn 

n 

^|^0nt6il 

n 

^^On?5}n 


-1 

0 • 

0 

t»l 

0 

i-l 

0 


0 

-1 

0 

0 

0 


0 

0 • 

• • -1 

0 

0 


By a Laplace expansion according to rows n + 1 , n + 2, • • • , 
2n, 

n n 

dhbi { * 

i == 1 t = 1 


t BO 1 i =“ 1 


d(M) = 


- d(AB), 
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Definition 2.5. Let A he any array. The order p of a minor 
square array of A of maximum order whose determinant is not zero 
is called the rank of A. 

3 2 - 1 

Example 2. The matrix 6 4 — 2 is of rank 1, since the deter- 

6 4 - 2 

minant of A is zero and the determinant of every minor square array of order 
2 is zero, and since there are minor arrays of order one whose determinants 
are not zero — that is, there are nonzero elements. 


If the determinant of a matrix is not zero, then the rank of the 
matrix is equal to its order. A matrix whose order exceeds its 
rank is called singular. 

Theorem 2.6. Associated with every nonsingular matrix A 
there is a unique matrix , B, such that AB = BA = I. 


Let B denote the matrix 


A.r 

d(A) 


where A,, is the cofactor of a,r. 


Then AB = 



By Theorems 1.9 and 1.10, 


^ariAti = 6r,d(A) and hence AB = (5r,) =1. A similar argu- 
1-1 

ment will show that BA = I. It remains to show that B is 
unique. Let C be any matrix for which AC = I. Then 
B = B(AC) = (BA)C = I . C = C. 

Definition 2.6. The matrix B of Theorem 2.6 is called the 
inverse of A, and is written A“^ 

Corollary 2.6. If A is nonsingular ^ d(A~^) = l/d(A). 
Ford(A) • d(A-^) = d(AA-^) = d(I) = 1. 

2 2 

Example 3. Let A = ^ . Then An « 1, An =* 3, Azi - —2, 

A 12 =* 2, and d(A) = 8. Hence A“* ~ f J • 

I i 

Theorem 2.7. Let A be a nonsingular matrix of order n and 
let B be an arbitrary matrix of order n. The rank of B is equal to 
the rank of AB, 

Let p be the rank of B. If p = n, then by Theorem 2.5, 
d(AB) = d(A) • d(B) 0 and hence the rank of AB is n and is 
equal to the rank of B, Let us assume, then, that p < n. The 
reader can verify that the determinant of every square minor 
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array of order p + 1 of the product matrix AB can be represented 
as a linear combination, with coeflBcients which are polynomials 
in the elements of A, of determinants of minor arrays 
of order p + 1 of B. But since the determinant of every square 
minor array of order p + 1 of B is zero, the rank p' of AB is not 
greater than p. 

Now let AB = C. Since A is nonsingular it has an inverse and 
B = A“^C. Now as before it can be shown that the rank p of 
A^'^C is not greater than the rank p' of C. Hence p = p', or the 
rank of AB is equal to the rank of B. 


EXERCISES II 


2 

0 

2 



3 

4 

6 

-3 

1 

1 

and 

B = 

-2 

1 

1 

4 

-1 

6 



7 

3 

5 


find A + B, A — B, B — A, AB, and BA. 

(b) Verify Theorem 2.5. 

2. Prove Theorem 2.1. 

3. Prove Theorem 2.3. 

4. If O is the zero matrix of order n, and A is any nth order matrix, what 
matrix is OA? AO? 

5. What are the ranks of the arrays 


r 2 

1 


r 2 

1 

3 

^1- 

2 

1 

01 

L-4 

~2 

ej’ 

L-2 

3 

1 

15 J- 

3 

9 

5 

8 

» 

CO CO 
} 1 



1 

2 

~1 

6. If A = 

2 

6 

-2 


1 

4 

0 


, find A”*, if it exists. 


7. The adjoint matrix of C = licr*||, is the matrix ||C,r||, where €„ is the 
cofactor of c,r. It is denoted by If C is nonsingular of order n, prove 
that 


(“) c-‘ = (b) d(c^) = [<i(C)]--*. 

8. Show that if A is singular, there exists no matrix B such that AB = I. 

9. By the method used in the proof of Theorem 2.5 show that if C is 
singular there is a matrix B, different from the zero matrix O, such that 
CB = BC O. What is the matrix B derived in this way? Show that B» 
for which CB * BC « O, is not unique. 

10. Prove that if C is singular, so is C^. 

11. If A « l|or#|l and B « ||5r,|| are third-order matrices, show that the 
determinant of every two rowed minor array of AB can be written as a 
linear combination of determinants of two rowed minor arrays of AB, with 
coefficients which are polynomials in the elements of A* 
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3. Elementary Matrices and Equivalence. An elementary 
operation or transformation upon the rows of a matrix A is a 
transformation upon the roAvs of A of one or more of the following 
types: 

(I) The interchange of two rows, 

(II) The addition to the elements of a row of k times the cor- 
responding elements of another row, 

(III) The multiplication of the elements of a row by a number h. 

h]a(‘h of these elementary operations can be effected by 

multiplying on the left by a certain (demen tary matrix, an ele- 
mentary matrix being the matrix obtained by performing the 
elementary operation under consideration upon the identity 
matrix I. 

Elementary operations upon the columns of a matrix A are 
defined in a similar manner. 

If I(i;) denotes the elementary matrix obtained from the 
identity matrix by interchanging the fth and jth rows without 
disturbing the remaining (n — 2) rows, then the effect of multi- 
plying A on the left by giving I(iy)A, is to interchange row 
i and row j of A. !(,•,) is said to be an elementary matrix of type I. 

The effect of multiplying A on the right by I(i;), giving AI(i7), 
is to interchange column i and column j. 

Let H(i7) == I + (h)(iy) {i 9^ j) denote the matrix obtained from 
the identity matrix I by inserting an element h in the ith row, 
jth column. The effect of multiplying A on the left by H(i 7 ), 
giving H(iy)A, is to add to the elements of the iili row of A, h 
times the elements of the jth row of A. H(, 7 ) is said to be an 
elementary matrix of type II. The operation AH(,y) adds to the 
elements of the jth column of A, h times the elements of the zth 
column of A. 

The operation H(;,)AH(ty) upon A adds to the jth row h times 
the tth row, and adds to the jth column h times the ^th column. 

Let J(,i) = I + (k)(:i), denote the matrix obtained from the 
identity matrix I by replacing the element in row i column i by 
k. The effect of multiplying A on the left by J(i,), giving 
J(ii)A, is to multiply each element in the fth row of A by k. 
The operation AJ(iY) multiplies each element in the ith column 
of A by k, J(,i) is called an elementary matrix of type III. 

It is easy to see that the inverse of an elementary matrix is an 
elementary matrix of the same type. 
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Evidently, if B is derived from A by a finite number of suceessive 
elementary transformations Pj, P2, • • * , P^ upon the rows of A, 
PiA, • • , th(‘n B = P„P„,_iP„,_2 • * * PiA. 

If C is derived from A by a finite immb('r of successive ele- 
mentary transformations Tj, • • • , T„ upon the columns of A, 
ATi, • • • , them C = AT1T2 * * * Tn. 

In general, if D is obtained from A by a finite number of ele- 
mentary transformations upon tlie rows and columns of A, 
then D is ecpiivalent to A, that is, D = RAS, where R and S 
are the products of elementary malrict\s. 

Definition 3.1. The matrix B in said to be equivalent to the matrix 
A if there exist nonsinqular matrices P and Q such that A = PBQ. 

We note that the ranks of equivalent matrices are equal. 

We shall now prove 

Theorem 3.1. Every matrix A of rank p is equivaletit to a 
diagonal matrix A2, * • • , Ap, 0, • • * , 0 ;|. 

Suppose the rank of A is p. Then, if necessary, a shifting of 
rows and columns can be perforimal Ijy jneans of elenumtary 
transformations so that the minor determinant of orde'r p in the 
upper left-hand corner is not zero. By adding, if necessary, 
some other row to the first row, we can make tlie element in the 
(1, 1) position 7 *^ 0. Next, by eleimuitary transforrnat ions 
make the elements of the first column below the diagonal (H[ual to 
zero. By elementary transformations every elenumt in the first 
row save an can be made zero without disturbing the first column 
of zeros. Denote the resulting matrix by B. 

Next, repeat this general process by working with the last 
(n — 1) rows and columns of B; then with the last (ai — 2) rows 
and columns; etc. In this way A can be reduced to an equivalent 
matrix 


hi 

0 

• • 0 

0 • • 

0 

0 

h2 

• • 0 



0 

0 

■ • K 

0 ■ • 

0 

0 

• • 

• 0 





• 

M 


0 

. . 

• 0 




B = 
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Evidently M = 0, for if but one element of M were not zero, B, 
and hence A, would be of rank (p + 1), whereas A is of rank p. 


EXERCISES III 

1. (a) Show that the determinant of an elementary matrix of types I or 
II is ±1. 

(b) Show that if A is derived from B by elementary transformations on 
the rows and columns of B of types I and II, then d(A) = ±d(B). 

2. (a) By elementary transformations, reduce the matrix 


A = 


4 

3 

7 


2 

-1 

4 


5 

0 

4 


to a diagonal matrix D. 

(b) What are the matrices P and Q of (a) such that 

D = PAQ? 

(c) Verify the result of (a) by showing by direct matric multiplication 
that PAQ = D. 

4. Linear Forms, Linear Transformations. Suppose we have 
a product of two matrices AB where the columns of B, with one 
exception, consist entirely of zeros. Then the same columns 
of the product matrix AB consist entirely of zeros, i.e., 


nil ni2 


Uln 


0 


0 


6i ‘ • 0 


021 022 


02n 


0 


0 




0 


Onl On2 




6 


6 


0 0 • • • 2 ) 

«"1 

n 

0 0 • • • ^ o-h-ftf 


0 0 • • • ^ o„(6< 


0 

0 

6 
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We shall make frequent use of the following abbreviated notation 
for such a relation, whenever no confusion is likely to arise: 



or more briefly, 

A{bt = I ^aribi |, 

where { } signifies a column of elements and {b} = {6r!. We 
can think of this abridged notation as defining the product of a 
matrix and a column array, in that order. Similarly we may 
define the symbolic abbreviation 



where ( ) denotes a row array, or more properly, a matrix all 
of whose rows, with one exception, consist entirely of zeros. 

Further, if A has only one nonzero row ai, a2, * • * , an and B 
one nonzero column, 6i, 62, • • • , bn then the product matrix E 
will have (at most) only one non-zero element and we may 
introduce for the identity AB = E, the abridgment 

n 

(a){b! = 

wherever no confusion is likely to arise. 

A set of linear equations (or transformations) 


dnXi + ai^2 + • • 

"4” dinXfi — 2 / 1 , \ 


(I 21 X 1 + a22X2 + * • 

• + Cl2nXn = t/2, / 

(1) 

dnlXi + an2X2 + * * 

“4“ dnttXn ~ Vny } 
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can now be writt(‘n by iisc^ of the abridged notation as the single 
inatrie equation 

Alxj = |yl, 

whore A = ||«rs;|- 

If d\k) 9 ^ 0, the inverse A' ^ of A exists. Multiplying on the 
left (A' each side of ecpiation (1) ])y A“b ha\'(' 

A'“i(y| A'^A|x| = I[x| — Jxl. 

Ill otie r words, if the matrix A of the system (1) is nonsingular, 

ix| - A-^yl (2) 

is th<‘ (^unique) solution of (1). Equation (2) is known as 
CiYiNurs rule. 

If d(A) == 0, the system (1) is said to be ^singular. 

\’arious interpretations may be placcnl upon eqs. (1) and its 
solution (2), Equations (1) may be looked upon as an opt'ration 
which transforms an array l.r} into a n(‘w array |/yj. 

If :ri, X 2 , • • * , ^'n be thought of as the coordinates of a point 
F in /?-space, then the ixiint P' of coordinates ;//i, • • • , 2/n is 

said to be derived from P by the linear homogeneous transforma- 
tion (1). 

Any homogeneous linear function is called a linear jorm. 
Hence eqs. (1 ) may be said to consist of // linear forms ?/i, • • • , ?yn. 
Sufipose the .r’s in (1) are subjected to the linear transformation 


B vdth coefficients hrs, 

U! = B{z\. 


(3) 

By (1), 




n 

n n 

n 


Vi atpXp 


W 

II 

(4) 

P*1 

p =“ 1 j — l 

j^l 



where 


n 

P = 1 

From the definition of the product AB of tw'o matrices A and B, 
it is clear that 


D - (dij) = AB. 
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In other words, under transformation (3), (1) becomes 

{y} = A{x} = D{z}, wiiere D = AB. (6) 

AB = D is called the product of the linear transformations A 
and B. 

Thigorem 4.1. A linear transformation with matrix B replairs 
a system of linear forms with matrix A, hy a system of linear forms 
with matrix AB, 

It is important to notice the one-to-one correspondence 
(isomorphism) between the linear transformations and their 
matrices which is preserved under multiplication. This shows 
why the definition of multiplication of matri(^es is made as it is. 

We shall leave to the reader the proof of the ft)llowing tiieonans: 

Theorem 4.2. If A, B, C he the rnatrices of three linear trans- 
formationSy then A(BC) == (AB)C, that is, the product of linear 
transfor7natio7is is associative. 

Theorem 4.3. The sum of the two arrays A{y } a7id B jy } of the 
same number of roivs is the row array C{yj where C = A + B. 

We noted that if d{k) 9 ^ 0 in (1), (2) gives the unique solution 
of (1). If d(A) = 0, tlie ab()V(‘ method can not be empioyc^d. 
However, a parametric solution can Ix^ obtained by the use of 
the diagonal form D = PAQ. (See Sec. 3.) 

We shall consider the equations (1) with coefficients in a field 
and with d{k) = O.f l-ot the matrix A be reduced by means 
of nonsingular elementary transformations of matrices P and Q 
to an equivalent diagonal form D = PAQ, where D has r mmzero 
consecutive diagonal elements ai, , ar, all rational in 

the coefficients a^y. Let n new varia])les be introdnaxal by 
means of the linear relations 

* Afield of numbers is a set S of numbers sucli tliat th(' sum. (Uffenuu^e, 
product, and quotient (provided the divisor is not zero) of any two nu miners 
of S are again in S. Thus the set of all rational numbers, the set of all real 
numbers, and the set of all complex numbers each constitutes a field. The 
set of all positive rational numbers is, however, not a field. (Why?) 
Neither is the set of all integers. (Why?) 

Although the results we shall obtain in this and later sections, ;is well 
as the results of preceding sections, are valid for a more general domain 
than a field of numbers, where no particular field is specified, the student 
may think of some familiar field such as the complex field or the real field, 
when studying the work in this chapter. 

t The student is advised to work carefully Exs. 5 to 13 at the end of this 
section before attempting to read the remainder of this section. 
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1 

i • i 

1 1 

1 Xi \ 

l?l - 1 

1 

1 . 1 
1 • \ 

> = Q-u 

i i 

1 ( 

1 

1 1 

1 1 

1 1 


Then from (7) and (1) we have 

DUt = PAQU! = PAQQ-Mxl = PA{xl - P{y}. (8) 

In (8), 



consists of a column of r nonzero elements followed by (n — r) 
zeros. The right-hand member P{y} of (8) is a column array 
consisting of n homogeneous linear functions of the yi whose 
coeflBcients are the elements of the respective rows of P, 



Evidently, the equation (8), D{{i = P{y} = {n} can be 
solved for the if the last (n — r) elements of the column {n} 
are zero. In case this is so, we have aif i = rji, ai ^2 = 172 , * * • , 
ttrfr = Vr ftom which we find 




- 


5r 

Ctr 


The remaining (n — r) of the fc are arbitrary, for they do not 
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affect the value of D{?}. From (7), {x} == Q{?)f so that each 
Xi is a linear function of all the with coefficients in F, 

Thus, if the last (n — r) elements of { n } are zero, the general 
solution for Xi involves exactly (n — r) parameters fr+i, • • * , {n; 
for throughout the entire argument, the expressions used have 
been obtained by rational operations involving only the elements 
Uij of A and the n variables 2/i, • * * , yn- Since P and Q are 
nonsingular the argument given above may be reversed. 

If any one of the last (n — r) elements 7?r+t do not vanish, no 
solution to (1) exists in case d{k) = 0. In this case the equations 
(1) are inconsistent (or incompatible). In order to state the 
conditions for consistency in a more general form we shall con- 
sider the following n X (n + 1) array B formed by augmenting 
the matrix A by the column {y}, 

Ull ‘ * * Uln yi 

■ ■ , ( 11 ) 

Unl * * * Unn yn 

and shall show that the n non-homogeneous equations 

A{x} = {y) 

are consistent and solvable for r of the variables jx} in terms of 
(n — r) arbitrary parameters, if and only if the rank of B is equal 
to the rank r of A, 

We shall consider the identity 

llpii ••• Pin oil llaii • • • am J^ill Ikii • • • gin 0 


Pnl * * * Pnn 0 Onl * * ’ dnn yn Qnl * * ‘ <}nn 0 

0 • • • 0 1 0 • • • 0 0 [o • • 0 1 

ori 0 • • 0 0 • • • 0 »7i 

0 a2 . . . . 


0 • ‘ ’ ar 0 0 Vr 

0 • • • 0 0 


0 • 0 0 ••• 0 Vm 

0 • • 0 0 • • • 0 0 



= 6, (12) 
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or more briefly 

PBO = D. (13) 

If r is the rank of A, then the rank of B must be r at least, for 
one of its r-rowed minors (in D) is the nonzero product ai * • * 
Furthermore, the rank of D can exceed r if and only if at least one 
element ryr+i {i > 0) in the last (n — r) rows and the final column 
of D is not zero. Since P and Q are nonsingular, P and Q are 
also, hence, by Theorem 2.7 the rank of B is equal to the rank of 
D. Thus, the last (n — r) elements of P{y} = jn} are zero and 
the equations (1) are consistent and parametrically solvable, if 
and only if the matrices A and B have the same rank r. 

The results given above are readily generalized to cover the 
cases where the number of equations in (1) is m n. 

Theorem 4.4. Given the linear equations with coefficients in a 
JieUF 

n 

Vr = ^arsXs (r = 1, • • • , m) (14) 

of array A = [ar,]. Let r he the rank of A and p be the rank of B, 
the augmented array derived from A by annexing the column {y}. 
If p > r^ equations (14) are inconsistent. If p = r, certain r of the 
equations determine uniquely r of the unknowns as linear functions 
of the remaining (n — r) unknowns; for all values of the latter the 
expressions for these r unknowns satisfy also the remaining {m r) 
equations, 

A set of elements Si, 2 : 2 , • * * , (row arrays, matrices, polyno- 
mials, numbers, etc.) are said to be linearly independent with 
respect to a field of numbers F (real, rational, or complex) in 
which we are working, if no linear combination of them, 

aiZi -f- a2Z2 -f- • • • 4” ClnZny 

with coeflScients ai in the field F, is zero unless 

cxj. a^ — • • • __ (j,^ — 0. 

If numbers ai not all zero do exist such that the above combina- 
tion is zero, then the 01 , Zij • • ' j Zn are said to be linearly 
dependent relative to F, It is necessary to specify the field F, 
For example, consider the numbers 1, \/3; fb^jy are linearly 
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independent relative to the rational field but are linearly de^pend- 
ent relative to the real field. Similarly, 1 and i are linearly 
independent relative to the rational field or the real field but are 
linearly dependent relative to the complex field. 

A particularly important case of Theorem 4.4 occurs whcui (J) 
consists of m homogeneous linear equations with 

y\ ‘ * ’ “ — 0 , 

that is, 

n 

^(iraJCs = 0. (r = 1, • • • , m) (15) 

Theorem 4.5. Giinm the homogeneous equations (15} with 
coeffieients in a field F. Let r he the rank of A ^ [ar*]. Then (15) 
has (n — r) linearly independent solutions in F, while ever]/ other 
solution is linearly dependent on them [f.e., r equations may be 
selected from (15), whose matrix has a non-vanishing r-rowed 
deter7ninant and these r equations determine uniquely r of the 
unknowns as homogeneous linear functions^ with coefficients in Fy 
of the remaining {n — r) v/nknoums: for all values of the latter, the 
expressions for the r unknowns satisfy (15)]. 

An immediate consequence of this theorcun is 

Corollary 4.5. Equations (15) have solutions not all zero if 
and only if r < n. In particular , n homogeneous linear equaiio/is 
in n unknowns have solutionis not all zero if and only if the determi- 
nant of the coefficients of the unknowns is zero. 

If the m homogeneous eqs. (15) have the two solutions 
{u} ^ (7/1, • • • , Un) and |v} = {vij * * * , Vn)y then (15) have 
the solution {aui + ^Vij * * * , aUn + ^Vn) where a and are 
any two unknowns in F. The solutions {u} and {vj are liiu^arly 
dependent if there exists in F constants a and /3, not both zero, 
such that a{u} + /3{vj = {O}; but linearly indop(‘ndent if 
no such constants a and l3 exist in F. This notion can n^adily be 
extended to any number of solutions. Thus, in Th(H)rem 4.5 
any system (15) of rank r < n has {n — r) linearly independent 
solutions while every solution is linearly dependent upon th(‘m. 

We are now in a position to state an important theorem on 
linear dependence. 

Theorem 4.6. Let S be a set of n row arrays {column arrays) 
of m elements eachy and let the elements of these arrays lie in a field 
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F, The arrays of S are linearly independent relalive to F, if and 
only if the rectangular array composed of these rows (columns) is 
of rank r = n. If r < Uy there are exactly n — r linearly independ- 
ent linear relations among the rows (columns) of S. 

The proof follows immediately from Theorem 4.5 and Corollary 
4.5 when we ask for the solutions of the system of equations 



Note that if m < n, Theorem 4.6 states that the arrays of S 
are always linearly dependent. 

Theorem 4.6 may be applied to any entities capable of repre- 
sentation as row or column arrays. As particularly important 
instances of such, we mention vectors of order m, linear forms in 
m variables, and polynomials of degree m in one variable. 


Example 1. The polynomials + 1, — 8x^ ~ a; -f 3, and 

— 3x^ + X are linearly dependent. For if these polynomials are rep- 
njsented respectively by the row arrays (1, ~2, 0, 1), (1, —3, —1, 3) and 
(2, —3, 1, 0) the array 

'1-2 0 r 

1-3-1 3 

_2 -3 1 0_ 

is easily seen to be of rank 2. The third row is linearly dependent on 
rows one and two. Theorem 4.6 also tells ns that there is just one inde- 
pendent linear relation among these polynomials. 

We leave the proof of the following theorem to the reader: 
Theobem 4.7. If * * ' , are q solutions of (15), 

A{x j == {0} , then | x^^"^ | is a solution o/ (15), the a,- being in 

the field F. 


EXERCISES IV 

1. (a) Let the variables X\y x^ be subjected to the transformation 

Xi =» Xi cos B — Xf sin B, \ 

X 2 * Xi sin B -i- x's cos B, ) 


( 1 ) 
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Wliat is the geometric interpretation of this transformation? What is the 
matrix of the transformation? Is the transformation nonsingular? 

(b) Find, by matric methods, the inverse transformation. 

(c) If the variables x[ and are subjected to the transformation 

z[ = x” cos a — X 2 sin a, ) 

t ft ‘ \ n r (2) 

2^2 = Xi Sin a -f 2:2 cos a, J ^ ^ 


verify by direct substitution, that the matrix of the transformation carrying 
2:1, xt into xl^ xl is the product of the matrices of transformations (1) and 
( 2 ). 

(d) Verify that the matrices of transformations (1) and (2) are com- 
mutative. Is there any reason for this? 

2. Prove that if A is equivalent to B, then B is equivalent to A. 

3. Prove that if A is equivalent to B and B is equivalent to C, then A is 
equivalent to C. What are the transforming matrices under which A is 
equivalent to C? 

4. Is a matrix equivalent to itself? 

Solve the systems of equations in Exs. 5 to 13 by following the procedure 
outlined below: 

(a) Find the rank r of the array of coefficients. 

(b) Find the rank of the array of coefficients augmented by the column 
of constant terms, thus determining whether or not the system is consistent. 
(See Theorem 4.4.) 

(c) In case the system is consistent, choose a subset of r of the equations 
whose array of coefficients is of rank r, and solve by Cramer^s rule for the r 
unknowns corresponding to the minor of rank r in terms of the w — r 
remaining unknowns. 

(d) Verify by direct substitution that these solutions satisfy each equation 
of the system. 


5. 

7. 


( 22; - 3j/ = 5, 

< 2 ; 4- 2/ = 0. 

( 52; - 7?/ * 8, 

/ IO 2 : - Uy « 7, 


9. 

11 . 


13. 


! Sx — 4:y -j- 20z = —8, 

-2; 4- 2/ ~ 62 = 2, 

3x - 5y - i - 22z 10. 

! 2 x 4* 3y 4- 52 = 0, 

32: 4- 4y 4- 62 = 0, 

X 3y + 7z =0. 

{ Sx — 2/ — 22 = 4, 

-2x 4 ~ 3 i / 4*42 - - 1 , 
2? 4" 9i/ 4” IO 2 = 8, 

13a: — 22/ — 62 * 19. 


fi . 

( 2a; 4- 3!/ = 4, 


u. • 

► 62; 4- 9y = 12. 



> 2x 4- y - 62 = - 

■4, 

8. 

5x — 3r/ 4 - 142 = 

-12. 

1 

— 3x 4 2?/ — IO2 

= 7. 


( X 4- 6?y - 322 - 

0, 

10. 

K x ~ 2y 5z — c 

1 , 


/ 4x - 22 = -9. 



i X - 2?/ 4 z = 0, 


12. 

\ 3x 4” ~\~2z — 

0, 


/ 4x 4- 3t/ 4- 32 - 

0. 


14. Show that the linear forms 3a; — 2i/ 4* « 4* 2/ — 62, and 2x 4- are 

linearly independent relative to the complex field. 
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1 5. Show that tho polynomials — Zx 2, — 2x -\-7y Zx^ + 2, and 

2x2 _ ^ 2 arc linearly dependent relative to the complex field, and find a 

particular linear coinbiuation of them, with coefficients not all zero, which 
is identically equal to zero. 

1(>. Consider the pair of straight lines 

\ a^x + hiy + Cl = 0 
i a>.x + ^> 2 // + C 2 — 0. 


If A 


ai 

/>! 

and B s 

hi 


02 

b 2 

L a 2 

/>2 

C 2 J 


discuss the points of inter- 


section of the lines in the following (aises: (a) d{k) 9 ^ 0; (b) the rank of A is I 
and 1h<‘ rank of B is 2; (c) the rank of A is 1 and the rank of B is 1. 

17. Make a discussion similar to that of Kx. 16 for the case' of three 
straight lines in the phine. 


6. Bilinear Forms and Equivalent Matrices. The second- 
degree polynomial 


n 

ij = 1 

in the 2n variables Xi, 0 ^ 2 , * * • , ^n, 2 / 1 , ?/ 2 , * * * , yn is called a 
bilinear form. In the abridged notation we may write 

G = (x)A{yi, 


where (x) ^ (:ri, X 2 y ' ' ' y Xn), {yj is a similar column array, 
and A ^ ||ar«||. A is called the matrix of the form G. 

Definition 5.1. The transpose of a matrix A, denoted by A^’, 
is the matrix resulting from A by interchanging the rows and 
columns of A. Thus if A ^ !!«r»IL = ll^«r||. 


Example 1. 


2 

3 

r 

I2 

-1 

-1 

4 


!3 

4 


It is easy to prove 

Theokem 5.1. 


(A 4 - B)r = A^ + 

(A ■+■ B -4- • • • -T Ky = A^ 4- 4- * * • 4“ K’’. 

Theorem 5.2. 

(AB)^ = B^’A^; (AB • • • • • • B^A^. 

Theorem 5.3. (A^)“^ = (A'O^* 

If the variables of G are subjected to the non singular linear 
transformations 
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{xl = P{x!, {yj = Q{y} 

whm'P s ||p„||andQ = ll( 7 r.||, then writing {xj^ = (x) = (i)P’’, 
G b(MX)mes 

G = (X)P^.A.Q{y} = (x).P’’AQ. jyj, 

Thus, under iionsiiigular transformations of the variables, the 
matrix of the bilim^ar form in the new variables Xi, yi is equivalent 
to the matrix of the form involving the old variables :r„ yi. 

This is an instance of the use of the idea of equivalence of 
matrices. As in the ease of equivalence we see that the rank of 
the matrix of G (called the rank of the bilinear form) is an 
invariant under nonsingular linear transformations of the 
variables. 


EXERCISES V 

1. Prove that (A^)^ = A. 

2. Prove Theorem 5. 1 . 

3. Prove Theorem 5.2. 

4. Prove Theorem 5.3. 

5. Make a briefer statemeni of Theorem 1.1. 

6. Congruence of Matrices. As a particular kind of equiv- 
alence of matrices, we take up the study of the congruence of 
matrices. Congruence is the case of equivalence wherein P — 

(See Sec. 3.) 

Definition 6.1. A matrix A is called symmetric^ if k'^ = A. 

Definition 6.2. If two matrices A and B are so related that there 
exists a nonsingular matrix P such that P^AP = B, then B is said to 
be congruent to A. 

If A is symmetric and B is congruent to A, then B is also 
symmetric. For if B = P^’AP, then by Theorem 5.2 

Br == prA^P = P^AP = B. 

A quadratic form in n variables X\^ 0 : 2 , * * * , Xn is a homo- 
geneous polynomial of the se(;ond degree in Xi, 0 : 2 , * * * , Xn. 
A quadratic form is a particular type of bilinear form. A 
quadratic form Q may be written in the symmetric form 

n 

Q = 

ij “ 1 

where a*,- = an. The matrix A == ||ar,|| is called the matrix of the 
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quadratic form. By virtue of the symmetric way in which Q 
is written it is clear that A is symmetric. In the abridged nota- 
tion of Sec. 4, Q may be written 

Q = (x)A{x} 

where (x) is the row array (oti, * • • , Xn) and {x} is the similar 
column array. 

If the variables a: 1 , ^ 2 , * * * , are subjected to the nonsingular 
linear transformation 

{x} = C{y}, C = IIC..II 

then, since (x) = {xj^ = (y)C^ 

Q = (y)C-.A.C{yt == (y) • C-AC • {y}. 

Thus the matrix A of Q is transformed into a congruent symmetric 
matrix under the linear transformation of the variables. 

Theorem 6.1. Every symmetric matrix A of rank p with cfe- 
ments in a field F is congruent in F to a diagonal matrix 

\diy d2j * * * > dpy 0, • • * , 0], di 5*^ 0. 

We consider the matrix 


ail 

a^in 

€inl 

■ ’ dnn 


of rank p. 

If the principal minor of order p in the upper left corner of A 
is singular, then an elementary transformation matrix Pi can be 
found such that B = PfAPi where the principal minor of order 
p in the upper left corner of B is nonsingular. If bn = 0, some 
^ 0. (Why?) In this case select a matrix P 2 which adds 
row k to row 1 and column k to column 1, giving C = PJBPj 
in which cn 7 ^ 0. Now select a Ps which adds — Ciib/cu times 
the first row to the fcth row and —Cifc/cu times the first column 
to the fcth column, (& = 2, 3, • • • , n), giving E = PJCPb, 
in which all the elements of the first row and first column are zero 
except Cn. Now proceed similarly with the lower right minor of 
order (n — 1), and so on, until the diagonal matrix 

D s ||di, dif * ' ' ) dpf 0, • • • , 0|| 
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is readied. Since 

pr . . . prprprAP,P 2 P 3 . . p. = prAP = D 

with P = P 1 P 2 P 3 • * • P« we see that A is congnient to D. 
Since P is nonsingiilar and A is of rank p, so is D of rank p (Theo- 
rem 2.7). 

An immediate consequence of the proof of Theorem 6.1 is 

Theorem 6.2. Let K be the principal minor of order i in the 
upper left hand corner of the symmetric matrix A. If d{Ai) 9 ^ 0, 
then di in Theorem 6.1 can be determined as a rational function 
of the elements of At alone. 

The truth of this theorem becomes obvious, since in the begin- 
ning of the proof of Theorem 6.1, if d{k^) 9 ^ 0, none of the 
first i rows and columns need be interchanged with any of the 
last (n — i) rows and columns. 

We shall now prove Sylvester \s famous theorem known as the 
^4aw of inertia” (1852). 

Theorem 6.3. Let the field of numbers he the real or rational 
field. If D = i|di, ^ 2 , • • * , dp, 0, ’ • • , 0|1 is congruent with 
H = ||Ai, /? 2 , * * * , hrj 0, * ' • , 0||, then the number of positive 
d's is exactly equal to the number of positive Ks. 

Proof. By Theorem 2.7, r = p. Suppose A and B are any 
two congruent matrices 

A = P^BP. 

Let rTi, • • • , Xn be indeterminants which are denoted by (x) 
when w’ritten as a row array and by {x} when written as a column 
array. Construct the quadratic form 

(x)A{x} = (x)P^BP{x}. 


Let lyj = P{x}. Then 

(x)A{xl = (y)B{y!. 

If A == H and B = D, then 

n n 

= Y/diyl 

r-1 »-l 

Suppose the h^s and d^s are so numbered that 

> 0, ' ’ ’ > h\ > Oj Ax+i < 0, 

di ^ 0, * * ’ > dn ^ 0, "^0, 


K<o, 

d,<0, 
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and suppose that fi < \, Then 

hixl + * • • + hxl - d^+ivl^i - • • • - dpijl 

= diyl + • • • + df,yl - /^ x + i ^ a+i - • • • - hpX^ 


Select xx-fi = • • • = = 0 and rri, • • • , rx not all zero so 
that the m (m < X) linear forms 2/i, * ■ * , Vn are all zero. This 
last can be done according to Corollary 4.5. But tliis implies 
hiXi -|~ • • • 4“ h\xl = 0 for the :r’s not all zero; this is a con- 
tradiction of our hypothesis, hence m ^ X- But the relalion 
between H and D is mutual, so that a similar argument would 
lead to the result m ^ X- Hence X = m- 

The number 2X — p = <r is called the signature of D and is the 
number of positive terms diminished by the number of negatives 
terms in the canonical form D. The two integer invariants 
p and a determine the number of positive and the number of 
negative terms in D, the canonical form of A. 

In Theorem 6.1, if F is the real fi(dd, every positive di can be 
reduced to 1, and every negative di to —1, by an elementary 
transformation of type III in the real field. Thus, 

Theorem 6.4. Two real symmetric matrices are congruent 
in the real field if and only if they have the same rank p, and the 
same signature a. 


EXERCISES VI 

1. Is a matrix congruent to itself? 

2. Prove that if A is congruent to B, thtai B is congruent to A. 

3. Prove that if A is congruent to B and B is congruent to C, tlien A is 
congruent to C. 

4. If A - P^BP, what is d(A)? 

5. (a) Write the quadratic form 

Q = 2x1 + ^^2 — 2x8 + X 1 X 2 — 3xiX8 + 40 : 2 X 3 

in symmetric form. What is the matrix of this form? 

(b) Write Q in the abridged matric notation. 

6. Verify, by direct substitution, the law of trarisforination of the matrix 
of a quadratic form in the case of the form 


x\ 4* 4xiX2 4- x\ 


and the transformation 


Zi = 2z[ — 3x2, 

2^2 =* Xj 4" X 2 . 
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7. Rovluce each of the quadratic forms of Ex. 5 and 6 to a form which 
contains only the squares of the variables, by reducing its matrix to a 
diagonal form by transformations involving rational coefficients. What is 
the single transformation on the variables, in each ca8(^, which will accom- 
plish this reduction? 

8. Using results of Ex. 7, reduce each form furthc^r to a form in which the 
coefficient of each square term is 4-1 or —1, by using real transfonnalions. 
What is tiic signature of each form? 

9. Using results of Ex. 8 reduce each form further to a sum of scjuares with 
coefficj'ents +1, by using c.omplex transformations. 

7. Transformation of Reference Frame. In S(‘c. 4 wv re- 
marked that a row array (or a column array) could ))e considered 
as the cnordinates of a point in //-spac(\ If we tliink of this point 
as the end point of a vector dirc(*tcd from the origin of coordi- 
nates, then such a row or column array defines the \qK;tor eoin- 
pletely. The elemcuits of the array can be tlionght of as the 
components of the vector in the n independent prin(hj)al direc- 
tions of (hc^ ax(‘s of the ref(*rcnc(» frames. 

Sup]>c)se that two voctx)rs Jxj and {yj referred res})ectively to 
two reference frames A" and Y an* ndated by 

\x\ = A!y!, A =i ||a,,||. 

Let us (*hange from the frame A' to a new frame X by the non- 
singular transformation 

{xl = P|x!, P ^ 

and lt‘t us likewise change from frame Y to a new' frame Y by the 
n onsi ng] i lar transf ormation 

ly!=Q!y}> Q = IM- 

Then tlje relation betxvcen the vectors jX} and |y!, w hich are the 
transforms of {xl and {yJ, respectively, is 

P{xl = AQ{y) 
or 

{x) = P-^AQ{y!; 

in particular, if the same transformation is made for both frames, 
then 

{xl = P-iAP{y}. 

Definition 7.1. If two matrices A and B are so related that 
A = P""^BP| where P is a nonsingular matrix^ then A is said to he 
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similar to "R. It is clear that similarity is another instance of 
equivalence. 

Let A be a matrix of order n and let X be an indeterminate. 
The determinant d{k — XI) is a polynomial of degree n in X. 
This polynomial is called the characteristic function of A, and the 
equation <p{\) = d{A — XI) = 0 is called the characteristic equa- 
tion of A. 

A curious theorem, whose proof will be omitted here, is the 
famous 

Theorem 7,1 {HamiUon-Cayley Theorem). Every matrix 
satisfies its characteristic equation, when the constant term c of 
the equation is replaced by cl. 

That is, if in the function ^(X), X is replaced by A and the con- 
stant term c by cl then the resulting matrix is the zero matrix. 


Example 1. Let A = 

and <p{X) = d(A — XI) = 
find 


3 

1 

Then A - XI = ^ 2 ^’ 

1 

-2 

2 ’ 


2 - X 


5X -h 8. Replacing X in <p{\) hy A, we 


I 7 5_ 3 1.0^ ^ 

I -10 2 ^-2 2“^^0 1 0 0 


EXERCISES VII 

1-4. Solve Exs. 1, 2, 3, 4 of Ex. VI for the case of similar matrices. 

5. Find the characteristic equation of the matrix 

2 2-1 
A - 3 0 2 

-5 6 2 

and verify the Hamilton-Cayley theorem for A. 

6. Show, without direct verification and without computing A~’, that the 

2 3 

matrix A ~ ^2 i® inverse. 

7. Show that any matrix similar to A of Ex. 6 is its own inv^erse. 

8. The Method of Symmetric Components. Let Ei, Ei, Ei, and h, 1 2 , h 
be the vector representations in frame JFi of the voltages and currents in 
phases 1, 2, and 3, respectively, of a three-phase electrical system J'. The 
Kirchhoff equations forj are 


Zn 

Zlt 

Zu 


{El) 





Zn 

Zn 


or 

*|I1 - {El, 

(1) 

Zzi 

Z»2 

Zi% 


(E,) 





where the elements zu are lumped impedances in phase i (i ^ I, 2, 3), and za 
are the lumped impedances common to phases t and j. Suppose the voltages 
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and currents are referred to a new reference frame by means of the 
equations 

iEy] 1 1 I ill) 11 1 ( r,"' ) 

^ = 1 o-‘ o-« \ £<’> ^ V - 1 o-‘ a-M /<» V. (2) 

i E,) 1 a-* a-* / E\” ) I [») 1 o-» o-‘ ( /{*> ) 

or 

|E}=S|fl, HI = Sill, 

where a is the primitive cube root of unity; i.e., a = — § j(\/z/2), with 

7* = —1, Then under ( 2 ), (1) gives 

211} = IE), where 2 = S'^zS. (3) 

The term E^^^ in jE) is called the A;th sequence component of the voltage 
in phase 1 , /: = 1 , 2 , 3 ; and the element in jlj, the A:th sequence 
component of the current in phase 1. The sequence components for 
phase r are defined by means of 



} bu 

612 

hi8 

( i 



> = bn 

622 

^23 

\ E[» [. 

( 4 ) 

(e<» 

) b,i 

hzi 

f >38 

i ^1" ) 


-t) (r—l) 

1 

«./ = 0 if 

i ^ jf 

; = 1 

if i = j. 



(a) Express 2 in terms of z</. 

(b) Show that 1 reduces to a diagonal matrix when J is electrically sym- 
metrical, that is, when zu = Z22 = 233, 212 = 223 = 213 == 221 = 232 = 231. 

(c) Solve ( 2 ) for lEl in terms of (E). 

(d) Suppose 

Ei - ( 100 ) -f i( 0 ), E2 = ~( 2 . 7 ) -i( 32 . 3 ), and E, == -( 37 . 3 ) +i( 2 . 3 ). 

Find the sequence components for phase 1; phase 2; phase 3 . Graph your 
results on the complex plane. Illustrate each step in the theory graphically. 

(e) Generalize this method for the case of an w-phase electrical system.* 

PART B. VECTOR ANALYSIS 

8. Introduction. In formulating the properties of vectors, 
there are several points of view which may be adopted. For 
example, we may use the Gibbs notation V for a vector, and 
develop the subject of vector analysis along geometrical lines, or 
along the line of a generalized or abstract algebra. On the other 
hand, we may build up the vector concept from the point of 
view of invariants of transformations. We shall adopt this 
latter viewpoint because it leads directly to the extension of 
vector analysis called tensor analysis (see Part D of this chapter). 

* Burinqton, Matrices in Circuit Theory, J. Math. Physics, December, 

1035 . 
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9. Concept of a Vector. In this work wo shall use as a rofor- 
ence framework a system of three mutually perpendicular axes 
meeting in a point 0, as showm in Fig. 181. We shall agree that 
these axes are so lettered as to form a right^hayidcd system. (In 
such a system rotation of a right-handed serew^ with axis along 
OZ, from the positive T-axis through 90° to the positive ?y-axis 
Z z* causes the screw to ad\^anee along 

I \ ^ the positive 2 :-axis.) A point P is 

“ then specified by its C-artesian 

coordinates (x, y, z) relative to the 
frame OXYZ. 

If another reference frame 
O'X'Y'Z' be used, its position may 
be specified with reference to the 
frame OXYZ by the coo nli nates 
(j^o, 2 / 0 , Zo) of tlie new origin O' and 
by th(' direction cosines of t h(‘ angles 
which 0'X\ 0'Y\ O'Z' make with OX, OY, OZ. As indi- 
cated in the array listed below, we shall let an, (h 2 , flu?. (h\, * * * 
denote the direction cosines of O'X' with OX, O'X' with OY, O'X' 
with OZ, O'Y' with OX, • • * , respectively, 





Fig. 181. 



OX 

OY 

OZ 

O'X' 

a^^ 

0]2 


O'Y' 

a2i 

0-22 

C 123 

O'Z' 

_a3i 

et32 

ass. 


By virtue of the well-known formula 

cos d = cos ai cos a 2 + cos pi cos 02 + cos 7 j cos 70, (2) 

we have the following relations among the above direction 
cosines : 


«ii + «'i2 + «i3 1, a2iaz\ + a22ai2 + a2»a:^3 = 0, • 

«ii + «li + afi = 1, ai2ai3 + a22(i2z + a32a33 == 0, * 


(3) 


the last relation, for example, expressing the fact that 0 = YOZ 
is a right angle. 

Let (x, y, z) and {x', y' , z') be the coordinates of the same point 
P relative to the two frames OXYZ and O^X^Y'Z', respectively. 
Let a, 0, 7 , a' be the direction angles of O'P with OX, OY, OZ, 
0'X\ Then by (1) and (2), 
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x' = O'P (JOS a = 0'P[aii cos a + ai 2 cos ^ + an cos 7 ] 
= an(x - 3 -o) + ai«{y - yo) + 013(2 - 20). 


Similarly, we find 

y' = a 2 i(.r -- Xo) + a 2 i{y — yo) + ass (2; — 2^0), 
z' = au{x — Xo) + az2{y — yo) + assiz ~ zo). 


By S(‘c. 4, these equations inay b(j combined into the single 
matric equation 


I 


y' 

z' 


ail 

ajs 

ai3 

ix 

— Xq 

a2i 

ass 

ass 


- yo 

0,31 

032 



- 2:0 


By tb(5 method used to deprive (4), we have 


(5) 


!x — Xo = anx' + asiy' + aziz\ 

y ^ yQ =z ai2x' + asst/' + as2Z% ( 6 ) 

z - zo = aux' + asst/' + 


It is easy to see that ( 6 ) is the inverse of (4). 

Consider two points Pi and Ps and an operation that carries 
Pi into Ps. This operation involves the concept of magnitude 
(the distance between the two points), and the concept of 
direction. These two characteristics are possessed by many 
physical quantities and are frequently represented by the 
geometric operation mentioned above. Such physical quantities 
are known as vector quantities. A vector quantity is said to be 
described when its magnitude and direction are specified. If 
one end point, say Pi, of the segment representing a vector 
quantity be chosen at random, then the other end point is 
definitely determined by the magnitude and direction of the 
segment representing the vector quantity. A ve(*tor quantity 
may be represented by any one of a system of equal, parallel, 
and similarly directed vector segments. The term vector is 
commonly used to denote either a physical vector quantity or 
its geometric representation. 

The magnitude and direction of the translation of Pi to Ps 
are commonly specified or represented by the projections of the 

directed segment P 1 P 2 on the coordinate axes. These projections 

of the same segment P 1 P 2 are of course different in different 
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reference frames. For example, if {xi, yi, 2i) and (xa, 2/2, ^2) 
are the coordinates of Pi and Pa, respectively, in the reference 

frame (F the representation of the segment P1P2 in this frame is 
{Xt - Xi, j/2 - 2/1, Zi - Zi). If (xj, y[, z[) and (xj, y'^, Zj) are 
the coordinates of Pi and Pa, respectively, in the frame then 

the representation of PiPa in frame ^F' is (xj — x[j 2/2 Vu 
— z[). As in (4) and (6), the two representations are related 
by 


X2 - x[ == aii(a:2 — Xi) + aiaC^a 2/0 + <^13(22 - Z\)y ] 

2/2 - y \ = 0 , 2 i { X 2 - ^1) + 022(2/2 - 2/0 + «28(22 - Zi ), V (7) 

22 - z[ = a8l(Xa - Xi) + a32(2/2 - 2/0 + « 8 s (22 - 2 O, ) 

and the inverse is 

X 2 — Xi = aii{x 2 - x[) + a 2 i{y 2 - 2/0 + ^siC^a - 2^0, ) 

2/3 - 2/1 = - ^0 + ^22(2/2 - 2/0 + 032(22 - z ' l ), > ( 8 ) 

22 - 21 = ai 3 (X 2 - x[) + 033(2/2 - 2/0 + 033(22 “ ) 

Suppose the measurement of a certain (physical, geometrical, 
or other) entity involves the determination of three numbers 
relative to a reference frame. Are these three numbers for a 
certain frame ^F the representation in frame ^ of a definite vector? 
In other words, is the quantity measured a vector quantity? 

Example 1. Let p(x, y, z) be the density of the gas at any point in a 
jet and let P be a point in the jet. For each frame we can determine 

three numbers, ~1 » ~1 1 — 
dx \p dy \p dz 

ponents of a vector? 

Example 2. Let us determine three numbers for each reference frame in 
the following way: Let 4> be a surface containing the point P, For each 
frame JF pass three planes through P parallel to the coordinate planes of JF 
and cutting 4> in three plane sections Ci, C 2 , Cj with curvatures iiCi, jfiTa, jfiia at 
P. Are the numbers Xi, Xa, Kz^ determined in this way for each frame ?F, 
the components of a vector? 

Example 8. Suppose rays of light (of a certain wave length) are radiating 
from a point P in a heterogeneous medium such that the velocities of the 
rays are different in different directions. For each frame JF we can determine 
three numbers Fi, Fa, F#, namely, the actual velocities of the rays in the 
directions of the three axes. Are these three numbers the components of a 
vector? 


• Are these three numbers the com- 
P 
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Example 4. Let Aty Bt, Ct denote the market values of the common stock 
of General Motors, Pennsylvania Railroad, and United States Steel at a 
fixed time t. Are these three numbers the components of a vector? 

It is evident that, if (Axy Ay^ Az) are three numbers determined 
for a quantity Q relative to frame it is always possible to 

construct, a directed line segment P 1 P 2 such that the measures 
of its projections on OX, OF, OZ are (A^y Ay^ Az). But for Q 
to be called a vector quantity, it is necessary that the numbers 
(i4', Ay, A'J, determined for Q relative to any other frame 51', 

be the me^asures of the projections of the same segment P 1 P 2 on 
O'X', O^F', O'Z'. 

It is seen that dp/dx, dp/dy^ dp/dz in Example 1 represent 
the vector quantity called the normal derivative of p in Sec. 22 
of Chap. I. On the other hand, the velocities Fi, F 2 , F 3 of the 
rays in Example 3 may be quite unrelated* in different frames, 
80 that Fi, F 2 , Fa do not represent a vector. In Example 
4, At, Bty Ct do not represent a vector since they are not nn^asured 
relative to any three-dimensional frame 5?. We leave it to the 
student to answer the question in Example 2. 

We shall now put the preceding criterion in analytic form. 

— ^ 

Suppose a quantity is represented by a line segment P 1 P 2 with 
projections on the axes of 5F of measures {Ax, Ay, Az). Then 

Ax = X2 — xi, Ay ^ y2 — yi, Az = 22 - Zi] 

— ^ 

if the quantity represented by P 1 P 2 is a vector quantity, then 

A', A'y, Az must be the measures of the projections of P 1 P 2 on the 
axes of ff', that is, if the quantity is a vector quantity, then it 
must be the case that 

= xi - x[, = 2/2 2/i, M ~ z'l, 

where by (7) and (8), 

- 4 ' =* aiiAx + a^Ay + clibAs, ^ 

A'y = a2i-4* + a22Ay + a2BAzy > (9) 

Ag = asiAx + as2-4y + asBAg, j 

* Consider the case where P is on the bounding surface between a crystal 
of Iceland spar and a solution of sugar in water in a magnetic field. 
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and 

Ax = dwAx + Cl2\Ay + ^ 31 ^ 4 ', \ 

Ay ~ ai2-4' + (i2‘2.Ay + n32^4r, > (10) 

Az — (lizAx “f“ 0^23-4' + 033^4 2 . ) 

These relations enable us to lay down 

Definition 9.1. //, in any manner whatever, a set of three 

numbers {Ax, Ay, Az) is determined for each frame fv, then these 
numbers are said to represent a vector A, provided that, Ay, A'f) 

being the set of numbers determined for any other frame the two 
sets {Ax, Ay, Az) and (.4', .4', A'f) are related by (i)) and (10), 
where the numbers ay are the coefficients in the transformation (4) 
connecting ^ and 3^'. 

Here A denotes the vector itself, and not any |>artieular 
representation of it. Another interpretation of this symbol A 
is that A represents all possible representations of the vector, any 
two of the representations in Cartesian frames being comK‘ct(Hl 
with each other by Eqs. (9) and (10). We shall call A^, Ay, Az 
the components of the vector A in frame iF. 

A convenient notation for the relation (9) is (see S(m*. 4) 

{ A'jc\ ail ai2 ciu\{ Ax^ 

A' > = a 2 i 022 a 23 <Ay^« or lA'|=(tfAj. (11) 

I A' ) as] «32 aas Ag J 

It is essential to realize that those properties of ve(‘tors that 
are of importance are principally those which are essentially 
independent of the particular representation used. Thus, the 

common length of the representative segments PiPi of a ve(?tor 
A is quite independent of the particular reference frame used. 
This length A has the value 

A = +VAl+~AfV:Al (12) 

in the frame SF, and the value A' = + A'^ + A 2 ^ in 

the frame JF'. That A = A', or 

Al + Ay + A^ = A'^ + A'^ + A'^ (13) 

is easily shown from Eqs. (3) and (9). 

We shall call the length A of the vector A the magnitude of A, 
A quantity, such as A, which is independent of the reference 
frame used, is known as an invariant or scalar quantity. 
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Lot A and B be two vector quantities. These vectors A and B, 
while th(»y perhaps arise from different physical or mathematical 
situations and consequently are not necessarily the same vectors, 
are said to be equal when they have the same rei)reHentative 
s(igments, or when any repivsentative segment of the first is 
equal, parallel, and similarly directed to any repnisentative 
segmt'iit of the second. Thus, we say that A is equal to B if, 
in frain*^ a, Ax = B^y Ay — By, and Az ~ Bz. Equations (9) 
then show that, in frame .4' — ii', .4' == i?', and .4' = 
i.e., if two vectors have identical representations in any frame 
they have identical representations in any other frame fF', and the 
two vectors are said to he equal. Thus, th(* equality of two vectors 
as defiuf'd above is another examph^ of a relationship between 
two ve(*.tors which is independ(‘nt of th(' franu* used. 

10, Vector Algebra. We shall now dev(4oy) the laws of vectors. 

Product of a Vector by a Scalar. L(d A be an arbitrary vector 
whose components with reference to frame {F are (.4;,, Ay, Az) 
and whor^e (*omponents with reference to frame 5' are (/I A^, .4'). 
Let m b(' a n‘al number, i.e., the measure of any scalar (quantity. 
Multiply (‘ach equation in (9) by 7n. It is now evidemt that the 
set of numbers {7nAx, mAy, mAf) transforms by (9) of Se(‘. 9 
into the s(d (m.4', mAy, m.4'). Hence those two sets of numbers 
are the representations (in frames and fF') of a vendor. We 
shall denote this vector by mA or Am and w^e shall call ink the 
product of the vector A by the scalar m. The magnitude of 
mk is e(|ual to |m| times the magnitude of A, where |m| is the 
numerical value of m. If m 0, any representative segment 
of th(' vector mk is parallel to any representative segment of A, 
the two s(^gnients being similarly directed in case in > 0, and 
oppositely directed if m < 0. If in = 0, mk has components 
(0, 0, 0) in every frame, and is independent of A. Sin(*e the 
magnitude of (0)A is zero, (0)A does not possess direedion. We 
call this vector, whose components with reference to any frame 
are (0, 0, 0), the zero vector, and we shall denote it by O. 

It is easy to show that if m and n are any two scalar quantities, 
and if A is any arbitrary vector, 

mk + nk = (m + n)k, (1) 

Sum and Difference of two Vectors. Consider two vectors A 
and B, with components (/!*, Ay, Az) and (5^, By, Bz) with refer- 
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ence to a frame and components (^4', Ay, A'^) and (5', B', B[) 
in frame (F'. Construct the algebraic sums (4* + fi*, Ay + By, 
-4, + Bg) and (4' + B', 4' + By, 4' + Bi). Since these two 
sets of numbers satisfy (9) of Sec. 9, these sets are 
the representations of a vector which we shall 
denote by A + B. 

One method for finding a representative seg- 
ment of A + B is to choose the initial point of a 
representative segment of B as the end point of 
a representative segment of A, so that the segment 
from the initial point of the segment representing 
A to the end point of the segment representing B is 
the representative segment of A + B (see Fig. 182). 

Since 



Ax + Bx = Bx + 4x, 4,/ 4" By = By + 4y, 4« + B* = B^ + 4*, 
it follows that addition of vectors is commutative, i.e., 

A 4” B == B 4“ A. (2) 

We define — B to be ( — 1)B, and we define the difference A — B 
by the relation 

A-B = A + (~B). 


Thus, to construct a representative segment of A — B, con- 


B by reversing the direction 



Fig. 183. 


struct a representative segment of 
of the representative segment of 
B and then add according to the 
method given above. 

Evidently, if two adjacent sides 
of a parallelogram represent vec- 
tors A and B, one diagonal represents the sum, and the other, the 
difference of A and B. 

Care must be taken in applying the above theory of vectors 
to physical problems, for even though a physical quantity may 
have magnitude and direction it may not be a vector, and it does 
not follow that the laws of composition of vectors are isomorphic 
with the laws of the physical quantities at hand. Moreover, 
even though the laws for compounding the physical quantities 
are consistent with those for compounding vectors, it does not 
necessarily follow that the physical quantity is fully described 
by a magnitude and direction. Examples illustrating these 
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possibilities abound in the literature, notable cases appearing in 
the study of the rotation of rigid bodies. 

Unit Vectors. A unit vector is a vector whose magnitude is 
unity. Associated with any cartesian frame there is a particu- 
lar set of unit vectors of great utility. These fundamental unit 
vectors have their representative segments along the three coordi- 
nate axes; in frame ^ they have representations (1, 0, 0), (0, 1, 0), 
(0, 0, 1), and are commonly denoted by i, j, k, respectively. 

If A is an arbitrary vector whose representation in frame ^ 
is (Ax, Ay^ Az)j then 

(Ax, Ay, Az) = Ax(l, 0, 0) 

-f A,(0, 1, 0) + Ax(0, 0, 1) (3) 

where Ax(l, 0, 0) = (Ax, 0, 0), • • • . 

Hence we may write 

A == Axi + Ayj + Axk. (4) 

Scalar Product of Two Vectors. Let A 
and B be two arbitrary vectors. With 
reference to frame $1, the direction cosines 
of any representative segments of the two vectors A and B with 
respect to the x, y, and 2 :-axes are {Ax! A, Ay! A, Azj A) and {Bx/B, 
By/B, Bz/B), respectively. If B is the angle between any pair 
of representative segments of A and B, then by (2) of Sec. 9, 

AxBx + AyBy + AzBz 

cos e = , 

SO that 

AB cos 6 = AxBx ”f" AyBy -t- AzBz» (5) 

From equations (9) and (3) of Sec. 9, we can prove that 

A;b; + AiJ5' + A[B[ = AxBx + AyBy + AzBz. (6) 

Hence the value of the expression (5) is invariant, that is, is 
independent of the reference frame ^ used. This number, 
AB cos 6, is called the scalar (or dot) product of the vectors A and B, 
and is commonly denoted by A • B, so that 

A • B = AB cos 6 = AxBx + AyBy + AzBz (7) 




(Ax, Ay, Az) 
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It is an immediate consequence of (7) that the scalar product 
of two vectors obeys tlie commutative law: 

A • B = B . A. (8) 

From (7) it follows that 

A • A = A- = cos 0 — A^. (9) 

In other words, the scalar prodru^t of A by itself is equal to the 
square of its magnitude. 

Since, for any reference frame CF, 

A • (B + C) = AAB. + C.) + Ay(B, + C,) + A^B, + C.) 

= (AxBx + AyBy + AzBz) + {AxCx + AyC y + A zC ^ 

- (A.B) + (A.C), (10) 

we see that the scalar product also obeys the distributive law. 

If A • B == A5 cos ^ = 0, then at least one of the vectors is 
zero, or else the vectors have perpendicular representative seg- 
ments. In this latter case we shall say that th6 vectors are 
perpendicular. Hence a necessary and sufficient condition that 
two nonzero vectors be 'perpendicular is that their scalar product he 
zero. It is evident that 

i . j = j . i = 0, j • k = k • j = 0, i • k = k • i = 0, (11) 

since, for example, i - j = (1)(0) + (0)(1) + (0)(0) = 0 by (7). 
We shall now prove 

Theorem 10.1. If a set of three numbers (Ax^ Ay, Az) is deter- 
mined for each reference frame 3", if B is an arbitrary vector with 
representation {Bxy By, Bz) in ^5, and if AxBx + AyBy + A.Bz has 
the same value for every frame 5F, then {Ax, Ay, Az) is the representa- 
tion in o/ a vector A. 

To prove the theorem we must show that (9) of Sec. 9 holds 
for any two frames and Let B^^^ be the vector whose 
representation in is (1, 0, 0). By (10) of Sec. 9 the representa- 
tion in of B^^^ is (an, au, an), and by hypothesis, 

= (1)A* + {0)Ay -}- (O)A^ = anAx + anAy + anA^,. 

Similarly, with the aid of the vectors B^^) ges) whose rep- 
resentations in 9F' are (0, 1, 0) and (0, 0, 1), we find that 


Ay = a2iAa; + a22Aj, + dnAz, 

== usiA* + aszAy + assA,. 
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Hence Ay, Az) and (A', Ay, ^4') are related by (9), and 
{Ax, Ay, As) is the representation in of a vector A. 

Vector Product of Two Vectors, Let A and B be two arbitrary 
vectors which have neither the same nor opposite directions, i.e., 
such that Ax'^AyiAz 9^ BxiByiBz in every frame At any 
point P construct the representation 
se‘^’ments for A and B. These seg- 
ments determine a jdane M. If C is 
any vector perpendicular to the 
I)lane of A and B, then the scalar 
prodiK^t of C with A, and with B, 
must h(* zero, i.e., 


\AxB 




B 


P A 
M 

Fig. 185 . 


C * A = CzA z + CyAy + CzAz — 0, 

C • B = CzBx + CyBy + CzBz = 0, 

where (A*, Ay, Az), {Bzj By, Bf), (Cx, Cy, Cf) are the representa- 
tions of A, B, C in any frame Solving for Cz, Cy, Cz, we find 

that 

Cz = HAyBz - AzBy), 

Cy = k{AzBz - AzBz), ( 12 ) 

Cz = k{AzBy - AyBz), 


where k is a constant of proportionality. By hypothesis, the 
coefficients of k are not all zero. By (12) of Sec. 9, 

C2 = CI + Cl + Cl = P^Al + A^ + Al){Bl + Bl + Bl) 

— {AzBx + AyBy + AzBz)“] 


= k'^V-B'^ - (A B cos 0)2] = k^A^BH^siiV^ 0), 
where we take 6 as the smaller angle from A to B. Hence 

C = ±kAB sin 0. (13) 


Since the magnitudes of A, B, C, and the angle 0 between A 
and B, are independent of the reference frame 9", it follows that 
k is independent of Let us determine C by taking fc == -fl in 
(12). Hence the representation of C in is 

Cz — AyBz AzBy, 

Cy = AzBz ~ AzBz, (14) 

Cz = AzBy- AyBr, 

In the particular frame such that the representation of A is 
(A, 0, 0) and of B is (J? cos 0, B sin 0, 0) with 0 < 0 < ISO"", 
it follows from (14" ' hat Cz^ Cy^ 0, C. - AB sin 0 > 0. 
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Hence A, B, C, form a right-hand system when A is rotated 
through the smaller angle 6 to B. Since C, in ^F' is the magnitude 
Cy (13) reduces to 

C = AB sin 6, (16) 

The vector C is called the vector product of A and B and is 
denoted by the symbol A X B. Using the unit vectors j, k in 
frame JF, we have by (14) 

C = A X B 

= {AyBt AxBy)i + {AgBx AxBt)j -|- (AxBy AyBx)i^ 

i j k 

= Ax Ay Ax^ (16) 

Bx By Bx 

In case the angle 6 between the segments representing vectors 
A and B is 0° or 180°, we define the vector product of A and B to 
be the zero vector. As particular instances of (16), we have 

i j k 

iXj=l 0 0=k, jXk = i, kXi = j. (17) 

0 1 0 

It follows from (16) that 

A X B = -B X A, (18) 

which shows that the vector product is not com- 
mutative. Moreover, it follows from (16) that the 
distributive law holds, i.e., 

AX(B + C)=AXB + AXC, (19) 

and 

(A + B) X (C -f- D) 

= AXC + AXD-fBXC + BxD. (20) 

From (14) we find that the magnitude C of the vector product 
C = A X B is equal to 

C ^ AB am 0^ [(AyBx ~ AxBy^ + (AxBx - AxBx)^ 

+ (AxBy ^ AyBx^]^. ( 21 ) 

This magnitude C may be interpreted as the area of a paral- 
lelogram whose coterminal edges are representative segments 
of A and B. 



Fig. 186 . 
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If i, j, k be in frame iT, then the representations of i, j, k in 
frame SJ' are, by (9) of Sec. 9 , 


(ttli, (l2\j (Xzi), (®12, 0,22j <'^32), (<^13, ^23, 

Let i', j', k' be the fundamental unit ve(‘t()rs for frame o'. 
Then the representation of the vector i)r()duct j X k = i in 
frame yields 


j X k = iai 2 

|tti 3 

^22 ^l 32 

023 0^33 


1 — 


y 

022 

023 
012 
(In 


k' 

0321 

033I 

032 

033 


' + 


0]2 

Ol 3 


CI22 

O23 


k'. 


( 22 ) 


But the n'presentation of i in is (on, O21, Osj), so that 


|0'22 

0'A2 

1^12 

O32] 

O12 

O22 

|o23 

O33I 

, 02] = ”j 

Ol3 

, asi - 

03.h[ 

On 

O23 


. ( 23 ) 


These fundanKMital relationships amonj^ the direction cosines 
8upplem(‘iit thos(‘ pveii in ( 3 ) of Set*. 9 . Similar equatioii^ may 
be found for (012, 022, O32) and (ai3, O23, 0.33). 

If we interchange the fram(‘s JT and fV', wo find that 


Oil 


Iff.,., 

0.23 

]02 1 

, O 12 = — 

023| 

, (In ^ 

O 21 

022 ! 

\a<i2 

O 33 

i«31 

O 33 I 

O 31 

O.i-il 


( 24 ) 


Similar equations may be found for (021, O22, O23) and (031, o.t^. 033). 

By ( 23 ) together with the oth(T six similar relationshi}rs aTiiong 
the nine direction cosines, we may verify that the set of three 
numbers (AyB^ — AzBf/i AzBx — AxBz^ A^By — AyBx) i.^^ t he repre- 
sentation in fram(‘ jT of a vector. For, from ( 9 ) of Sec. 9 and the 
corresponding (apiations in Bx, By, Bz, 

AyBg — A'gBy — (022O33 — (iz 20 - 2 ^{AyBz — AzBy) 

+ (023O31 azza 2 ^{AzBx — 

+ (021O32 az\a2^{AxBy — AyBx). 


By ( 23 ) and other similar relations, we have 

A^yB^g kb;, = (uMyBz - AzBy) + an{AzBx - A^Bz) 

+ QlwiAxBy — AyB^. 


SimilaT expressions can be found for 

KBl - Kffg and A^B; - A^B^, 
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from which we see that the three numbers under consideration 
actually satisfy the requirements of (9) of Sec. 9, that they be a 
representation of a vector in frame JF. 

The Scalar Triple Product. Let A, B, and C be three vectors. 
The scalar quantity 


A • (B X C) = (Aii + + j4ik) • 

Ax Ay Ax 

= Bi By B, = 

Cx Cy C. 


B. 

Cy 

Ax 

Ay 

Ax 


j 

By 

Cy 

By 

By 

B. 


k 

By 

Cy 

Cy 

Cy 

C. 


(25) 


is called the scalar triple product of A, B, and C. 

It is seen that A • (B X C) is independent of the reference 
frame, i.e., 


A'y 

B'y 

Cy 


Ay 

By 

Cy 

A'y 

B'y 

Cy 

= 

Ay 

By 

Cy 

a: 

B'y 

c. 


Ay 

By 

Cy 


A particularly short proof is as follows: From the equations (9) 
of Sec. 9 for A, B, and C, construct the product matrix 


A'y 

B'y 

Cy 


an 

ai 2 

an 

Ax 

By 

Cxi 

Ai 

B’y 

Cl 

= 

a 2 i 

^22 

^23 

Ay 

By 

Cy 

a: 

B'y 

c. 


au 

az 2 

azz 

Ay 

By 

Cy 


Since the determinant of the left-hand side of (27) is equal to 
the product of the determinants of the right-hand side, and the 
determinant of O is 1, we have (26). 

It is readily shown from (25) that 

A . (B X C) = B . (C X A) = C . (A X B) = (A X B) • C 

= (B X C) . A = (C X A) . B, (28) 

A . (B X C) = -A • (C X B), • • • , 

and 

A . (B X C) = A • [B X (C -b mA -b nB)]. 


By (28), the positions of the dot, cro.ss, and letters is immaterial 
so long as the cyclic order of the letters is preserved. Hence we 
shall denote each member of (28) by 

[A, B, C] = [B, C, A] = [C, A, B]. 
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The triple product A • (B X C) may be interpreted as the 
volume of a parallelepiped whose coterminal edges are repre- 
sentative segments of A, B, and C, respectively. The truth 
of this is immediately evident when one writes 

A • (B X C) = A {BC sin 6) cos <p 

by (15) and (8), noting that BC sin B is the 
area of the base and A cos <p is the altitude. 

The Vector Triple Product. The vector pro- 
duct A X (B X C) is called the vector triple pro- 
duct. The following relationships may be proved 
readily: 



Fig. 187. 


A X (B X C) = (A . C)B ~ (A • B)C. (29) 

A X (B X C) + B X (C X A) + C X (A X B) = 0. (30) 

A X (B X C) = (C X B) X A. (31) 

EXERCISES Vm 


1. Show that Kqs. (3) of Sec. 9 may be concisely written by means of 
the equations (XOF == I and a^a = I. For example, 


Ull 

U 21 

U 12 

022 

(In 

a 23 


Ciri 

dn 


On 

021 

O31 


(ll2 

OI 8 


1 

0 

0 

O 22 

O 23 

= 

0 

1 

0 

(lZ2 

083 


0 

0 

1 


Also, prove that the determinant of (i is 1. 

2. If A is a unit vector, give a geometric interpretation to A * B. 

3. Prove (17), (18), (19), (20) of Sec. 10. 

4. Derive the twelve other relations analogous to (23) and (24) of Sec. 10. 

6. Find the x-j y-, and ^-components of the representation of the vector 

A X (B X C) in frame df. 

6. Prove relations (29), (30), (31), using unit vectors i, j, k. 

7. Prove: A X (B X C) is a vector in the plane of B and C. Hence it 
is a linear combination of B and C. 


8. Given: A =» 3i + 20j — 15k, 
B = 2i + 5k, 


Compute: 


(a) A -f B. 

(c) A • B, A • A = A*. 

(e) A • C - B • C. 

(g) A X C - C X B. 

(i) A X (B X (C X D)). 


ns 


C = 7i + llj - 2k, 
D = i - 4j - 7k. 


(b) A + C - D. 

(d) A X B. 

(f) A X B + B X A. 
(h) A X (B + C). 

G) A- (B XC). 


0) 


A X C 
A- A 


X A. 


(m) Find the cosine of the angle between A and B; A and C. 
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9. Given r == ke^ + Be ^ whcjre A and B are fixed vectors and t is a 
variable parameter, (a) P'ind dx/dt. (b) Provo that dHjdC — r. 

10. If A, B, C are the position vectors of the vertices of a triangle, show 
that t})e position vector of the point of intersection of tlu^ medians is 
MA +B -f C). 

1 1 . Let A, B, C bo the vector sides of a triangle so directed that C = A — B. 
Deduct' the law of cosines from the identity C • C = (A — B) • (A — B), 

12. Show that a necessary and sufficient condition that the v^ectors A, B, C 
be coplanar is that A • (B X C) =0. 

13. Show that the volume of the tetrahedron with vertices at (0, 0, 0), 
{Xi. yi, Zi), (xo, 2/2- 22 ), {X'i, T/a, Zz) is 


Xi 

?/i 

Z\ 

V = lx. 

7/2 

z. 

Xs 

!hi 

Z\\ 


M. Let A and B be adjactait vector sides of a parallelogram. Show that 
the sum of the squares of the diagonals is equal to the sum of the scpiares of 
the sid('s, 

15. VI hy is it that division of two vectors is not defined? 

1(J. Prove that if nt and n are scalar quantities 

A X (B -f mk) = A X B - (A -b 7/.B) X B. 

17. Three vectors A, B, C are calhal linearly dependent if th(U'(‘ exist three 
numbers x, 7/, z, not all zero, such that 

xA + ?/B + - 0. 

(a) Show that a necessary and sufficic'iit condition that three vectors he 
linearly dependent is that they be coplanar. 

(hj Show that the vectors i — j, j — k, k — i are cojdanar. 

18. I^^t 0 be a fixed point of a rigid body, and let a force F b(‘ applical to the 

body at the point P whose position vector OP — r. Show that the torque T 
resulting from F is given by the relation T = r X F. 

19. (a) Show that the vector equation of the straight line through the 
point with position vector a and parallel to the vector bis r = a + where 
It is a real parameter. 

(b) Show that the vector equation of the straight line through the points 
with position vectors a and b is r “ a + a(b — a) = b 4- r(a — b), where 
u and V are real parameters. 

(c) Show the points with position vectors a, b, c are collinear if and only 
if a ~ b, b — c are linearly dependent (see Ex. 17.) 

20. Show that the vector equation of the plane determined by the given 
conditions is as indicated : 

(a) Through the point with position vector a, and parallel to b and c: 
r = a 4* 7/b 4- vc, 

(b) Through 'the points with position vectors a, b, c: 


r =» a 4 - w(b — a) 4“ v(c — a). 
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Express this relation in other forms. 

(c) Through the point with position vector a and perpendicular to a: 
(r — a) • a = 0. 

(d) Show that the points with position vectors a, b, c, d are coplatiar if 
and only if a — b, b — c, c — d are linearly dependent. 

>41. Vector Fields, If with each point of a region of spaee 
/{here is associated a definite vector A, we have what is known as 
a vector field. Examples in physics of vector fields are abundant. 
Thus, at each point in the atmosphere of the earth we can asso- 
ciate a vector representing the velocity of wind; at each point of 
an electrostatic fi(;ld we can associate a vector representiLig the 
force acting on a unit charge at the point ; etc. 

In a vector field, tlie components (Ax, ^4^) (relative* to any 
frame il) of the vector A associated with a point P in tliat field 
are functions of the coordinates (x, y, z) of the point P. A vector 
field is said to be continuous when (Ax, Ay, Az) are conf iniious 
functions of (x, y, z) at every point of the field. Th(^ vector 
field is said to be differentiable if each of the derivatives in the 
array 


dA^ 

H 

dAx 

dx 

dy 

"~dz~ 

dAy 

d^ 


dx 

dy 

dz 

dA^ 

dA^ 

dAz 

dx 

dy 

'~dz' 


exists at all points of the field. In general, we shall confine our- 
selves to vector fields which are continuous and differentiable (to 
any order), unless we specifically state otherwise. 

If 0 is a curve in a vector field such that, at each point P on 
the curve, the associated vector A at P has the direction of the 
tangent to the curve, then 0 is called a vector line of the field. 
The vector lines of a field may be obtained by integrating the 
equations (see Sec. 22 of Chap. Ill) 


Recall from Sec. 23 of Chap. I that a scalar point function 
^(P) is a function whose value at any point P is independent of 
the particular frame of reference used. Let (x, y, z) and (x\ y\ 2 ') 
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denote the coordinates of P in frames SF and SF', respectively. 
If ip{x, y, z) represents this function in 3^ and if y', «') 

represents this function in then the functions y, z) and 
y', 2 ') are such that 

y', 2 ') = ip{x, y, 2 ;). (3) 

Differentiating (3), we find that 


^ — 4 - ^ - 4 - — a') 

dx' dxjy,zdx' dyjx,zdx' dz / x.ydx'* ^ 

where by (6) of Sec. 9, dx/dx' = an, dy/dx' == a^y dz/dx' = an. 
Similar relations can be found for d<p'/dy\ d<p' /dz' , We then have 


Idv'^ 

i i 


ail 

ai2 

a>iz 

) V* 

)dy'{ 


^21 

a22 

a23 

1 V ' 
\dz' j 

r 

o>n 

az2 

a>zz 


dip 

dx 

dip 

dz 


(40 


Comparing this equation with (9) of Sec. 9, we see that 
(dipIdXy dipfdy, dip/dz) is the representation in (F of a vector. 
This vector is known as the gradient of the scalar point function 
4>, and is commonly written grad 4>. (See Sec. 22, Chap. 1.) 
The square of the magnitude of grad is a scalar denoted by 
Ai4>, and with reference to frame $F is given by 


By (14) of Sec. 9 and by Ex. XIX, 36 of Chap. I, we see that Ai4> 
is an invarianty i.e., 


The operator denoted by Ai, and whose representation in 
frame 7 is 

where {d/dxY operating on means (d<p/5a:)*, is called the yir«< 
differential operator. 
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It follows directly from (9) of Sec. 9 that the set of differentials 
(dx, dy, dz) is the representation in of a vector. Likewise, if a 
curve C is given in the parametric form x = x(s), y = ?/(«), 
z = 2(5), when s is arc length along C, then {dx/ds, dy/ds, dz/ds) 
is the representation in SI of a unit vector t in the direction of C 
at the point (x, y, z) on C. 

Consider the family of surfaces 0(x, y, z) = k. Then 
= 0 = (d<l>/dx) dx + (d(l>/dy) dy + {d4>/dz) dz. 

Let (x, 2 /, be the coordinates of a point P on one of the surfaces 
S of the family. Then (dx, dy^ dz) is the ^ 


idx, dy, dz) 



Fig. 188 . 


representation of an arbitrary vector in 
the tangent plane to S at P. Evidently 
d<l> is the scalar product of the vectors 

(d<l>/dXj d<t>/dy, d<l}/dz) = grad (j) 

and (dx, dy, dz). Since this product is 
zero, it follows that grad <t) at any point 
P is normal to that surface of the family <t>{x, y, z) = k which 
passes through P, and grad <l> is directed toward the side of the 
surface on which <l> is increasing. 

The directional derivative of in an arbitrary direction t is 

ds 


d<l) dx . d<t> dy . d<l> dz 
dx ds dy ds dz ds 




(7) 


where Z, m, n are the direction cosines of the unit tangent vector t 
at (x, y, z). Thus d<t>/ds is the component of grad in the 
direction t. The maximum value of the directional derivative 
of at any point is known as the normal derivative of <l> at the 
point; by (7), this maximum value is attained when t is taken 
in the direction of grad 0, and this maximum value is 


= magnitude of grad </> = +\/ Ai^. (8) 

an 

Thus, the directional derivative at {x, y, z) has a maximum value 
when « is measured normal to the surface of the family 

y,z) = k 

at (x, y, z). The normal is directed in the sense in which 
increases. If ^ is the angle between this normal and the direction 
a, then by (7), 
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d(t) d<t) . 

* = s; "■ 


( 9 ) 


JDji^fe'rgence of a Vecto 7 \ Assoriatod with any vector field A is 
a scalar point function whose representation in tF is 

dx dy dz 

known as the dmrgence of A, and denoted by div A (s(‘(' S(h'. 20 , 
Chap. ID: 


1. . d.lx , d/1,, dA, 

div A = -- - + — h - 

dx dy dz 


( 10 ) 


\V(‘ shall show th(' invariant character' of div A by showing that 
for any two franu's fF and tT-', 


d/ 1 ' d/ 1 ' dA' ^ d/ 1 ^ 4 . 

d? ~dj/ ^dz' dx dy dz 


(ID 


Now from ( 9 ) of S(‘c, 9 and ( 4 ), 

dA' d , . , . . 

(n 11 A x + 1 2 A y + a 13 A z) 

dx dx 


)(aiiA3^ + d.nAy + ai;iA«) 


_ ( dx d , dy d , dz d\. 

\d.r' dx dx' dy dx' dz / 

— (<hr ,~ — h ni2T — h Ui 3 -^ /(aiiAx + ni2A^ + aisd^) 

\ dx dy dz / 

■'•(d+t) 

<d+d)+“-<f + 1 ') 


. < 5.4 X . o < 5.1 V , 2 ^. 4 , 

<^u-J-+<n.-j,-+aU-j + aua, 


(I2J 


+ nn«i 


(In the second stej) the usual ord(‘r of the factors has Imni 
inverted.) Similar expressions can also b(‘ found for dA'yjdy' 
and dADd. 3 :'. Upon adding these results and simplifying by ( 3 ) 
of Sec. 9 . we obtain ( 11 ). 

e shall denote by V tin* ve(‘tor operator whose rej)resentation 
in frame is (d/dx, d/dy, djdz). For example, in frame fF, 


grad ^ ^ 


/. d . .d . , d 
(i-i/ + + k 


T • V<p = vv 


= ( 


dx 

d 


'dy 


1;^ b — h 

dx dy dz 

— 4. 4. 


:^'p = j 


d<P , .d<f> .d<p 

dx “d2 ’ 


'dij 


) 


( 13 ) 

( 14 ) 
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(± a A 

\dx dy dz) 


dip 

dx , 

* dp I 

^?yj 

dz 


dV 

dx'^ 


d'^p 

dlf 


d'^p 

dz^ 


If A = grad </>, where </> is a scalar point function, then 
div A = div grad ct> — V • grad <t> = V“</) 


d‘^<l> d’^<i) , 

dx^ di/ dz- 


( 15 ) 


The representation of the vector A in ^ is (d<t>/dx, dcp/dy, d<l>/dz). 
By (11), dAx/dx + dAyjdy + dA,/dz is a s(‘alar point function. 
Since Ax = d<l)/dx, • • • , >4' = d(i)'ldx', * * * , we have from 
( 11 ) 

4_ _L. 

ar^ 


d"4>' , d‘^(j)' , d'^(l>' 

d7 ^ “^^72+ 0^2 


(16) 


This scalar point function V-(t> is known as the Laplacian (or 
second differential 'parameter) of </> and in ^ is denoted by 
A 20 = d‘^4>/dx‘^ + d‘^4>/dy^ + d-<t>ldz’^. The operator Ao = div grad 
is called the Laplacian operator. If ^ is any s(*alar point 
function, then 

div (^ A) = V ^A = div A + A • grad (17) 

Let (i4x, Ayy Az) be the components of a vector A in frame 3". 
We shall show that (A 2 AX, A2.4y, A2i4«) are the components in fl of 
a vector which we shall denote by A 2 A. Suppose (^4', .4', .4') 
is the representation of A in any other frame 3"'. Then by (9) 
of Sec. 9, 

A' = auAx + aizAy + anAzj * • * . 

d*^ d^ d^ • 

Let Ai s — r- -f + --y-* From the invariant character of A^ 
dx^ dy^ dz^ 

as shown in (16), AjA' == A2-4'. (See Ex. IX, 9.) Hence 

AJA' = A2Ai = Ai(aiiAa; + ai2Ay + aisA*) 


= aiiA2Aa; “f" a\^dL%Ay *4- ai8A2A2, 
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In other words, 

! A2i4i ^ dll ai2 cti3 i A 2 A* ^ 

AjA' > = 021 ^22 ^23 < A 2 AV ?. (18) 

AjA^ / O31 O32 Ct83 ( A2A^ / 

This shows that A 2 A is a vector. 

Curl of a Vector, We define the curl of a vector field A to be 

curl A - V X A. (19) 

It can be shown that curl A is a vector. In frame JF, the compo- 
nents of curl A are (see Sec. 21 of Chap. II), 

/ _ aA* \ 

\ dz/ ^ 2 : ^ dz dx ^ dx dy ) 

The representation of curl A in {F is frequently written in the 
form 


i j k 

AAA 

dx dy dz 

A* Ay Ai 


(190 


For some purposes it is convenient to denote the x, y^ and z compo- 
nents of curl A by curl* A, curly A, and curb A. (Many writers 
use the notation rot A for curl A.) 

We define 0 , to be matrix operators whose representations 
in frame $F are given by 



0 

d 

dz 

d 



.0 

0 

e s 

d 

dz 

0 

d 

dx 

7 W S 

0 

T* 

0 


1 

dx 

0 


0 

0 

V* 


d2 d2 d2 

dx^ dx dy dx dz 
d^ d® d^ 

dy dx dy^ dy dz 

d2 Q2 ^2 

dz dx dz dy dz^ 
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Writing A in frame as a column array {A} and using the 
row-by-column rule for the product, it is easy to see that curl A 
may be written in the form 


curl A = 0{A}, 


that is, 


curl* A 


curl A == / curly A 


curl* A 


— A 

dx j I 
0 A, 


Also, it is clear from (18), that A 2 A may be written in the form 

A 2 A = ^rlA}, (22) 

that is, in the form 


( AiAt ) 


0 

0 

( A A 


= 0 

V® 

0 

< Ay} 

( AiA, ) 

0 

0 


{aj 


It is an immediate consequence of these definitions that 

curl grad <t> = 0, div curl A = 0. (23) 


For example, by (21'), we have 

0 —A A I ^ 

dz dy I dx 

^ Q ^ I ^ 

dz dx j dy 

A A 0 / ^ 

dy dx y dz 

I + /o\ 

I d^dy J ^ dy\dz J j I j 

l/i±) + 0 - ? = < 0 >. ( 24 ) 

j d2\ax/^ ^dz/l j { 

I _ + + (0) 

I dy\dx / dx\dy } I \ I 
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We shall leave it to the student to prove div curl A = 0. 

The gradient of the divergcuiee of a vector field A may be com- 
puted from the definitions given. The result may readily be 
seen to be written in the form, for frame 


grad div A = <>{A}, (25) 

that is, as 



d2 

d- 

02 

1 A \ 


dx'^ 

dx dy 

dx dz 

1 j 

grad div A = 

d- 

dy dx 

d- 

dy- 

02 

dy dz 

\ -d 2/ / 


02 

d- 

02 

1 F 


dz dx 

dz dy 

dz- 

\ / 


! dh\^ d-A, \ 

dx'^ dx dy dx dz I 

4. 4. ( 

dy dx dy- dy dz ^ 

d\]-^ d^A,, ^ 1 , \ 

dz dx dz dy dz^ J 


From (20), we find upon multiplying the matrix operators that 
00 = 0- = - 'I", for 


82 


0 


dz 


d 

dz 

-1 

dy 

d- 

‘dz- 


™ 0 

dx 

- ^ 
dy- 

d\ 

dx dy 
dx dz 


d 

dy 

dx 


0 


0 


dz 

dy 
d-__ 
dy dx 

dz- dx- 
d\ 
dy dz 


d 

dz 

0 

dx 


d 

dx 

0 


dz dx 
d- 

dz dy 
dy- ~dx^ 


(27) 


1 d- d'^ 

d^ 1 


tt2 

0 

0 

dx- dx dy dx dz\ 


V 

d- 

d^ 


0 


0 

dy dx dy^ 

dy dz 


V 

d- d^ 

d^ 


0 

0 

T72 

dz dx dz dy 

dz^ 


V 
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The curl of the curl of a vector field may be found quite simply, 
using the relations developed above: 

curlcurlA = oelAj = e^A) = - 'F)|A} = - W{A} 

= grad div A — v^A. 

From (21') if </> be any scalar point function, we find 



EXERCISES IX 

1. Given the scalar point function ^ -h -j- 

(a) Find the directional derivative of <p in the direction of th(‘ vector 
^i 4- 2/ j + zk at the point (a:o, 2/o, ^o). (h) Find grad at (xo, ?/o, ^o). (c) 

Find div grad <p, (d) If A = 3i 4- 20j — 15k, find V • (<pA). (e) If 

B = 3.ri 4- 20// j — I52:k, 

tind V • (^Bj. 

2. Repeat Ex. 1 when (a) <p — xyz. (b) ^ = .r^ 4~ 2/^ 4- (c) 

V? = log ix^ 4- 2/^ 4- z^). 

3. Given A = 3x2/ i 4- 2^yz^ j — JTyxz k, B = i — sin y j 4- c*k, and a 

point function <p = — xz. Find 

(a) curl A. (b) div A. (c) V* B — div A. 

(d) V- VA = AaA. (e) V- (V X A). (f) V X (V X A). 

(g) T X (A X B). (h) V(A • B). (i) Aiv’. 

(j) V X (k) V- (M). 

4. Find the divergence and curl of 


(a) r = xi 4- 2/j 4- ^l^* (h) r = -i 4- - j 4- ^k, where r ~ a/x* 4- ]r 4- 

r r r 

5. Let A and B be veertors whose components are functions of x, //, and z. 
V5 is a point function and ot is a scalar. Prove: 
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(a) div curl A » 0. (b) curl grad ^ « 0. 

(c) div A X B » —A • curl B -f B • curl A, 

(d) (B • grad)A « (B • grad Ax)i 4- (B • grad Ay)i + (B • grad A,)k. 

(e) curl A X B =« A div B — B div A -f- (B • grad) A — (A • grad)B. 

(f) div aA « a div A -f A • Va. 

(g) curl <pk ^ ip curl A -j- (V^) X A. 

(h) grad (AV2) = (A • grad)A + A X curl A. 

6. Show that if d»(a:, y, z) be a point function, and if spherical coordinates 
r, 0 are used, 


grad 


6i 

Xj' — 1~ ————— — ~ f 

dr r dd r sin d d4> 


where ri, Oi, and 0i are unit vectors in the direction of increasing r, 0, and 0, 
respectively. 

7. Prove that is perpendicular to the surface 4>(a;, y, z) = constant. 

8. Show that V* V(l/r) « 0. 

9. Let A be a vector with representation (A®, Ay^ A,) in frame Show 
by direct differentiation that = A^d*. 

12. Derivative of a Vector. Let C be a curve each point of 
which is associated with a vector of a vector field A. Let the 
parametric equation of the curve in frame SF be 

X = x{\), y == t/(X), z = z{\), 


where X is an independent real parameter, independent of the 
frame SF. The components (4*, Ay, -4,) of A in frame JF are 
functions of {x, y, z), and hence of the independent variable X. 
Since X is independent of the frame used, we may differentiate 
(9) of Sec. 9 with respect to X. Since the direction cosines 
On, 012 , Oi8, • • • are constants, we find 


or 


dA^ dAx I dAy I dAz \ 


dX 


d\ 


dk 


Oil 

Oi2 

Oi3 / 

d^{ 

dk / 

r 

021 

022 

028 < 

d\ 1 


Osi 

032 

Os8 1 


dA, 

d\ 

^ dA.y ^ 

dk 

dk 


( 1 ) 


(10 


This shows that dAJdk, dAy/dk, dAJdk are the components 
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in 57 of a vector which we will denote by dk/dk. This vector is 
known as the derivative of the vector A with respect to The proof 
that dk/d\ is a vector depends essentially on the fact that the 
direction cosines an, ai 2 , * • * which fix the relative orientation 
of the two frames, are independent of the parameter X. 

From the vector dk/dX, the vector d^k/dX^, known as the 
second derivative of the vector A, whose components in 57 are 
d^Ax/dX^y d^Ay/dX^y d^Az/dX^ may be found. 

From the definition of the derivative of a vector A, we can 
readily prove the following relationships: Let m be a scalar, and 
let A and B be arbitrary vector fields. Then 


d{k • B) 

dX 


d(mk) dk . dm. 
-dT == 

_ j cffi I dX ^ d(A • A) 

~ dX ' 



( 2 ) 

(3) 

(4) 


If A is a vector of fixed magnitude, then A • A = AMs a con- 
stant, — = 0, so that A • ^ = 0. The last equa- 
tion shows that dk/dX is perpendicular to A when A is of constant 
magnitude. 

From (4), we find that 



But the vector product of equal vectors is equal to zero. 
Hence 



Line and Surface Integrals. The various line and surface 
integral definitions and theorems which we studied in Chap. 
II may all be written in the notation of vector analysis. This 
fact has already been pointed out in Chap. II. For example, 
the definite integral f (X) dX is defined by the formula 

n 

S*f(X) dX = lira V 
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where X is a real parameter, and f(X) is a vector function of X. 
As a further example, Gausses law may be written in the form 

S^. E . c/A = S„V • EdV = iirS^pdV, 

where E is the electric intensity, and p is the charge density. 


EXERCISES X 

1. Let r be the position veclor of a point on a plane curve n?pr(^sent(Ml 
in j>olar coordinates (r, 0), Then r is the* magnitude of r, and r = rri, 
where ri is a unit veador in the dirc'ction of r. Show that the velocity is 


r/r 

dt 



4 - 



wluTC n is a unit vector perpendicular to r. 

2. If r is the position vector of a partich* of mass rn, and if F is the force 
acting on this particle, then F = m dv jdi, where v = dr/d/. Prove: 

(a) The x, ?/, z components of F are mdP-xjdC, rn d'^yldt’^, m d'^z/dt'^. 

(b) If the path of the particle is in the (r, 0)-plan(‘, then (see Ex. 1) 


dh ( dA dr 

F = m — ~ t) -b m 2~- 

dC \dt / J L 


dr do d“0 

dt dt''^ 


3. A particle P moves in a plane with constant angular velocity co about 
a fixed point 0. Sliow that, if the time rate of in(‘r('as<^ of its accf'hu'atiou 
is parallel to PO, then r = Irco'^. 

4. Find the time rate of change of momentum M when the mass is a 
function of the time. Show that dM/dt has the direction of t if the mass 
is constant. 

5. (a) The “areal velocity” A of a moving point P about a fixed poini 

(> is the rate of sweeping o\it of vector area by the line ()l\ Show that A 
is the magnitude of the vector It X V. If we writer A — iH, show that 
H == = pv, where p is the length of the perpcmdicular from O to the 

tangent at P, and v is the speed of P. 

(b) If the point P moves under the action of a central force F = pr, 
then — pf. Hence r X (d*r/dP) = 0, Show as a result that 

d ( dx 

7^1 ^ di 

6. Find the path of a particle P with position vector r relative to 0 
when P is acted on by a central force directed toward 0 ami varying inversely 

. uwi r 

with r*. [Hints: (1) mif (2) r X V = Hk = r^wk, where k 

^2 y. 

is a unit vector perpendicular to the plane of the orbit, and to is the angular 
velocity of r. (3) The orbit is given by //-/pr = 1 -f cos $.] 

7. A rigid body rotates about an axis OA with uniform angular velocity 
CO. Let to be a vector of magnitude to in the direction OA, and such ^hat a 


)=o, 


and hence by part (a) that A is a constant. 
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ri^rhl-liand screw would adv^aiic-e in the direction w when turning with the 

body. Let r = OP lie the position vector of any point P in the body, and 
hit V be t he velocity of P, 

(a) Show that V = w X r. 

(b) Show that curl V — 2tj. 

(cj Fiinl tlie !iecel(‘ration vector A = dV fdt. 

(d) (h\'e 1h<‘ physical int(‘rpretation of the results in fa), (b), and (c). 

8. (uj Let r be the position v<‘ct oi’ of a inovinu; jiartichi ndative to a fixed 
point O. If vve regard tin; nioinentum as localizcid along a straight line 
through the ])arti(‘le, the moment of the rnomentujn M = ini of the particle 
!tboul O is eall(‘d the angular inoinent am H of the particle about O. Show 
that H — r X imi). Show ihat tho rate of increase of angular momentum 
is dH/d/ r X F, where F mt is the resultant force acting on the particle, 
d'his TclatiMii d'R/di - r X F is cnlhal th<‘ principle of angular momentum. 

fl)) Slmw that th(' kinetic energy of the particle P in part (a) is Jw • H, 
V h«M‘(' CO is tin' angular velocity in fix. 7. 

9. L(d. ;Ti and J 2 be two fram(‘s of rt;ference having a (uunmon origin 0, 
and let. co be the angular v(‘lo(;ily at any instant of .To r(‘lativ(‘ to Let r 
b(‘ n ve(‘tor function of (he tinn‘ t. If (dr/df)-. is th(‘ vector in frame 5] 
represf'iii.ing the time rate of (diang(‘ of r with reference to frame iTi, and if 
(dr dpo has a similar interpndation with respcud to frame ?T 2 , then by 
Lx. 7, 



Vi = V 2 -f a> X r, (2) 

wlien; co X r is the volocut y relative to iTi of that point Pi fixed in frame 
whose position vector at the instant in (piestion is r. By regarding Vi as 
the position vector of a moving point, we see that 



Likewise, 



If wc substitute (2) in (3), then by (4) w'c have Coriolis' theorem: 

doi 

Ai *= A 2 “f* 2c»> X V 2 H — ~ X r "f" <*> X (<»> X r)j (5) 

di 

where A 2 == {dNifdOi. If we multiply both sides of (5) by the mass m of a 
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moving particle with position vector r, we have, upon transposing terms and 
writing w X (« X r) = (r • g>)w — u>®r, 

mk% = F + mu>*r — m(T • wV — 2m(to X V2) -- m X (6 

where F = mAi. Give the physical interpretation of each term of this 
result. The term 2m (w X V2) is called the Coriolis force. The term 
— mw X (w X r) = ttuhH — m(r • <a)<o is called the centrifugal force. Show 
that the term —7^9 is to be added to the right member of (6) when the 
origin of frame ^2 moves relative to the frame JFi with position V6‘otor p. 

10. Let r s r(X) = a:(X)i + 2/(X)j -\- z{\)k be the position vector of a 
point on a curve C, where X is a real independent parameter. The differ- 
ential dr of r is defined to be dr — dxi dy ] dz k. Let /(x, y, z) be a 
scalar point function. Show that the differential df in the direction dr 
is Vf • dr. 

11. (a) If a vector A is of constant magnitude, show that dA is per- 
pendicular to A. 

(b) If the magnitude of A is identically 1, show that the magnitude of dA 
is equal to the angle dd between A and A + dA. 

12. Show that the area of the triangle with sides r, dr, and r + dr is the 
magnitude of the vector i(r X dr). 

13. Prove the following formulas: 

J dF d^F , 1 dF dF ^ 

___ . — _ __ . 

dt dt^ 2 dt dt 

d*F „ dF ^ 

14. Show that the center of gravity of a body is the point whose position 
vector f is given by 


where M is the mass of the body and m is the density at any point whose 
position vector is r. 

15. Interpret Sc F • dr when (a) F is the force acting on a particle at 
any point, (b) F is the velocity of a fluid at any point. 

16. Interpret F • dA when (a) F is the electric or magnetic flux of a 
field at any point, (b) F is the velocity of a fluid at any point. 

17. (a) Show that r « (cos rd)a -+■ (sin rU)h is a solution of the differ- 

d*r dr 

ential equation — -f- »*r *■ 0, and also of the equation r X ~ « na X b. 
dt* dt 



Sec. 12] 


ALGEBRA AND VECTOR ANALYSIS 


707 


(b) Show that r ia part (a) traces out an ellipse with center at the origin, 
and that the motion is that due to a central force proportional to r. 

18. Consider a perfect non viscous fluid in which the density p and pres- 
sure p are functions of the time i. Let v denote the velocity of the fluid at 
the point P and at time t Show that the acceleration of the fluid at P is 
dv dv 

= h V • Vv. Show that the angular velocity about P is given by 

di dt 

w iV X V, where v refers to the velocity at P. If <0 is everywhere zero, 
V is called irrotational, 

19. Show that any irrotational vector is the gradient of a scalar point 
function. If the motion of the fluid is irrotational, we shall write v = — 
where ^ is called the velocity potential. A surface <f> « constant is known 
as an equipotential surface. Those curves in a fluid having everywhere the 
direction of v are called streamlines. The equations of these lines are 
dx/vz == dy/Vy = dz/Vg. 

20. Show that is normal to =* constant. This shows that the. 
stream lines are normal to the equipotential surfaces. 

21. Show from the equation of continuity [Chap. II, Sec. 20, eq. (18)] 

that dp/dt =* — V • (pv). From this, show that dp/dt -h pV • v =» 0. What 
does this equation become when the fluid is incompressible; incompressible 
and irrotational? A ns. V • V4> ~ 0. 

22. In exactly the same way that the space rate of change of velocity 
determines the rate of expansion of a fluid at a point (see Sec. 20, Chap. II), 
just so the space rate of change of unit pressure p at P within a fluid deter- 
mines the force acting per unit of volume at P due to the surrounding fluid. 
Show in detail that this force is — Vp. Then show that the equation of 
motion is pdv/dt = pF — Vp, where F is the external force per unit mass of 
the fluid. If F is derivable from a potential, we shall write F = —VO. 

23. Show that the condition for irrotational motion of a fluid is that the 
circulation be zero around every closed curve. 

Remark. It can be shown that, if F = —VO, then the circulation around 
every closed curve is constant with respect to time. 

The converse of this result may also be proved. 

24. Give the physical interpretation of the relation 



(X* + r* + Z*)dz dy dx 



dtp 


dS 


when ip is the velocity potential of a fluid (see Ex. XII, 4, Chap. II), and 
X, F, Z are the components of velocity. Show that the kinetic energy of 


the fluid is E 


ifj. 


dip 

pifT^ dS. 

fs 

25. It has been shown in Ex. 18 that a fluid of velocity V(a;, y, z) at 
P(x, y, z) has an instantaneous rotation about an axis parallel to V X V. A 
vortex line is a curve which at each of its points is tangent to the instantaneous 
axis of rotation. A vortex tube is the surface generated by the set of vortex 
lines drawn through each point of a closed curve. A vortex is the fluid 
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contained in such a tube. On the surface of a vortex tube the vector 
V X V is everywhere perpendicular to the normal to the tube. 

The circulation around a closed path C is defined to ho fcV • dR. 

(a) Show that the circulation is the product of the length of tlu' path and 
the average velocity along the path. 

(b) Let Cl and C 2 be two closed curves on the surface of a vortc'x tube 
both drawn once around tin; tube in the same direction. Denote the portion 
of the surface of the tube between Ci and c > })y D. Sliow by means of Stokes’s 
theorem that the circulation around a path containing Ci and c-j is zero, and 
thus prove that the circulation is ind(‘pendent of the position of the ])ath 
on the surface of a vortex tube. The strength of the enclosed vortex is 
taken to be the circulation V • r/R. 

(c) Show that //; n • V X dA is also a measure of the strength of a vortex. 

(d) If the velocity V of a fluid is perpendicular to a surface /) at all points 
P of D, show that the vortex lines tlnough points of D all lie* on />. 

(e) Find the value of jhi V • n dA over the surface of a cube whose fai^es 
lie on a; = 0, 2 / = 0, 2 = 0, X = 2, 7/ = 2, 2 = 2, when 

V = + J/Vi + (2x7/)] + (x2 - iP)k. 

26. Suppose the fi('ld of a vector F is conservative, that is, suppose 
/c F * dR =0 around every closed curve T. 

If Po is a fixed point and /*(x, ?/, z) is a variable point, the (pian- 
tity —fpo F • dR is called the potential at P. 

(a) Find the potential at P if a particle is attracderl toward thf' origin 
with a force inversely proportional to the square of the distam^e from the 
origin. 

(b) Find the potential at P if a particle is attracted toward the origin 
with a force inversely proportional to the distance from the origiin 

(c) Find a potential for the centrifugal force of a particle of mass Jf 
which rotates with constant angular velocity about the z~axis. 

27. Find the value of F • n over a sphere of radius r when 

F == axi + bi/j -j- czkf 

a, b, and c being constants. Show that the above integral over c'lrjy simjde 
closed surface S is (a -f- 6 -|- c) times the volume enclosed by S. 

28. Show that JsVXFdF = 0, where F is a vector normal to the 
boundary S of P at each point of S. 

29. Let R be the position vector from the origin to the point P(x, ij, z). 
Show that the unit vectors tangent to the coordinate curves are: 

(a) ii = dR/dr, = (1 /r)(dR/ddj, L = k when the cylindrical coor- 
dinates r, 6, and z are used; 

(b) Find an expression for the acceleration d^R/dP = aih d- flaia -f a^h 
for the case (a). (Hint: Show that dii/dd = i 2 , dU/dd = — ii, db/dd = 0.) 

(c) ii = dR/dr, i 2 = (1 /r)(dR/dd), U ~ (1/r sin d)(dR/d<^), when 
spherical coordinates r, 6, and <f> are used. 

(d) Repeat (b) for the case of spherical coordinates as given in (cb Hint: 
dii/d</> ~ sin d, di 2 /d<^ « ia cos 6, db/dt^ = — ii sin d — bcos d; dii/dd = £ 2 , 
dlj/dd » dij/dd = 0. 
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(e) Calculate Vr, V$j V<f> for Case (c). 


PART C. SOME DIFFERENTIAL GEOMETRY 
13. Space Curves. Lot tlio point P trace out a space curve C 
along wliich the paramot(ir is X. I^et r be the position vector of 
the })oiiit P wliose coordinates with refereri(*e 
to frame Cf are (x, y, z), i.e., r = a:i + + zk. 

From the d(^finition of the derivative of r at P, 
the vector dr/d\ has the direction of the 
tangent ai- P to the curve C, th(^ tangent being 
drawn in the dire(‘tion of incrc’asing X. We 
shall let .s‘ denote the arc length along tlm curve, 
measured from some fix(‘d point in the direction 
in which X increases. Then dr/ds is a unit vector 
in the din rtion of the tangent, for 

= (S' + ^ ^ 

L(‘t t = dr/ds, wher(‘ t is a unit vector, ddien if 



V = 


r/s 

(i\ 


we have 




dr 

dX 


rt. 


By (2) of Sec. 12, we see that 
r/"r dt 


dX- 


dX 


+ -t 
^ d\ 


(2) 


(3) 


Sinc(^ t is a vector of constant unit length, dt/dX is a vector 
perpendicular to t. We defiin^ the direction of the 'principal 
normal to (7 to be the direction of dt/d\ at P. Let n denote the 
imil ve(‘tor along this principal normal. Then, using a prime 
to denote differentiation with respect to s, we see that 


so that 


dt n 

t' - :t- = - == Acn, 
ds p 


n = pt' == pr" (4) 

defines the positive number p which is known as the radius of 
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curvature of the curve C at the point P; ic is called the curvature 
of the curve C at P. 
di dt ds 
dX 

we find that 


Since -IT = -r 


dt n. 

ds dk’ ^ ~ % Substituting this relation in (3), 


<i®r .n , dv. 

sr*"’i + ax'' 


(5) 


If X denotes time, then ds/d\ represents the speed v of P along 
its path, dv/d\ is the rate of change of speed, and (5) shows that 
the (principal) normal component of the vector acceleration is 
v^/py and the tangential component is dv/dt. 

We define the osculating plane to the curve C at the point P 
to be a plane passing through P and parallel to the vectors n 
and t. From (5) we see that the vector dh/dk^ lies in the oscu- 
lating plane. If C is a plane curve, C lies entirely in the osculat- 
ing plane and the principal normal is then the ordinary normal 
directed toward the center of curvature. 

The equation of the osculating plane is 


(R - r) . (t X n) 


H 

1 

Y-v 

z ~ 


t2 

h 

ni 
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0 , ( 6 ) 


where R is the current point on the plane. This may also be 
written 


The equation of the principal normal at P is 
R = r + wn, 

where w is a parameter. 


(7) 


( 8 ) 


EXERCISES XI 

1. Given a; « X, j/ * X*, « * X*. Find the equation of the tangent line 
to C at X « Xo. Find the equation of the osculating plane to C at the point 
X * Xo. Find the equation of the principal normal to C at X = Xo. Find 
the curvature of C at X *= Xo. What special form do these results assume 
when X « s? 

2. From the definition of the osculating x)lane derive its equation (6). 
Derive the equation of the osculating plane in the form (7). Write (7) in 
determinant form. 
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3. Show that the plane containing “two consecutive tangents at P” to C 
is the osculating plane at P. In other words, if P and P be two neighboring 
points on C, show that the osculating plane is the limiting position 
attained by a plane passing through the tangents to C at P and P hs P 
approaches P as a limit. 

4. By squaring (4) show that 

I ^ /^rV ^ 

5. Show that the direction cosines of n are 

px", py'\ pz", where • 


14. Binormal. Torsion. The normal to the osculating plane 
at P is called the binormal. Let b be a unit vector parallel to 
this binormal and so directed that t, n, b form a right-handed 
system of mutually perpendicular unit vectors. Then 

t-n = n-b = b.t = 0, 

t X n = b, n X b = t, b X t = n. ^ ^ 

We take the positive direction along the binormal as that of b. 
Then the equation of the binormal at P is 


R = r + wb. 


(2) 



The vector dh/ds = b' is perpendicular to b, for b is of constant 
length. Since t • b = 0 it follows that t • b' + t' • b = 0. 
From (4) of Sec. 13, t' = (l/p)n, so that 
t • b' + (l/p)n • b = 0. Since n is perpendic- 
ular to b, n • b = 0, so that t • b' = 0. Hence 
we find that t, as well as b, is perpendicular to 
b'. Thus b' s dh/ds = — rn, where the con- 
stant r is called the torsion of the curve at the 
point P. It represents the rate of rotation of the osculating 
plane. Torsion is agreed to be positive when the rotation (with 
5 increasing) of the binormal increases in the same sense as that 
of a right-handed screw traveling in the direction of t 
Since n = b X t, it follows that 


Fiq. 190. 


^ - ,b - rt, 

as 


( 3 ) 
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where k = 1/p. ForL.uiri (4) of Sec. 13, and (2) and (3), are 
called the Serret-Frenet formulas: 

t' = icn, n' = rb — #ct, b' == —rn, (4) 



EXERCISES XII 

1. Show that (2) may be written R = r -f vr' X r", where p is a param- 
eter. (Hint: b == t X n.) 

2. Show that the direction cosines of the binormal are 

p(yV' - z't/"), p(2V' - p(x'?/' - y'a:"). 

3. In Ex. XI, 1, find the equation of the binormal at X = Xo, and find a 
formula for the torsion t. Find the Serret-Frenet formulas for this curve. 

4. Show that r = — [r', r", r'"] = [t, n, n']. 

5. A circular helix is a curve drawn on a circular cylinder of radius a so 
that it cuts each element of the cylinder at a constant angle /?. Its para- 
metric equations in rectangular coordinates are 

X — a cos By 2/ = a sin 0, z — ad cot /3. (5) 

Hence the position vector r of a point P on (5) is 

r *= (a cos B)i -f (a sin ^)j + {ad cot ^)k, 

where i, j, k are unit vectors along the x-, y-y and 2:-axes. Find t =* 
Using the fact that r' is a unit vector, show that - sin* Find 
r" ** Kii. From the relation /c* ^ t" • r" (n being a unit vector), show 
that K, « Find n. Find t « (1/a) sin & cos ^ from Ex. 4. 

6. Show that k » t « " - 7 — “ — for the curve 

3a(l + w*)* 


r «• a(3w — ti*)i -f 3aw*j + o(3u + w*)k. 
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7. Find k and r for the curve 

X = a{u — sin m), y « a(l — cos u), z = bu. 

8. Show that a curve is uniquely determined, except for its position in 
space, when k and r are given in the intrinsic equations 

^ = /(«), T = g{s). (()) 

[Hint: Let C and Ci be two curvets such that k and r are given for each by 
(6).] Let t, n, b refer to C and let ti, nj, bi refer to Cu Show that 

~(t* t, 4-n-n, 4-b-bO =0, 
as 

and hence that 

t • ti + n • ni -f- b • bi == const. (7) 

Place C and Ci so that t = ti, n = ni, b = bi at some point Po. Then the 
constant in (7) is 3. Using the fact that the inaxinuirn value of each of the 
quantities t • ti, n • ni, and b • bi is I, show that t = ti, n = ni, b = bi all 
along P and Ci. Since t — ti ^ 0, show that r — ri is a constant and 
deduce the theorem. 

16. Surfaces. The parametric equations 

X = v), y = v), z = v) ( 1 ) 

represent a surface S in rectangular coordinates. We write (1) 
in the abbreviated form 

r = r(?/, v) == .ri + i/j + -sk (2) 

= ^ {u, t’)i + ^)j + f 

where i, j, k are unit vectors along 
the Xy y, 2 :-axes. We call r the 
position vector of a point (r, ?/, 
on S. If in (2) we set u = Wo, 
then (2) represents a curve C on 
the surface along which v alone 

varies. Likewise, if we set v = ih we obtain another curve 
C on S. All curves C and C" obtained from the relation u = iks 
or from the relation t; = i^o are called paramdric curves on S. 
Again, the pair of numbers (w, v) are called the parametric or 
curvilinear coordinates of the point (r, py z) on S. It is seen 
that the curves u = Uo and == vo are analogous to the lines 
r = ro and y — in the r?/-plane. 
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We introduce the notation 

dw dM du ^ dM a»’ 

_ 6=r , _ 

111 *■!* - sudv’ 


By Sec. 13, the vector ri is tangent to the parametric curve 
V =* const, at the point r, and T 2 is tangent to w == const, at the 
point r. 

The equations u = </>(«), v = ^(s) represent a curve C on the 
surface #S in (1), 5 being the arc length of C. The unit tangent 
to C is given by 

dr _ du dv 

* - di " '■'dj + 


Since t • t = 1, we have 

>=<!) 


^ , n_ dudv , ,, 


/ 

\ds} 


We define 


^ \du) \du) \du) 
r ^ ^ ^ dy dy . dz dz 

' * dudv dudv du dv 


(3) 


(4) 


Using this notation and writing (3) in differential form, we have 


d8* = dw* + 2F dudv-\-0 dvK 


(5) 


We call E, F, G the first fundamental magnitudes for the surface 
(1), and we call (5) the quadratic differential form for arc length. 

Let C and C be two curves on 8 intersecting at P, and let s 
and a be the arc lengths of C and C. Then 

dr du , dv dr du . dv 
_ = + r*-, ^ 


and if is the angle between C and C, 

, dt dr yAudu . jjdudv , dudv\ , ^vdv .... 

“** = 5-s = ^s + '\*3; + s*l + ‘^3;- ™ 
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It follows that C and C are orthogonal at F if (dt/ds) • {dt/da) = 0, 
i.e., if 


„dudu , „/dudv , dudv\ , ^Avdv _ 

jT +^V:jrjc + jrj:)+G5-jr = 0, 


ds da \d8 da da ds/ 


ds da 


To eliminate « and a from (7), let us write 


du ( du\ 

5 - U/ 


= where, for example, indicates that 


(7) 

cds 
du . 
dv 


IS 


— 
da 

to be computed along C. If we substitute these relations in (7) 
and then divide by ^ we find that C and C' are orthogonal 
when 


e ( — ^ ^ f f ^ 

\dv /c\dv /c> \dv/c^_ 


+ G = 0. 


( 8 ) 


We define the area ^ of a region K on the surface S by the 
formula 


y/EG - dv du. 


(9) 


We shall show that (9) is an invariant for all coordinate systems 
Let 

fi = xj + y«j + Zuk, rj = x,i + j/„j + z„k. 

By (4) and Ex. XXI, 7 of Chap. I, 

VEG - = Vixl + Vl + 2*)(x* + j/» + z») 

— {xuXv + y^Vv + ZuZv) 

= r( y\ \\ \ \ '^ 1 I 

''\u,v/^j^ yjix,y/u,v)\ y{x,y/u,v)\ 

Hence (9) assumes the form 

A ^ j a/Th- 

By Sec. 19 of Chap. II, (10) reduces to 

VI + I* + z}dydx. 


+ zj + xi- 


r(^) 

\U, V/ 


dvdu. 


( 10 ) 


( 11 ) 
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'i. 


This result agrees with (20) of See. 17, Chap. II. Henc^e the 
area A is independent of the w-eoordinate system (2). 

As a special application of (9), consider the surface of revolution 

X ^ u cos 0 , y ^ u sin 0 , z ~ f{u). 

By (9) and Ex. XIII, 3, 

A = Jo^*V(l + d0 dll = 27ra\/l + z'- du 

= 2TrU ds. 

A normal to a surface at a point r is perpendicular to ri and r 2 , 
and hence is parallel to ii X r 2 . We define the unit nonnal n to 
S at r by the relation 


n 


ri X r2 
iri X rol 


ri X r2 


( 12 ) 


where H = |ri X Til* 

We define the second fundamental magnitudes L, M, N by the 
formulas 


L = n • rn, AT = n • ri 2 , A = n • (13) 

We shall show the geometric significance of these quantities in 
Exs. XIII, 7 to 13. 


EXERCISES Xm 

1. \jCit (uqj Vo) and (uq + du, Vo + dv) tie two points on the surface (2). 
Show that ri du is approximately the are length along the parametric curve 



V — Vo from (uo, Vo) to (uo -h du, Vo), and hence that E du^ is approximately 
the square of this length. Interpret F du dv and 0 dv^ similarly. Hence 
deduce that (5) is a form of the law of cosines as applied to the triangle 
PQR in Fig. 193. 

2. Show that the parametric curves are orthogonal if and only if F « 0. 

3. Show that the equations 


X ^ u cos 0, 


^ — w sin 0, z ^ f{u) 
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represent a surface of revolution with axis along the 2 :-axi 8 . Describe the 
parametric curves w * w© and <> = <f>o* Write 

r = (u cos 4>)i d- {u sin <^)j 4-/(w)k, 

and show that 

F=0, 

Compute ds^ and interpret the formula geometrically. 

4. Compute ds^ for the surface 

X — u cos 0, y — u sin <!>, z — c4>. 

Describe the parametric curves on this surface. 

5. Show that = EG — F‘\ (Hint: If w is the angle between the 

paramrUric curves at r, then cos ~ F /\/^G, Compute sin in two ways.) 

G. Show that 

n - ri X To = //, ri X n = ~(Fri - Et^), X n = -^(Cri - Fr^). 


7. Show that 

HL = ri X r2 • rn, HM = ri X r2 • ri2, HN = ri X r2 • r22. 

8 . Compute L, M, N and n for the surfaces of Kxs. 3 and 4. 

9- It r -h dt is the position V(H*tor of the point {a -f- du, v -j- dv), then l)y 
Taylor’s s^u’ies, 

(r ■f' dv) = r -f- {t\ dti ■!- Xi dv) -f- 2 (rii dn^ -f- 2 ri 2 dn dv -f- T 2 i dv^) 

Th(* distance D from the point r + dr to the tangent plane at r is n * dr. 
Show t hat D is approximately ^(L du^ -h 2A/ du dv dr N dv^). What is the 
geojiiet ric, interpretation of L, iU, and N? 

10. Show that 

L = —Hi • ri, M = — nj • ro = — n2 • ri, N ^ * x^. 

Hint; Differentiate relations of the type n • ri =0 with respect to v. or v. 

11. Show that 

//2ni = {FM - GL)xi + {FL - i^;A/)r 2 , 

IPn2 - {FN - C'VA)ri -f {FM - EN)X2. 


Hint: Since Hi is perpendicular to n, we can wwite ni = ari -f hxo. Deter- 
mine a and b by forming the products ni • ri and ni • r^. 

12. Show that 


Hni X no = 


n • Hi X n2 


w 


where LN - MK 

13. Show that 

J/n • Hi X ri = EM — FL, Hn • Hi X fa = FM — GL, 
Hn*n 2 XTi EN - FM, Hn • Ui Xti^FN - GM. 
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14. Find the equation of the tangent plane to the surface of Ex. 3 at 
(uo, ^«). Repeat for Ex. 4. 

16. Certain Curves on a Surface. We say that a normal 
section of a surface /S at a point P is a section cut by a plane 
containing the normal n at P. For convenience, we take the 
principal normal of the section in the direction of n, so that k 
for the section is positive when the section is concave on the side 
on which n lies. If r moves along a normal section, we have 

A» = n • r" = n • (tiu” + tiv" + rnw'^ + 2rnu'v' + t 22 v'^) 

= Lu'^ + 2MmV + Nv'^ 

where the last formula is obtained with the aid of (5) in Sec. 15. 
We call Kn the normal curvature of 5 at P in the direction dufdv. 
Now suppose r traces out an arbitrary curve C on the surface 
jS. Let 6 be the angle between the surface normal n and the 
principal normal r"/^ of C at a point P. Then 

cos 6 = -- -- - = + 2Mu^v' + Nv^^). (3) 

K K 

If Cn is the normal section of .S at P tangent to C, then by (1), 

K, = (Lm'» + 2Mu'v' + Nv’^). (4) 

Since C and Cn are tangent, Lu'^ + 2Mu'v' + Nv'^ is the same 
for the two curves at P by (2) since du/dv is the same for C and 
Cn at P. By (3) and (4), we have Meusnier’s theorem: 

Kn = K COS 9. (5) 

This formula shows that, of all curves on S through P with a 
given direction, the normal section in this direction has the least 
curvature. 

If C is a curve on a surface S such that, at a point P, 


( 1 ) 

( 2 ) 


[t, n, n'] = 0, (6) 

where n is the umt surface normal, the direction of C at P is 
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called a principal direction of S at P. By Ex. VIII, 12, (6) implies 
that n' is parallel to t Write (6) in the form n • n' X r' = 0 , i.e., 

- dw . dv\ ^ ( du . dv\ ^ 

” • V"‘* + ”’s;j V'di + 'W - "■ 

Then 

+l"-“>Xr, + n-n.xr.)g| 

+ n.n.xr^J) - 0. 

By Ex. XIII, 13, this may be written as 

(EM - m(^y + {EN - GL)^ + {FN - GM) = 0 . ( 7 ) 


This equation determines two values for du/dv which we may 
write as {du/dv) i and {du/dv)^. By (8) of Sec. 15, the directions 
determined by {du/dv)i and (du/dv) 2 are orthogonal. We have 
thus shown that, if EM — FL and FN — GM are not both zero, 
i.e., if E:F:G 9 ^ L:M:N, then at any point P on a surface S 
there are two principal directions, and these two directions are 
orthogonal. A curve C on S along which (7) is satisfied identi- 
cally is called a line of curvature. It follows that there are two 
families of lines of curvature on a surface aS, one curve of each 
family going through any given point P. 

Let us now determine du/dv in (2) so that Kn is a maximum 
or minimum. Write (2) in the form 


_ LX2 + 2MX + N 
PX* + 2PX + G ' 


( 8 ) 


where X = dujdv. If we differentiate (8) with respect to X and 
set the result equal to zero, we obtain the equation 

(PX* + 2PX + G){L\ + M) 

- (LX* + 2AfX + JV’)(PX + P) = 0. (9) 

This equation evidently reduces to (7). It may be shown (in 
general) that, of the two values of Kn in (8) resulting from the two 
values of X determined in (9), one is a maximum and the other is a 
minimum . Hence the principal directions at P are the directions 
of maximum and minimum normal curvature. 
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If we write (9) in the lorm 

LX + M _LX^ + 2M\ + N 
EX + F EX^ + 2FX + G ' 


we see by (8) that 

(£V„ - L)X + {FKn - M) = 0. (10) 

Write (8) in the form 

{EKn - L)X2 + 2{FKn - M)X + {Gun ~ iV) == 0. (11) 

Multiply (10) by X and subtract from (11). We obtain 

(/Vn - M)X + ((rV. - N) = 0. (12) 

Elimination of X from (10) and (12) loads to the equation 

H^^kI ~ {EN - 2FM + GL)Kr. + == q, (13) 


which determines the maximum value ki and the minimum valm^ 
k 2 of Kn at a point P on S. 

It follows by (4) of Sec. 15 and Ex, XIII, 10, that (10) and (12) 
may be written as 

Ti • [(/cTi + ni)X + + 02)] = 0 , 

12 • [(kTx + ni)X + {kT2 + 02)] = 0 , 

where k denotes either ki or #C2. Since X = du/dv these jclations 
in turn may be written (by the usual manipulations with differ- 
entials) in the form 


dr 


+ 


dn 

ds 


0 , 


12 


dr dn 

^ds ds 


= 0 , 


But dr/ds and dn/ds both lie in the tangent plane to S at P, 
Thus [K{dr/ds) + (dn/ds)] lies in the tangent plane and is 
perpendicular to both fi and r 2 . Hence 


dr , dn ^ 

“* + 5 . - 


( 14 ) 


where r and n range along a line of curvature, and where (14) 
is called Rodrigues^ s formula. 

We define d = ki + k 2 to be iho first {mean) curvature of 5 at a 
point P, and we define K = kik% to be the second {specific^ totals 
Gauss) curvature of S at P. It follows by (13) that 
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A geodesic is a curve on a surface S whose principal normal at 
each point coincides with the surface normal n. By Meusnier’s 
theorem, the geodesic curvature is the normal curvature in the 
direction of the geodesic* It can be shown that (with certain 
restrictions) the geodesic joining two points A and B is the short-- 
est of all curves on S joining A and B. (A taut thread stret(*hed 
on S from A to B assumes the position of shortest length, this 
being also the position such that at each point the tension in the 
thread tends to produce no lateral motion, i.e., t' is along n* 
(See Ex. I, 11, of Chap. VIII.) By the defining property of a 
geodesic, 

r" ^ Tiu" + 12 ?;" + riiw'2 + 2ti2u'v' + T 22 v'^ — /cn, (15) 

where n is the surface normal. If we form the scalar product of 
each side of (15) with ri and 12 , we obtain the differential cqua- 
lions of the geodesics on S: 

Eu'^ + Fv'^ + + E2u'v' + (F 2 - hGi)v'^ = 0 , 

Fw" + Gv" + (Fi - lE 2 )ii''^ + G.iVv' + = 0, ^ 

where Ei = dE/dUy etc. 

Since the principal normal of a geodesic is the surface normal 
at any point, it follows by Ex. XII, 4, that 

T = [t, n, n ], 

where n is now the surface normal. Since [t, n, n'] = 0 in the 
direction of a line of curvature, it follows that the torsion of a 
geodesic is 0 in the direction of a line of curvature. iMoreover, 
[t, n, fi'] being identically zero only along a plane curve (n being 
the principal normal), it follows that if a geodesic is either a plane 
curve or a line of curvature, it has both of these properties. 

It turns out that geodesics play much the same role on a surface 
that straight lines do in a plane. For example, one may set up 
“polar coordinates on a surface using geodesic distance, and 
one may measure the curvature of a curve relative to the tangent 
geodesic. But many of those properties are better dealt with by 
tensor analysis, and we pass over them here. See, for example, 
Weatherbum, “Differential Geometry^^; Eisenhart, “Differential 
Geometry;^^ Levi-Civita, “Absolute Differential Calculus.’’ 

EXERCISES XIV 

1. Find J and K for the surfaces of Exs. XIII, 3 and 4; also find the 
ditierentml equations for the lines of curvature. 
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2. The differential equations representing the lines of curvature being 
du/dv = 0 and dv/du = 0, show by (7) and Ex. XIII, 2, that the parametric 
curves are the lines of curvature when and only when jP = M * 0. 

3. Show that ki =« L/E, Kt = N /G when the parametric curves are the 
lines of curvature. Let /c„ be the normal curvature in a direction making 
an angle ^ with the direction in which ki is taken. Use the preceding result 
to prove Euler^s formula: 

Kn = Ki cos* 4- ^2 sin* 

4. Show that (16) may be written in the following alternative forms: 

—(Eu' + Fv') = + 2FiuV + Giv''), 

ds 2 

4-(Fu' + Gv') = + 2F,uV + G'st)"), 

ds 2 

u" -f lu'* + 2mu'v' 4* nv'' = 0, > 

v" 4- Xw'* 4- 2ixuV 4- J 

where /, tn, n, X, n, v are certain expressions in E, F, G and their derivatives; 
also 


(17) 

(18) 


d% / dv\^ / dv\^ dv 

Since (19) is a second order equation, there exists (in general) exactly one 
geodesic on a surface S through a given point in a given direction. 

5. Show that the geodesics in a plane are straight lines. 

6. Show that the geodesics on a sphere are arcs of great circles. 

7. Show that the geodesics on a circular cylinder are helices. 

8. Find the geodesics on a right circular cone. 

17. Maps. Let S and S' be two surfaces. If, by any means 
there is made to correspond to each point of 5 exactly one point 
of S', then we say that S is transformed into, or mapped upon. S'. 
If, moreover, exactly one point of S has any given point of S' 
for its image, then the mapping is said to be biunique. For 
example, a geographic map is a mapping of (part or all of) the 
earth’s surface upon either a sheet of paper or a sphere. Again, 
the usual operation of projection maps one plane or surface 
upon another. More generally, if F is a family of curves in 
space such that through each point there is one and only one 
curve, and if S and S' both cut all curves of the family F, then 
this family maps S on S'. 

A f^ple way to establish a mapping of two surfaces S and 8' 
is to represent each surface by equations of the fom (1) or (2) of 
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Sec. 16 using the same parameters u and v. Then the pair of 
numbers (w, v) determines exactly one point on each surface 
(assuming the ranges of u and v to be the same) and a mapping 
M of S upon S' is established by associating these pairs of points. 
Arc lengths on S and S' are then given by 


ds^ = E du^ + 2F dudv + G dv^, \ 
dcr^ = E du^ -f- 2F du dv G dv^. J 


At any particular point P the ratio ds/da is constant for all 
directions du/dv if and only if 


E__F_G_ 2 
E~ F~ G 


( 2 ) 


where, however, p may be a function of u and v. We say that 
the mapping M is conformal if (2) holds, and as p = da/ds, we 



call p the magnification, A relation /(w, v) = 0 determines a 
curve C on S and a curve C' on S'; the relation g{u, r) = 0 
determines curves D and D' on S and S'. If C and D intersect 
at P, C' and P' intersect at P', and if is the angle between 
C and Dj with the angle between C' and P', then it is seen by 
(6) of Sec. 15 and (2) that cos ^ = cos By proper choice of 
signs, we have ^ Thus angles are preserved at every 

point by conformal mapping. It follows that infinitesimal figures 
in the neighborhood of P and P' are similar in shape, though the 
ratio of their linear dimensions is p. 
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Example 1. We shall coiiptruct a conformal mapping of the surface S 
of revolution 


X = w cos y — w Bm <t>y z ~ f{u') (3j 

on a plane. We first observe from Ex. XIII, 3, that 

= (I +/'’*) dw^ + d<t>\ (4) 

Let ms change the parameter w to a new parameter u by the relation 

\/l -f /'*(«’) 


du 


- dw. 


( 5 ) 


(This is merely a change of scale along the curves v = const.) Then (4) 
becornes 


ds^ = w^du^ 4- ^0-1. (6) 

If we use ku and kr as rectangular coordinates in a plane M, then 

dcr^ = k^du^ -f- (7) 

By (6) and (7), the surface (3) is mapped conformally on M, where corre- 
sponding points on S and M have th(‘ same coordinates (u, 0) and where at 
any point the magnification is k/w as given by (2). Because a straight line 
I in M cuts all lines u = Uo at a constant angle and all lines </> ~ <^o at a 

constant angle, th(‘ image of I on S cuts all the meridians (^ = </>o at a con- 

stant angle and all the parallels of latitude u = uo at a constant angle. 
If the (Hjuation of I in M is aku + bk<l> + c = 0, the equation of the image 
of I on S is aw 4- 6«/> 4- 0 = 0 (when the parametric coordinates on S are 
taken as u and </>). 

Example 2. As a special case of the preceding example, we shall map 
a sphere S of radius a on a plane. Wo may represent S in the form 

X — a cos (p cos 0, y — a cos <p sin 0, z = a sin 

whore v <lenote.s latitude and 0 longitude. Then 

df^^ = ^2 cos^ <p (sec^ (p dip^ 4- d0^). 

If we introduce the variable a by the relation 

da = sec ip d<p, 

so that a = log tan (i"0 , then 

ds^ 33 eos^ <p{da^ 4" d0^). (8) 

Let X - k0 and y =* k<x. Then da^ *= k^{da^ 4- Since condition (2) 

is met, the sphere is mapped conformally on the plane. Moreover, any 
straight line on the plane represents the image of a curve on the sphere cut- 
ting all meridians at a constant angle. The magnification is k/{a cos y>). 
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Because this magnification is large for values of ip near t/ 2, this mapping, 
called Mercator^s prqjectioriy causes areas near the poles to appear unduly 
large. This mapping may be obtained geometrically as follows: Let L 
be the axis of the sphere through the poles, and let C be a cylinder with L 
for axis and tangent to the sphere along the equator. The mapping is 
effected by projecting each point P of the sphere onto (7 by a line through P 
perpendicular to L, C may now be rolled out into a plane. 

If instead of x — kB and y == ka, we take x = fee"® cos 0, y — ke^^ sin 
then 


dcr^ = dx^ -f- dy^ — k^e ^^(doc^ -f* dB^), 

and we have another type of conformal mapping of a sphere on a plam^ called 
stereographic projection. This mapping may be obtained geometrically 
by taking the x^z-plane tangent to the sphere at the south pole; if P is a 
point on the sphere, the image P' of P in the plane is found by projecting 
P onto the plane from the north pole. It is seen that meridians project 
into straight lines through the origin, and parallels of latitude project into 
circles with center at the origin. 

EXERCISES XV 

1. Show that the surfaces x u cos </>, y = u sin z — c4», and 
X = a cos y = a sin z — c cosh“^ u/c can be mapped conformally on 
to each other with linear magnification identically one. 

2. Determine f(v) so that the surface x — n cos c, y — u sin v, z — f{v) 
can be mapped conformally on a surface of revolution with linear magnifica- 
tion identically one. 


PART D. TENSOR ANALYSIS 

18. Definition of a Tensor. In Sec. 9 we said that if three 
functions Ax(Xj y, 2 ), Ay{Xy y, z), Azix, y, z) transform according 
to the law (9) when the coordinates (x, y, z) are transformed by 
(8), then Ax, Ay, Az are the components of a vector. We shall 
now generalize this concept. Let 

^ • • • , X”) (a = 1, 2, • • • , n) (1) 

represent a transformation of coordinates in /^-dimensional 
space, where we use superscripts, instead of subscripts, to dis- 
tinguish the variables. Suppose that the Jacobian 



of (1) exists and is ^ 0, so that (1) has an inverse; 

x'2, • • • , (i = 1, 2, ‘ , n.) (2) 
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Definition 18.1. //, in any manner whatever ^ a set of nfunc-^ 
tions * * * > x”), * * • , • • • , is determined for 

each coordinate system (1) and (2), and if these functions transform 
according to the law* 


F'\x'\ ■ • • , X'-) = 2f-(xS • • • , x-) 

(« = 1, 2, • • • , n). (3) 

then wc say that the functions • • • , F” are the components in 
the coordinate system (x^, • • • , x’*) of a contravariant tensor of 
order one, and F'^, • • • , F''^ are the components of this tensor in 
the coordinate system (x'^, • • • , x'”). 

Since (9) of Sec. 9 is a special case of (3), a contravariant tensor 
of order one is sometimes called a contravariant vector. 

If F^(x^, • • * , x’^), * * * , F^(x^ • • • , X") are any given 
functions in the coordinate system (x^, * * * , x”), a tensor may 
always be constructed by defining the functions 

• • • , x'**), • • • , F'«(x'S • • • , x'*^) 

for every other coordinate system (x'S • • • , x'’*) by means of 
(3). (See Ex. XVI, 3.) 


Example 1, Let a unit of distance be selected in Euclidean S-space. 
If a fluid is moving with velocity V at any point, and if x*, x*) are the 
rectangular coordinates in frame Sf of a certain particle P, with xS x®, x* repre- 
senting distance along the axes, then dx^ldt, dx^fdt, dx^ldt are the compo- 
nents of velocity of P parallel to the axes. Under the transformation (1) 
we have 


dx'* dx* 

dt dx* dt 

% 


(« - h 2, 3.) 


(4) 


At any instant the derivatives dx^jdt are functions of the position of P, i.e., 
of (x*, X®, X®). Since (4) is of the form (3), dx^jdi aiKl dx^ Idi are components 
of a contravariant tensor of order one. 

Example 2. Let us regard the differentials dx* in the coordinate system 
(x^ • • * , X") as defined at each point (xS • • • , x*), i.e., dx* are given 
functions of (x^ • • • , x«). Then in another system (x'S * * • , x'*) the 
differentials dx'“ are given by 

'* S^nce the range of all indices in this discussion is from 1 to n unless 

n 

otherwise indicated, we shall write instead of 2^. 
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dx^ « 2 ” 
^ dz* 


7* dx*. 


(a » 1, 


, w.) 


(5) 


Since the differentials dx* and da?'“ are functions of the coordinates alone, 
and since (5) is of the form (3), it follows that dx* and dx'*^ are components 
of a contravariant tensor of order one. 

Example 8. Let and JF' be any two reference frames of axes with com- 
mon origin 0, where the axes may be orthogonal or oblique, and where the 
scales along the axes in each frame may be arbitrary and distinct (i.e., not 
based on the unit of distance), but such that the coordinates in ^ and if' are 
related by the transformation 




a 



where a® are constants. Since dx'^jdx* = o®, we see from (6) that 


(6) 


X 


/« 



Hence by (3), a?*' and x'" are components of a contravariant tensor of order 
one with respect to transformations (6). Since the coordinates x^ of a 
point Q transform as a contravariant tensor, it follows that we may represent 
the components in frame $F of an arbitrary contravariant tensor of order one 
as the coordinates in 5F of a point Q when we consider only frames ?F related 

by (6). It is common to regard the segment OQ as ‘Representing’^ the 
tensor itself. Thus, in Example 1 consider the motion of the particle P 
at a certain instant. For convenience choose a frame ?F having its origin at 
P at this instant. Then we may represent dx^jdiy dx^ldt, dx^ldt as the 
coordinates in of a point Q. By the preceding remark, the coordinates of Q 

in any other frame represent the transforms of dx'jdi in ?F', and PQ repre- 
sents the tensor with components dx^jdi. However, in curvilinear coordi- 
nate systems this representation is not always possible. Moreover, it 
must be remembered that dx'**ldt represent the actual components of the 
velocity V in frame only when represent distance. For example, 

if X* is based on the unit of distance, and if x'* = 5x\ then dx'^jdi is 5 times 
the component of velocity along OX^. The question of scales and velocity 
components will be taken up in the next section. 

Definition 18.2. //, in any manner whatever^ a set of n 
functions Fi(xS • • • x**), • • • , Fn(x\ • • • , x") is determined 
for each coordinate system (1) and (2), and if these functions trans* 
form according to the law 
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n = (« = 1 - • • • - «•) ( 7 ) 

dx 

i 

then wc say that the functions F\, • • , Fn are the components 
in the coordinate system (:r\ • • • , x") of a covariant tensor of 
order one, and F[, • • * , f ^ are the components of this tensor in 
the coordinate system (a:'^ • * * , :r'”). 


Example 4. Let <f he a point function. 


0(p{x\ X*, x^) 

If ifi denotes ; — : and 

dx' 


if ip* denotes 


x/^) 
Ox 


j where <p(x^, x^) and ip'(x'^, x'^) are the 


represf^ntations of the point function <p in the respective coordinate systems 
(see Sec. 23 of Chap, I), then 



i 


(a - 1, 2, 3.) (8) 


Since (8) is of the form (7), <pi are the components of a covariant tensor of 
ord(T one. We denote the tensor having these components by grad (p and 
we refe.” to this tensor as the gradient of (p. 

It mIjouM be noticed that we use a superscript, as in F\ to 
indicate the components of a contravariant tensor, and a sub- 
script, as in Fi, to indicate the components of a covariant tensor. 

If is a point function with representations • * * , 

and * * • , a;'”) in the respective coordinate systems 

indicated, then 

ip'{x'\ • • • , x'") = >p{x\ ■ ■ ■ , a;"). (9) 

Because of this relation between the representations of we 
vsi:)eak of ip as a tensor of order zero, or as a scalar or invariant. 

To prove certain properties of tensor/?, we shall need a generali- 
zation of the result in Ex, XX, 21, of Chap. L According to the 
usual rules of differentiation, we have by (2) and (1), 

dx* _ dx* dx' 
dx^ dx^ 


Let the Kronecker delta 8) denote 1 when i = j and 0 when 
i 9 ^ j. Since dxVdx' == 8), we have 


dx* dx' 


dx' 


dx^ 



( 10 ) 
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It is evident, for example, that = F* and that 

j 

Xf^S) = F,. 

I 

Example 6. If F* and Gi are the components of any contravariant and 

covariant vectors respectively, then ^^F*Gi is a scalar point fuiictiun. 

i 

To show this, we have by (3), (7), and (10), 

Hence 

^ “ 2^'^’ 

a tJ \ at / ij i 

the change of order of summation being merely a rearrangement of terms, 
and the last term being obtained by summing first with respect to j while 


treating i as fixed. Since the relation 


= Xf^ 


Ti is of the form (9), 


XF^i i 


is a scalar point function. 


Theorem 18.1. Let n functions Gi be determined for each 
coordinate system. If is a scalar for every contravariant 

i 

vector* then Gi is a covariant vector. 

By hypothesis, that is, 

a i 

Xf'"0L - = 0 . 

a t 

Since F' is a vector, it follows by (3) that 






* For oonvenience we shall often speak of tensor instead of **a 

tensor having components F‘ in the coordinate system (xS • • * , 
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Hence 



- = 0 . 


Since this relation holds for every vector F\ the coeflBcients of 
F' in this relation must each be zero. Hence is a covariant 
vector. (To see this, interchange the primed and unprimed 
letters in (7).) 


Example 6. Considering only reference frames 5 related by (6), so 
that X* is a contravariant vector, it follows by Theorem 18.1 that if the 
relation 



( 11 ) 


is to hold for all frames (F, then Ui must be a covariant tensor. (It is mani- 
fest that 1 is a scalar point function.) Now (11) is the equation of a plane 
not through the origin. If we define the coordinates of a plane to be the 
reciprocals of its intercepts on the coordinate axes, then m are the coor- 
dinates of the plane (11). Thus the coordinates of a fixed plane transform 
like the components of a covariant tensor. This leads us to the counterpart 
of the result obtained in Example 3: We may represent the components in 
frame JF of an arbitrary covariant tensor Fi of order one as the reciprocals 
of the intercepts in 5F of a plane M when we consider only frames SF related 
as in (6). It is common to regard the plane M as ‘‘representing” the tensor 
itself. 


EXERCISES XVI 

1. Show by (3) that 



a 


Hint: Multiply each equation (3) by respectively, add the 

results, interchange the order of summation in the right member, and use 
(10). Deduce the analogous form of (7), This shows that the law of 
transformation of tensors has an inverse. 

2, Show that if F"*' - /ax’"), then it follows from (3) that 

at 

F"^ - ^/dx*). Deduce the analogous relation for Fi, (This 

t* 

fdiowB that the law of transformation of tensors is transitive.) 
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It follows from Exs. 1 and 2 that the components of a tensor are uniquely* 
defined for each coordinate system, and that it is immaterial what series of 
transformations is followed to get from one coordinate system to another. 

3. A tensor has components 1, x, x* — yz in the (x, z) rectangular 
coordinate system. Find the components of this tensor in cylindrical, polar, 
and parabolic coordinates if this tensor is (a) oontravariant, (b) co variant. 
Parabolic coordinates are given by the relations 

X « ti 7 cos 2/ = ^1? sin ip, z = *“ n®). 


4, Write (3) and (7) in matric form, using upper indices for row numbers 
and lower indices for column numbers. Note that a contra variant vector 
is represented by a one-column matrix and a covariant vector by a one-row 
matrix. 


5. According to 


( 11 ), 

a 


Use this relation and (6) to 


show that Ua “ where is 1 /a times the cofactor of in the 

t 

determinant a = |af|. (The matrix ||AJ,|| is the inverse of the matrix Ijafll.) 

6. Show that if the components of a vector (either contravariant or 
covariant) are all zero at a point P in one coordinate system, then they are 
all zero at P in every coordinate system. 


19, Tensors of Higher Order. The concept of a tensor may 
be extended as indicated in 

Definition 19.1. //, in any manner whatever, a set of n^ 
Junctions • • • , x”) {where i, i = 1, * * * , n) is deter- 

mined for each coordinate system, and if these functions transform 
according to the law 


ae ^ ^ 

dx* dx’ 


( 1 ) 


i.) 


then we say that the functions F'> are the components of a con- 
travariant tensor of order two. If a set of n^ functions transforms 
according to the law 




or 




(2) 


then Ftj are the components of a covariant tensor of order two, and 
F\ are the components of a mixed tensor of order two. 

Tensors with components F'», F%„, • • • are similarly 
defined. The tensor Fji* is of order 5; also, we say that is 
contravariant of order 2, and covariant of order 3. 
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Example 1. Let F' and be contravariant vectors. If and 

then 




.. da;'" dx'^ 
dx' dx> 


(3) 


Hence are the components of a contravariant tensor of order two. 
is called the outer product of F' and Gk) However, not every tensor 
can he represented as a product in this way. 

Example 2. The Kronecker delta h) are the components in every coordi- 
nate system of a mixed tensor of order two, for if b) are taken as the com- 
poiK'nts of a tensor in the coordinate system • • • , or”), then these 
components transform into 


" _ t ^ ^ ^ 


dx^ 


(4) 


w here in ^ we sum first over j treating i as fixed. Hence 6g are the com- 


ponents of this tensor in the system (x'h 




It is readily seen that the sum or difference of two tensors of the 
same order and type is a tensor of this order and type. For exam- 
ple, if then is a tensor by virtue of (1). 

The product of any two tensors (regardless of order or type) is 
a tensor. This is illustrated by Example 1. Again, if 

where and are tensors, then it is readily proved as in 
Example 1 that is a tensor contravariant of order 3 and 
covariant of order 2. 

If F)ii,^ are the components of a mixed tensor, then = ^F%.j 

J 

is a set of n^ functions, each of which is the suimof n of the func- 
tions Fiii^, Since 


"S? ipii da-'“da:'^ dx^ dx^ dx^\ 

. 'SJ re _ yfyrn,)— — — 


where — <Pki> it follow's that are the components of a 
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tensor. The process of summing the components of a tensor of 
order r over any contra variant and covariant index is called con- 
traction^ and the resulting functions are the components of a 
tensor of order r — 2, A contracted tensor may evidently be 

contracted again; for example, = ^(p\i are the components of 

t 

a covariant vector. If we contract the tensor 5) we obtain the 
scalar = n. 

t 

Since tensors may be multiplied and contracted to give tensors, 
we may combine the two operations to obtain new tensors. For 
example, 

vii = = 2 ^’’*^^'"^' 

i A: j,k 

are components of tensors. The combined process of multiplica- 
tion and contraction is called inner multiplication. 

If is a tensor, and if, for example, = F^h^ for every set 
of values of the indices, then Fiii^ is said to be symmetric in the 
indices k and m. If a tensor is symmetric in every pair of con- 
travariant indices and in every pair of covariant indices, then 
the tensor is said to be symmetric. If interchange of any pair 
of indices of the same type causes merely a change of sign of the 
component in question, then the tensor is called skew symmetric. 

Example 3. If gij is a covariant tensor, then because dx* is a contra- 
variant tensor (see Example 2 of Sec. 18), dx'dx^ is an invariant 

»j 

(scalar point function), i.e., 

2*'^ dx'^ = 2?‘) dx' dx’. (5) 

a,is ij 

If (x^, • • • , x") are rectangular coordinates with each coordinate rep- 
resenting distance along the resp^ndive axis, then the element of arc-length is 

= (dx^)^ -f {dx^y + • • • d- (dx^y. 


If we define g^ in this coordinate system by the relations 

! 1 when i ^ 7 , 

0 when i ^ j. 


(6) 


ds^ = 




then 


( 7 ) 
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If we now use (6) to define gif as a covariant tensor for all other coordinate 
systems by the first part of (2), then^ because of (6), (7) holds in every 
coordinate system (see Ex. XVII, 7). The tensor ga in (7) is called the 
fundamental metric tensor for n-dimensional Euclidean space, and ds is the 
magnitude of the tensor with components dx*. 

Example 4. In rectangular coordinates (based on the unit of distance) 
the magnitude F of the vector with components F* is given by 

( 8 ) 

ij 

where ga is given by (6). Since ^^gifF^F^ is an invariant, F is a scalar point 

iJ 

function and (8) gives the magnitude F of the tensor F' in every coordinate 
system. We say that F* is a unit tensor if F = 1. In the same manner, the 

scalar product ^gijF^t of the tensors F* and 0^ is an invariant for every 
iJ 

coordinate system. Since in rectangular coordinates we have 

FG cos 6 *= ^^gijFHI^j (9) 

hj 

where 0 is the angle between the vectors F* and it follows that Ff? cos By 
and hence cos 0, is an invariant for all coordinate systems; however, 0 has 
as yet no interpretation in curvilinear coordinates since we have as yet no 
geometric representation for a tensor F* in curvilinear coordinates. We 
now give this representation in 

Theorem 19 . 1 . Let F* be the components of a tensor in an 
arbitrary coordinate system {x^y • • • , a:"). Let each component 

be represented at any point Pby a line segment PP^ along the tangent 
at P to the parametric curve of parameter x' (i.e., the curve with 
equations x^ = constant for all j lA i, x* alone being variable), the 

length of PP* being the magnitude of the component FK Then 

the vector sum PQ of all the line segments PP* represents the given 
tensor in every coordinate system. 

The magnitude of the component F^ is computed as the magni- 
tude of the tensor with components 

0, 0, • • • , 0, 0, • • • , 0. (10) 

By (8), 

1F‘|* = (magnitude of F*)* =® 0'«F'F*, (11) 

since all the F’s in (8) are 0 except F‘. By ( 9 ), we have for two 
different tensors of the type indicated in (10), 
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\F'\ ■ |F.i(cos e)« = (12) 

where 0 is as yet undefined. By (11) and (12), 

F* = XgiiF*F‘ = ^IF^I* + 2|F‘| • lF»l(cos eh, (13) 

ij i % ^3 

where in 5) we sum first for equal i, j and then for distinct i, j. 
iJ 

— ^ ► 

But if we regard PP‘ and PQ as vectors (in the elementary sense), 

PQ» = ■ (S^‘) 

= cos (0.,), (14) 

* »Vi 

where • indicates the elementary scalar product and 6^ is the angle 

between PIP* and PP. Since (13) and (14) hold for every tensor 
F*, (cos 0)ij' = cos (dii) and the theorem follows at once. 

In applying Theorem 19.1 care must be taken to distinguish 
between the magnititde of a component F* [which by (8) is 
invariant for all scales in all coordinate systems] and the numerical 
value of F* (which depends, for example, upon the scales of the 
variables x*). 

If the tensor F* has components of unit magnitude, then by 
(11), F* = 1/Vs7i since |F*1 = 1, and by (12), 

cos 6ij = — ■ * (16) 

Vguga 

Let Qij be any symmetric covariant tensor. We write 


g == 


Igii • • • ginl 


= - (cofactor of Qa in g), (16) 

g 


Wnl * * ’ fl^nnl 

It is readily proved that is symmetric (see Ex. XVII, 9). 
Moreover, ^gikS^ is l/g times the expansion of the determinant 

k 

obtained by replacing the ith row in g by the jth row. By 
Theorem 1.10, 
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(17) 

k 

If F' is an arbitrary vector, then Gj = '^OjkF^ is an arbitrary 

k 

ve(*lor. Since (ja and are symmetric, we have by (17), 

( 1 ^) 

j j\k k 

Since F" is a vector, it follows by Kx. XVII, 10 that g^^ is a tensor. 

If F7 is a given contravariant tensor, then Fj = ^guF^ is a 
V i 

covariant tensor. Since g,^ is symmetric, F, = ^gpF\ We call 

i 

Fj the tensor associated with F^, and we speak of the components 
Fj as th(' covariant components of the tensor with contravariant 
coin{)onents FK Let be th(‘ tensor associated with Fy by the 

law (17). 

J k 

A* = = t'''- 

3 hk k 

Hence contracting with respect to gr,, and g^^ are inverse opera- 
tions, and the roles of F^ and Fy are interchangeable. In rectangu- 
lar coordinates where gij is given by (6) and g^^ is numerically 
ecpial to gij, Ft and Fy are numerically equal. This accounts for 
tlie fact that no distinction w'as made between contravariant 
and covariant vectors in Part B of this chapter. 

The idea of associated tensors may be generalized; for example, 
if 

or (?* = 

/fc _ i 

then F^j and are associated, and Ga and Gm are associated. 
Note that the indices should be spaced to show which index is 

raised or lowered, for, in general, tensors like F\- = ^F^gik and 

k 

</>i' = kj are not the same. 

k 
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Example 6. In rectangular coordinates, where ga are given by (6), we 
have 


gii = 


1 

0 


when 

when 


i = 

i 7^ j. 


If Fi are the components in a rectangular coordinate system of a covariant 
tensor, if p is the distance from th(‘ origin to thf^ plane M representing Fi 
(see f^xample 6 of Sec. 18), and if we define the magnitude F of the tensor 
with components Fi to he 1/p, then in rectangular coordinates we have 


F2 = (19) 

ij 

as may be seen by writing th<‘ (equation of the plane M in normal form. 
Since '^g'^F^Fj is an invariant, (19) gives the magnitude F in every coor- 

hj 

dinate system. If F^ is the associate vector of Fi, and if in (8) and (19) 
the summation is carried out over j, then both of these equations may be 
written as 



( 20 ) 


showing that the magnitude of a vector and its associate is the same. In 
rectangular coordinates, the components Fi are direction numbers of a 
normal N upon the plane M representing the tensor F,; moreover, in rec- 
tangular coordinates, the associate vendors Fi and F'^ are numerically the 
same. Hence the line segment repres(‘ntang F^ is parallel to N. It follows 
that th(‘ angle $ between the plan(*s representing Fi and Gi is equal to the 
angle 6 between the line segments representing F^' and G\ Thus, by (9), 


cos e, ( 21 ) 


this relation holding in every coordinate system. 

If a set of functions transforms, for example, by the law 



t 


2 0 

F'^ 




dx^ dx^ dx^ 


• • • x^') 

where J is the Jacobian of coordinate 

transformation, then these functions are called the components 
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of a relative tensor of weight p. It is evident that the sum of two 
relative tensors of the same type and weight p is again a relative 
tensor of this same type and weight p. The product of any two 
relative tensors of weights p and g, respectively, is a relative 
tensor of weight p + g. Contraction of a relative tensor does 
not alter its weight. 


Example 6. Let 


! 1 when ijk is an even permutation of 123, 

— 1 when ijk is an odd permutation of 123, 

0 when two or more of the indices ijk are equal. 


It follows from Sec. 1, (2), that 


eofiyl 




ij,k 


ij,k 


( 22 ) 

(23) 


where all indices range over 1, 2, 3. The symbols e»/ • « * e, with n 
indices may be defined in a similar manner and may be used to represent 
the expansion of determinants of order n. If we divide both sides of (23) 
by the coefficient of ea0y and replace by dx^dx^^y we have 



Uik’ 


dx* dx^ dar** 
dx'°‘ dx^ dx'^ 


ij,k 


€a0yf 


(24) 


where J 


d(x\ x^, x^) 


Hence in three-dimensional space Ct,* are the 


d(x'\ x'*, a;'*) 

components in every coordinate system of a third order co variant relative 

tensor of weight —1. By Ex. XXI, 14, of Chap. I, — — ^ = J-K 

d(x\ X^y x^) 

Hence it may be shown [as in (24)] that in three-dimensional space e*'* is a 
relative tensor of weight -|-1. In w-dimensional space, ^ and 
(with n indices) are the components in every coordinate system of relative 
tensors of weights —1 and +1. 

Examine 7. If g«y is a co variant tensor in three-dimensional space, and if 



ffn 

01* 

019 

g » 


0t* 

0*i 


0*1 

01* 

0** 


then p is a scalar of weight 2, for by Example 0, 
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if - 

etffity 

. .. da;'“ dx'^ dx^ dx« dx^ dx« dxT 

** / ^ ® ^^QlmgnvQqr ^ J ~ 

ax* dx^ dx* ax'i ax' ax'* ax'^ ax'* ax'^ 

«4J.7 
i,hk 

. ... « 

“ .^2®*’ dj.'. a*.. 


ij,k 

l,m,n,p,q,r 




gClnq 


— — ^ 
ax^i ^* ax'* 


hin,n,p,q,r 

* JgJ *= J*^. 


Un,q 


It follows at once that \/ is a scalar of weight +1. Hence in three- 
dimensional space \/ genh is a tensor of weight 0, i.e., an ordinary or absolute 
tensor. It may be shown in a similar manner that, if p», is a tensor in 
n-dimensional space, then indices) is an absolute tensor in 

n-dimensional space. Since l/g' = l /\/ g is of weight —1 and 

(l/\/ g)e" is an absolute tensor in n-dimensional space. For brevity, 
we shall write 

*«.... - " n / g«ii . .. «*’'•••’* “ ( 25 ) 

where gf =* 1 in rectangular coordinates. 

Example 8. In rectangular coordinates in three-dimensional space, 


=* FGsin 6v* (26) 

hk 

is the vector product of the vectors F, and G*, where t;** is a unit vector orthog- 
onal to Fi and G*. Because (26) is in tensor form, it defines (p* in every 
coordinate system. 


EXERCISES XVn 

1. State the law of transformation for the tensor F)i^. 

2. (a) Prove the statements made in the two paragraphs following 
Example 2. 

(b) Prove the properties stated of relative tensors. 

3. (a) Show that if the components of a tensor are symmetric (skew 
symmetric) in one coordinate system, then they are symmetric (skew 
symmetric) in every coordinate system. 

(b) Show that if is any tensor, then oa + is a symmetric tensor 
and — ayi is a ricew-symmetric tensor. Represent oa as the sum of a 
symmetric and a skewnsymmetric tensor. 
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4. Prove relation (5) directly from the tensor laws of transformation. 

5. Show that if is a tensor, then tensors. 

z t.Z 

6. Show that and du (preceding Example 3) are tensors if 

Qjkh * • * T a-re tensors. 

7. (a) If (r, e) are polar coordinates (r based on the unit of distance, 
B in radians), find gtj and If Sr and Sq represent arc length aloiig the 
parametric curves, find dsr and ds^ as the magnitudes of dr and dd. Repre« 
sent your results geometrically, and illustrate the significance of Theorem 
19.1. 

(h) Prove the following formulas: 

ds^ = dr^ -f r* de^ + r® sin^ B d<f>^ in spherical polar coordinates. 
ds^ = dr^ 4“ dO^ + dz^ in cylindrical coordinates. 

= (I* + 4- drj^) 4- parabolic coordinates. 

In each case find the differential of arc length along the parametri(^ curves, 
represent your results geometrically, and illustrate the signiticance of 
Theorem 19.1. 

8. A coordinate system is called orthogonal if ga = 0 for i 7 ^ j in this 
system. Find ds^ and Bij in such a system. Show that g^^ = l/gu, g^^ — 0 
for i 9 ^ j. 

9. If is symmetric, show that g*^' is symmetric. 

10. Show that if the set of functions F*' is such that jg a vector for 

J 

every vector (r,-, then F*t is a tensor. Generalize this result. 

11. If jg any (absolute) contra variant tensor, show that the deter- 
minant \g'^ is an invariant of weight —2. 

12. (a) If FJx), are vectors in three-dimensional space, where (\) serves 
merely to distinguish the various vectors, X = 1, 2, 3, show that the deter- 
minant |Fj\)l is an invariant of weight —1. 

(b) Give the analogue of part (a) for covariant vectors. 

13. If Fy is a mixed tensor, show that the cofactors of the determinant 
|Fy| are the components of a tensor. 

14. Show that if Oi yF‘F^’ is an invariant for every vector F*, then the 
quantities a*/ 4- cl a are the components of a tensor. 

15. J^iow tfiat in oblique Cartesian coordinates ga == cos wliere Bn 
is the angle between OX' and OX^’, and where Ba = 0 for all i. 

10- If X' and ju' are unit vectors, and if B is the angle between them, show 

that sin* S = (cr.7?«« — 

17. Show that and are associated tensors. (Hint: In three 
dimensions, geafiy =* ^ e^^^gaigfijgyk.) 

iJrk 

18. Show that gij, g^^y and 6y are associate tensors. 
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19. In three-difiieiisional ispace if F* is the associate of and G' that of 0*. 

and if — F^G\ show that is skew symmetric and that 

are the co variant components of the vector product of Fi and Gi, 

j,k 

20, (a) In three-dimensional space, if is a skew-symmetric contra- 
variant tensor, show th> t \/ gF^\ \/ gF^\ V gF^^ are the components of 

the covariant vector ’^.juncF’''. 

j,k 

(l)) If Gij is a skew-symmetric covariant tensor, show that (l/V^X^za, 
a/V9}Gn, a/V9)Gn are the components of a contra variant vector. 

(c) If Gij is skew-symmetric, and if show that 

j,k 

Gij - 

k 

21 . If X* is a unit vector, sho^that the cosines of the angles it makes with 
the parajnetric lines are 

22, In three dimensional space, show that the element of volumes in any 
coordinate system is given })y 

(IV = \/ g dx^ dx‘^ dx^, 

wIktc g is given by (16) with gtj the fundamental metric tensor, 

20, The Covariant Derivative. It w as shown in Example 4 of 
Sec. 18 that Fi = dF/dx' are the components of a covariant 
tensor w hen F is a point function. However, if Fi is an arbitrary 
covariant tensor of order one, it is not the case that the func- 
tions dFi/dx^ are the components of a tensor, for 

/^dFk dx^ \dx^ dV 

ax'7ax'“ ' 

( 1 ) 

The presence of the last term show^s that dFk/dx^ does not trans- 
form as a covariant tensor. We shall now" define a quantity 
F,,y (in terms of dFi/dxJ) w"hich transforms according to the 
tensor law. Let gfyy, g, and be the tensors in (.16) of Sec. 19. 
The cpiantities 

i* ‘I - sfe* + t - i)' { I } - K. '1 W 


dx''^ 


d ^ ^ 
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are called the Christoffel symbols of the first and second kinds. 
These quantities are evidently symmetric in i and f (since Qa is 
symmetric). From the relation 





with similar formulas for and we have 




dx 


5-2 


iJi 


dx' 




dga 

dx^ 

dx* 

dx’ 

'az' 

dx'' 

dx'" 

dx'^ 




+ 

A 

dgu 

dx’ 

dx* 

dx^ 

dx^ 

dx'" 

dx'"" 

dx'* 





^gn 

dx* 

dx^ 

dx^ 

dx' 

dx'" 

dx'" 

dx'' 


r a^x' dx> dx* av 1 
^ L dx'" dx'" dx'^ dx'" dx'' aa;'* J 


4- r ax‘ dx* dV ' 

if L dx'^ dx'" dx'' dx'" dx'^ dx''\’ 


4 . I dx' dx’ d^x^ ] 

^Laz'"dx'%x'' dx'^ dx'" dx''J 


3,1 


Since the second sum in each of these equations may be written 
with summation indices i and we may combine these equations 
to show that 


[a^, SY = n 


dx* dx^ dx^ 


iJi 


da:'"* da:' dx 


7 + 2 


Qii 


dV dx^ 
dt^*^ da:'^ da:'^ 


( 3 ) 


If we multiply both sides of (3) by dx*/dx'^ and sum over 
7 and 6, we find that 


2 { y ^ k ) d^x’‘ 

^ ^ / dx''' ^\ij) dx'" dx'" dx'" ax'"’ 


Since 






dx* dx^ 
^ dx'* 


= 9^‘, and ^gag^ «= «f. 
i 


If we solve (4) 
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a 0 

for bH^jbx^ bx* and substitute the result in (1), we have 


bx 


dx'" dx'^ 


+ 


2(S'.5)jii'-22M‘lf,5 

In the first term wc may change the summation index k to i. 
If we collect the first and last terms, and transpose the middle 
term, we have 


bx 




Thus the quantity 


Fi.i 


dx’ 


2^' 


i k 

V 




( 6 ) 


transforms as a second order covariant tensor. We call the 
tensor F,-., the covariant derivative of the tensor Fi with respect 
to the tensor g^. It may be shown in a similar manner that 




(7) 


is a mixed tensor. We call F',j the covariarU derivative of F' with 
resped to ga. Since 




(«) 


Fi,j is symmetric if and only if dFi/dx’ = dFj/dx*, i.e., when F, is 
the gradient of a scalar point function F. By (8), 


Fi.i - Fj.i = 


dx’ 


dFj^ 

dx*’ 


(9) 


We call this quantity the curl of the vector F*. Since the differ- 
ence between two tensors is a tensor, the quantity (9) is a tensor. 
In three-dimensional space the quantity 

^ = 2**'^ 
ij 


( 10 ) 
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is a coniravariant vector. In rectangular coordinates the compo- 
nents of <p^ reduce to the quantities given in (21) of Sec. 11 since 
\/g = 1. (In Part B of this chapter we omitted the proof of 
the fact that <p^ were the components of a vector. We liave now 
supplied this proof by tensor methods.) In general orthogonal 
coordinates (u, v, tr), Qij have the values 

gw == cf, g 22 = gn = c|, g^ = 0 when i 9^ j] 

ds^ = e\ du^ + cl dv- + (J 1) 

wht^re Cl, C 2 , Cs are functions of (a, v, w). By (10) the components 
of are 



(This relation holds for arbitrary coordinates.) Let denote 
the magnitude of the component F,, so that = \/ By 
Ex. XVII, 8, Fi = If we denote the vector with compo- 
nents (p'^ by curl F (not to be confused with the general concept 
of curl given above), and if we denote the magnitude of v?" by 
(curl Fy, so that (curl FY = €iip\ we have 


(curl FY = 
(curl FY = 
(curl FY = 


_L/ 

6263 \ dv / 

_1_/ a(eig,) _ I 

€zei\ dw du y 

_li 1. 

eie2\ du dv ) 


(13) 


The divergence of the vector F‘ is taken to be ^F\i. By (6), 


Since * g«», SS g^idgji/dx^) - XX g*‘(dgij/dx‘), and th& 
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last two terms of the last sum cancel out (after summation). 
.Moreover, 


2jT dx> 2gdx‘^ y/gdxA^ 

u 

Hence (14) reduces to 




Thus the divergence of the v(‘ctor is given by 




■r -(PVg). 


(15) 


(16) 


In any coordinate system for which g is constant, this expression 
reduces lo the form given in (10) of Sec. 11. If denotes the 

magnitude of th(‘ comT)onent so that by (11), = ~ F\ (16) 

reduce.- for ortliogimal coordinate's in tlirec'-dimensional space to 
tlie fonu 


div F - 


1_ 




. (17) 


] dU 

Since the magnitude of tin' fth componejit of grad V is — — -r’ 

Ci dx^ 

w(' have 


di\' grad U = 


1 


CiCoCs' 


d_ 

(In 


( 4- 

\ Cj du ) d?;\ C2 dv ) 


+ 


d ^CiC2 df/\ 
da\ Cs dw / j 


(18) 


This reduces to the Laplacian when the e’s are constants. 


EXERCISES XVIII 

1. Show that in any orthogonal coordinate system, 

... 

Hi, fc] = 0, [ij, i] = = Ci—, Hi, i] = 

dX^ ox* 

( ij f ’ ( ii i f) dx^ \ ij ) dx^ \ ii / dx* 

where cj = ga, and f, j^ k are distinct. 
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2. Compute the divergence, Laplacian, and curl in polar, cylindrical, 
and parabolic coordinates. 

3. Show that if F' is a contra variant vector, then is a mixed tensor 
of order two. 


4. 


Show that Fij,k 


dFij 

dx^ 


SF'i 


n* 








h h 


are tensors. These quantities are called the covariant derivatives of Ft,*, 

F). respectively. 

5. Write the formulas for the covariant derivatives of several higher 
order tensors. 

6. Show that g^.k = g*^\k == F^,k = 0, i.e., that the tensors ga, and 
6] behave like constants under covariant differentiation. 

7. Show that the rules for covariant differentiation of the sum, difference, 
outer and inner product of two tensors are the same as for ordinary differen- 
tiation of scalars. 

8. Show that F.i, — F.,, = 0. Find formulas for F,.,* and F,.,* — F,*,*/. 

9. Show that if <pij = F,,, — Fy,<, then 


, , , d<Pjk d<pki ^ 

-h (p}k,i + m,i = -rr t* —7 t- -77 “ 
dsr dx* dx^ 

What theorem of ordinary vector analysis is a special case of this result? 
10. Show that [ijf ik] 


11. Show that the Laplacian of U in general coordinates is given by 


I 

jlacian 

ij 

12. Show that the divergence of the tensor is 


To what form does this reduce when the g*8 are constants? 



CHAPTER VII 


PARTIAL DIFFERENTIAL EQUATIONS 


1. Introduction. A partial differential equation is an equation 
involving partial derivatives. Explicit solutions of such equa- 
tions can be written down in only a relatively few cases. The 
theoretical questions involved in the study of such equations 
are so great that we shall not undertake to do more than note 
certain equations of importance in applied mathematics and to 
indicate certain methods for their solution. We shall not con- 
sider the problems relating to the existence of solutions, or to 
the validity of the operations upon the series involved. 

The solution of a partial differential equation usually involves 
arbitrary functions, in much the same way that the solutions of 
ordinary differential equations involve arbitrary constants. 
In the applications of the theory to physical problems, the 
problem usually involves the determination of a particular func- 
tion which satisfies the differential equation and which, at the 
same time, meets other conditions — frequently called boundary 
conditions — of the physical problem. 

2. A Simple Form of Partial Differential Equation. Euler’s 
Equation. We shall first consider the equation 


dh 
dx dy 


= 0 . 


(1) 


Integrating with respect to y, we have 


I = V’lW. 


where ipi is an arbitrary function of x. Integrating with respect 
to X, we find 


z = ^(i) + iiy), 

where <p and are arbitrary functions of x and y, respectively. 
We shall now consider the general Euler equation, 


^*2 . oi, _L _ n 

^dx dy^%'~ 


( 2 ) 


where a, b, c are constants. 
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We shall change the independent variables by means of the 
linear transformations 


i = OLX + 0y, 
n = yx + by. 


Evidently, 


dz __ df dz drj _ t 

^ ^ to ^ 

d'h / d , 5 V 

to^ = • 

Substituting these relations in Eq. (2), we have 

d 2 r 

(aa^ + 2 ba^ + + {ay^ + 267^ + cS^) 

d- 2[aa7 + h{ab -f“ ^y) + c/36] - 


0. (5) 


If we select a = 7 = ], /3 = Xi, 6 = X2, where Xi and X2 are the 
roots of the quadratic 

a + 26 X + cX2 = 0 , (6) 

Eq. (5) reduces to 

c)^Z 

[a+ 6(Xi + X2)+ CX1X2] 37-^ = 0 , 


If 6* — oc > 0, Eq. (2) is said to be hyperbolic, if 6^ — oc = 0, 
Eq. (2) is said to be parabolic, and if — ac < 0, Eq. (2) is 
said to be elliptic. If oc 5^ b^, then (7) reduces to 


which has the solution 

z = <p{i) + 'f'iv) = ‘P{3: + hiy) + ^{x + Xs3/). (8) 

If oc = 6*, then Xi = Xj, and i = ij. In Eq. (5), set a = 1, 
j£i = X, 7 and 5 arbitrary, we find 

dH 

— = 0 
dn* ’ 


( 9 ) 
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2 = ^( 1 ) 4- = ^(x + Xi/) + (yx + 8y)- ip(x + \y). (10) 


The method given above applies to the equation of a stretched 
string, 


du ~ ^ 



( 11 ) 


Set f = X + Xi^, Tf — X + \ 2 tj with X^ — = 0, Xi = a, X 2 = —a. 

We then find 

%i = <p{x + at) + \{/{x — at), ( 12 ) 


EXERCISES I* 

1 . Show that 

2== Fo4'Tix + F2X^+ • • • + F,u_ia:”*~’ + Xq Xiy + X^y^ 

-f ' • • “f Xn-iy'^'~^r 

whore the F^s are arbitrary functions of y and the X’s are arbitrary func- 
tions of x, is a solution of — 0. 

2. Show that 2 = Ci sin wx -f C2 cos vrx, where ci and C2 arc arliitrary 
functions of ?/» i« a solution of d^z/dx^ = ~a'h, 

3. Show that 2 = -h (ly) -f <p2(x — ay), where ip] and ^2 are arbi- 
trary functions, is a solution of the e(|uation {(Pz/Oy^) — a^i<}h/dx^) — 0. 

4. Find a partial differential equation having the primitive 

(.r - a)2 + (y - h)'^ +22 = ], 

and show that 2^ — 1 = 0 is a singular solution. 

5. Find the partial differential equation representing each of the following 
families: 

(n) 2 = (2 + a){y + h). (b) —.+ f: - 0. 

0^ cr 


(c) 2 — ax^ + 2 bxy -f cip -f- dx -f c//. 

(cl) A family of conical surfaces with vertex at («, 7). 

dz dz 

. Am. {x — a) — -\- {y — ^) — — 2 — 7. 

dx ' dy 

((0 A family of cylinders where generators are parallel to the line x « a2, 

y ^ 

(f) A family of surfaces of revolution with OZ as axis. 

Ans. xq — yp ^ 0. 

(g) A family of surfaces generated by lines parallel to a fixed plane and 

intersecting a fixed normal to that plane. Ans, xp yq ~ 0. 

* We shall frequently use the notation p « dzfdx, q = Bzjdy, r <= 

$ « i)H/hx dy, t « ah 'dtp. 
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6. Find partial differential equations for each of the following by eliminate 
ing the arbitrary functions: 

(a) a? + y + 2 » <p(x^ 4*^*4“ «*). (b) ip(x^ 4 y*, « — xy) « 0. 

(c) ^(x/y, y/z, z/x) « 0. 

7. Let u{Xy y, z) and v{Xy y, z) be any two differentiable functions of 
«, y, and z. Show that if 4>(f;) be any arbitrary function of v, then this 
function may always be eliminated from u — ^{v), 

3. Linear Partial Differential Equations of the First Order. 

We shall consider equations of the form 

4: + 4 - "■ 

where P, Q, and R are any three continuous differentiable func- 
tions of {Xy yy z) in a region D of space, and such that P and Q 
do not both vanish simultaneously. It can be shown that under 
quite general conditions (1) has a solution. We shall obtain a 
solution to (1) by constructing a family of solutions to the total 
T differential equation (3) given below. 

II Suppose 

z = gix,y) ( 2 ) 

i® ® solution of (1). To each point 
> ' in there corresponds a definite direc- 

/ j_ jT tion whose direction numbers are P, Q, 

, nnd R. The normal to the surface (2) 
/ at a point (P has direction compo- 

nents [dz/dx, dz/dy, —1]. Equation 
(1) indicates that the direction P, Q, R 
is orthogonal to the direction [dz/dx, dz/dy, —1]. This means 
that at any point on the surface (2), [P, Q, P] determine a 
vector V in the tangent plane to (2). We seek a family ff of 
curves such that at each point (P of (2) each curve of if 
through <P is tangent to the vector V at (P. This family (F is 
defined by the system of ordinary differential equations 


,(P.Q.iO 


f^o ^o*yo 


Fig. 195. 


^ _ Q ^ ^ 

dx~ P’ dx~ P’ 


dx dy dz 

F * 0 “ 
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Through each point (P of (2) there passes a curve of 5. Let ?F, the 
solution of (3), be given parametrically by 

X = /i(<, Zo, 2/0. 2o), y = / 2 (/, a^o, ^ 0 , 2o), 2 = /3(<, a;o, 2/o, 2o), (4) 

or by 

m(x, y, z) = Cl - UKXn, 2 / 0 , 2o), v{x, y, 2 ) = cj = ?;(xo, 2 / 0 , 20 ). (4') 

Suppose C is any curve in D which does not coincide along 
any arc with any of the curves of SF. A curve of SF passes through 
each point (xo, 2 / 0 , 20 ) of C. We shall show that the one-param- 
eter family g of curves taken from $F in this manner forms a 
surface 


2 = y). ( 5 ) 

Suppose the solution (4) is written in nonparametric form 

y = g{x, Xo, 2/0, 2 o), z = h{x, xo, 2/0, 2 o). ( 6 ) 

Now suppose in (4) Xo is fixed, and has the value xo = 0. Then 
rewrite (6) as 

2/ = |3(x, 2/0, 2 o), z = y{x, 2/0, 2 o). (7) 

Since 2/0 = d(0, 2/0, 20), Zo = 7 ( 0 , 2/0, 2 o), 


^ = 1 ^ = 0 — 
dyo ’ dzo ’ dyo 

Let the equation of the curve C be 


= 0 , 



Zo = 5(2/0), X = Xo = 0 , 


( 8 ) 

( 9 ) 


where 5 has a continuous first derivative. Substitute (9) in (7). 
Since dy/dye 7 ^ 0, the resulting expression may be solved for 2 / 0 , 
giving, say 

2/0 = w(x, y), (10) 

where to has a continuous first derivative. By means of (9) 
and (10) 2/0 and Zo may be eliminated from the second equation 
of (7), leading to an expression of the form given in (5). 

In equations (4), we may always regard (in the neighborhood 
of (xo, 2 / 0 , 2o)) the parameter t as x when P 0, and as y when 
Q 0 at that point (xo, yo, 2o). This shows that our proof is 
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general if P 0 at (:ro, 2 / 0 , ^^o), for otherwise, it is only necessary 
to interchange the role of x and y. 

The curves ^ whose equations are (4) are called the charac- 
teristics of the diffeiential equation (1). 

The normal at any point (9 of the 
surface (5) is perpendicular to the 
particular curve yp of (4) through (P. 
The direction numbers of yp are P, Q, 
R and those of the normal to yp at (P 
are 0x, —1. Hence the surface (5) 

is an integral surface of (1), since (1) 
is satisfied. 

If the curve C is given by the 
Fig. 196. equations 

a: = f(X), y = »j(X), z = f(X), (11) 

where X is a parameter, tlie equation for the surface (5) may be 
written [by substituting (11) in (4)] in the form 

X = f\[t, J(X), vW, {"(X)], y = fi[i, $(X), 7j(X), f(X)], , 

2 = m KX), .;(x), r(X)]. 

Any solution of (1) yields a surface z == \f^(Xy y) which is 
generated by a one-parameter family of curves (4). This fact 
follows immediately from the observation that through each of 
the points of the surface passes a curve (4), and each curve of 
this sort lies entirely in the surface. 

It can be shown that 4>(w, r) = 0 is the general solution of 
equation (1), where is an arbitrary function and where 

u{x, 2 /, z) = Cl, v{Xy 2/, z) - C 2 

is the general solution of equations (3). 

dz . Oz 

Example 1. Find a solution of x -, — h (y -f 3a;*y*e* ) — =0. Here 

dx dy 

P » x, 0 ®= y -f- P *= 0. We suppose « = p(a;, p) is a solution of 

the given equation. The family ^ of characteristics of the given equation 
is defined by 

dx dy dz 

X 2/4- 3x*s/*e*’ 0 



m 
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u 


+ = Cl. 


y 


V ^ Z == C2. 


(4') 


Hence the surface z = (x/-/) -h e*’ is a particular solution of the given 
equation. 

The general solution of the given equation is 


4>{Uj v) 



= 0 . 


Ezample 2. Solve p + 9 = 1. 

Here P = Q == = 1, and dx/1 — dyil — dz 1 1 have the (characteristic) 

solution X — y = Ci,a; — z = C 2 . The characteristic through (a;o, yo, Zq) is 
X — 2/ =» Xo — ?yo, X — 2 — Xo — 2 o. We select x = 0, z — in the 
2 / 2 -plane for the curve C. Pick a point, say (0, i/o, on C. The charac- 
teristic through tliis point is x — y — — i/o, x — z — — These are 
the equations of a surface S generated by the characteristic's when yo is a 
parameter. The equation of the integral surface 8 is found, upon elirninat- 
ing the parameter 2 / 0 , to be 2 — x = e*”*'. The general solntion of the given 
equation is 4>(x — ?/, x — 2 ) =0. 


Example 8. Solve (x^ — y* — z^)ip 4* (2x1/)^ = 2x2. Here 


P = x^ — 2/2 — 2 *, 0 = 2x1/, R — 2x2. 


The solutions of 


dx 


dy 

2xy 


dz 


= Cl, 


2x2 
X* + 2 /* + 2 ® 


are the (tharacteristics 


= Ca. 


Consider the curve C with equations x = 0, 2 = y* m the yz-plane. We 
select the characteristic through xo ~ 0, zo = yj, namely, 


1 

yl 


a:’ + y* + 2:* yj + yS 


yS 


These are the parametric equations of a surface generated by the character- 
istics through curve C with yo as the parameter. Upon eliminating yo, we 
have 

2/3(x* + y^ -f «*)* — + 2 ^)* = 0, 


which is a solution of the given equation. The general solution 13 
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EXERCISES II 

1. (a) Show that the equation of the tangent plane to the surface 


2 y) at (Xo, 2/o) is 


dz 


1 - a:o) + jl 

Jo ^ 2 / Jo 


{y - yo) - (z - zq) 


(b) Show that the equation of the normal to the tangent plane at the 
' - xq y - ya 


point {xoj 2 / 0 , So) is 


dx 


dz 

_ 0 ^2/ Jo 


S - So 

-1 


2. Find the equations of the tangent plane and the normal to each of 
the following surfaces at the points indicated: 

(a) x^ + 2/2 22 =. 14 at (1, 3, -2). 

(b) z = log xy at (1, e, 1). 

(c) z = Tan"^ iy/x) at (2, —2, — 7r/4). 

3. Solve: dx/x = dy/y => dz/z, Ans. x ~ c\y^ x « CiZ. 

dx dy dz 


4. Find a solution of 


which 


y^z{z -f 1) x^z{z + 1) xy^{l -h z) 
passes through the point (1, 0, —2). Am, x^ — y^ - ly x^ — z^ ^ —Z, 

5. Solve: dx/a — dy It = dzl^ai = d^/0 == ds/0. 

Am, 5 = Cl, ^ = C 2 , tx — sy = Ca, 2tx — z Ci. 

6. Solve: yz dx xzdy dz — 0. (Hint: set z — constant.) 

Am. xy 4- log Ci 2 =* 0. 

7. Find a solution for {x z) dx -\r y dy — z dz = 0 on the surface 

3z = 4" 2/*- 

8. (a) Find integral curves of 2y dx + x dy — dz — 0 on the surface 
3; 4" 2 / ~ s =« 0. 

(b) Also, on y^ 

9. Solve: t/s® + wyz + l){dz/dx) « 0 by assuming y = 2/0 is a constant. 

Am. ze^* == <p{y)i where tp is an arbitrary function of y. 

10. Solve: {z ctn xz — y){dzldy) = z. Am. log sin xz — yz (p{x). 

11. Find a particular integral of each of the following equations, using 
the method of Sec. 3: 

dz dz 

(a) (cos a: 4* sin x) h (sin x — cos x) — *= 0. 

dx dy 


(b) + y(l - x)^ = 0. 

dx dy 

, . - dz . dz 

(c) X log x^ 4- (log a; — 2 /) ~- 

dx dy 


Am. 2 = 2 / + log (cos X 4” sin x), 
z 

Am. z log X. 

y 

0. Am. z =“ i(log z)^ — y log x. 


12. (a) Prove that ifz^ g{Xy y)is& solution ol (1) in Sec. 3, then z « ^(g) 
is also a solution of (1), where 4> is an arbitrary function of 0. 
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{h,„, g] + «[4..<„g] . ..(„[pg + o|] j 

It can be shown that (1) has no other solutions not contained in 2 = 4>(ff). 

(b) Use (a) to find general solutions to the equations given in Ex. J 1 
above. Thus the answer to part (b) is 2 = <I>[log (x/p) — x]. 

13. Find a solution to Example 2 above when the curve C is taken to be 
y == z — and when the point P is taken to be (xo, xl^ xj). 

Ans, (x - yY = {y - z){x - 2y -f- 2). 

Also find the general solution. 

14. Solve xp yq — z = 0, using y^ = 4x, z — 1, for the curve C, and 
(xi, 2/1, Zi) for the point P. Find the general solution. 

15. Prove the statement made at the end of Sec. 3 that a general solution 
of (1) is ^{u, v) = 0. 

16. (a) Prove: If /(x, ?/, 2) =0 is a solution of Pp Qq == R^ then 

Q = 2) 

is a solution of P(x, y, z){dg/dx) -f Q{x, y, z){dg/dy) 4- P(x, y, z){dg/dz) = 0, 
when X, y, z are independent variables. Show that the converse is also true, 
(b) Solve {xyz - x){dg/dx) {y — xyz){dgldy) -f {xz - yz)(dg/dz) == 0. 

Ans. g = 4>(x -j- ?y + log 2, log xy + z). 

17. Find an integral surface for p ~ 9 *= 0 through the curve x = s, 
y z — s^, where s is a parameter. 

18. Given xp yq = 2. (a) Show that the parametric equations of the 

characteristics are log x = i -f ci, log y — t C 2 j log 2 = < + cs, where t is 
a parameter, (b) Find the characteristic at the point w here < = 0 through 
the curve x = 2/ = 2s, 2 == 1, where s is a parameter, (c) By eliminating 

s and t from the result found in (b), show that y^ = 4x2 is an integral surface 
of the given equation. 

19. Solve each of the following equations. Interpret your solutions 
geometrically. 

(a) 3p -f" 6?' =0. 

(c) p(x — 3) + g(x — 5) == 2 - 7 
(e) py - qx ^ 1. 

(g) px qz + y 0. 

(i) xp -j- yq ~ nz. 

(k) (x -f- y)p + (y - z;)g = 0. 

20. Find integrals for each of the equations in Ex. 1 9 which pass through 
the curves: 

(a) X* -f 2/® — 1 * 0, 2 = 0. (b) 2/ = 3x, 2 — 1. 

{c) X ^ Pj z - 0. (d) X = 2/ = z. 

21. Show that 2 = ax -f dj/ + c, with a and subject to the relation 

G{a, 0) « 0, is a solution of the differential equation (?(p, q) * 0. 

22. Find integrals for: 

(a) pq — 1 « 0. 


(b) py = qx. 

(d) p qz =*i| 

(f) 3(p -h q) 

(h)-' + S--‘. 

xyz 
(j) x^p 4- y^q == zK 


(b) p* 4- 1 — 9 = 0. 
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23. Solve: 

(a) p - 5 - -f. (a; - y)8 » 0. (b) x{r ~ 0 + 2p « 0. 

(c) r* + 2p -h 2 ~ 0. (d) r* - p -f- z. 

(e) r* — 5p 4* 6^ *= 0. 

4. General First-order Partial Differential Equations. We 

now consider the partial differential equation 

0{x, y, z, V, 9) = 0, (p == ll’ ^ 

where the function G is assumed to have continuous first partial 
derivatives throughout a region D. We shall suppose that 
Gp and Gq do not both vanish at any point (x, z) in D. We 



shall furthermore suppose that p and q can assume any values 
whatever within D, 

Select a fixed point {xq, 2 / 0 , Zo) in D, and consider the lines £ 
passing through point with direction numbers [p, q, — 1], 
and which satisjp^(l), so that G{xo, po, Zo, p, q) = 0. [This 
relation shows that at (xo, t/o, 20 ) only certain directions are 
possible.] These lines Z generate a cone ,9rr, and their normal 
planes through (xa, 2 / 0 , ^o), represented by 

z - Zo=^ p{x - Xo) + q{y - 2/0), ( 2 ) 

envelope a cone 3. The rulings of 3 are determined by (2) 
and by 

0 = (y - J/o) + - a:o), (3) 

( 4 ) 


or by 


X xo _ y - yo 

Gp Gq 
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where 

dGiXo, yo, 20, P,q)_r< ^(*0. yo> Zo, V,q) _n 

dp ^ aq ® 

Let a solution of (1) be the surface S with equation 

z = rpix, y). (5) 

At (xo, yoj Zo), the tangent plane (P to S is given by (2). The 
ruling of cone 3 which lies in 6^ also lies in the plane (4). This 
shows that at every point of S a direction is determined. 

We shall show that the surface S may be generated by a one- 
parameter family of curves 6, each curve of 6 being tangent at 
every one of its points to the direction associated with that i)oint. 
The differential equation 


dx _ dy 

Gp Gq 


( 6 ) 


with z given by (5) has for a solution in the neighborhood of 
(xo, yo) a one-parameter family of curves C2 which sweep out 
this neighborhood exactly once. The cylinders on 62 as direc- 
trices, with elements parallel to the z-axis, cut from 8 the curves 
e, and these curves C sweep out that portion of 8 in the neighbor- 
hood of (xo, yoi Zo) exactly once. 

We shall introduce in (6) a parameter t\ 



II 

II 

(7) 

Along the curves G, dz = p dx + q dy = (pG.jdr qGq) dt. 

Hence 

(6) becomes 

•‘OP' 



dx dy _ dt _ , 

Gf Gg pGp + (fig 

(8) 

Along C, 



dp 

— r dx + 8 dy, dq = s dx + t dy, 

(9) 

where 



D 

S’! 

II 

dh _ ^ _ dq 

^ ~ dx dy dy dx dy^ dy 

• (10) 

Hence 



dp = 

(rOp + di, dq — (sGp + tGg) dt. 

(11) 
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The function (5) satisfies Eq. (1) identically. By (1), 

Gx + pGz + rGp + sGq = 0, Gy + qGe + sGp + tGq = 0, (12) 

where Gx = dGJdx, Gy = dG/dy^ Gz = dG/dz. By (11) and (12), 


Gx + pGz + 


Gy + QGz + 


Equations (8) and (13) give 

dx _ dz _ ~~dp 

Gp Gq pGp ^ qGq Gx •+■ 


Gy + qGz 


This system (14) involving five dependent variables z, 
p, g, and the independent variable t define a family of curves: 

X = fi{t; xoy 2/0, 20, po, qo), \ 

y == h{t] a:o, 2/0, 2 : 0 , Po, go), / 

2 = U{t] xo, 2/0, 2 o, Po, go), > ( 15 ) 

p = fS] ^0, 2/0, 2^0, Po, go), \ 

g == Sh{t] xo, 2/0, 2o, po, go). / 

We shall assume that at ^ = 0, = a:o, v = Vo, * • * , g = Vo. 





We shall assume that at ^ = 0, = a:o, 2 / = Vo, * ’ * , g = go. 

These equations (15) define the 
family known as the characteristics 
of the given differential equation. 
The first three equations in (15) 
determine a curve 6 through 
(xo, 2 / 0 , 20 ), and the last two deter- 
mine for each point of 6 a definite 
tic Strip normal having direction numbers 
I [p, g, — 1], and a tangent plane per- 

J — pendicular to this normal. We can 

think of e as being imbedded in a 
* T 7 .no narrow strip of surface S such that 

at each point of 6, the tangent plane 
to the surface has the position belonging to that point. Such a 
strip is known as a characteristic strip lying in the surface S. 
S can be thought of as being made up of a one parameter family 
of such characteristic strips. 

Examine 1 . Given Q s xp* H- yg — xz =» 0 . 

The normal planes ( 2 ) at (xo, 2/0, 20) are given by 

z — Zq ^ yix - a?o) + q{y - j/o). 


(2^) 
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The rulings of cone 3 are determined by (2') and (4). 
Since P Gp — 2pxo, and Q = Gg yo, Eq. (4) is 


X - xo ^ y — Vo 

2pxo 2/0 


The planes (2') through (a;o, 2 /o, zo) envelope the cone 3 whose rulings are 
given by (2') and (4'). Eliminating p and q from (4'), (2') and 

Gixo, 2/0, Zo, p, q) = Xap^ 4* yoQ ~ XqZq = 0, (T) 

we may obtain the equation of the cone 3. 

Example 2. Given G{Xy y, 2 , p, g) = pq z{p q) - 0. Find the equa- 
tion of the cone 3 through (o^o, 2 / 0 , Zo). 

The normal planes (2) at (xo, po, Zo) are given by 

z — Zq ^ p(x — xo) -f- q{y - Po), (2") 

and the rulings of 3 are given by (2") and 


X - Xo _ y — po ^ 
<? + Zo p + Zo 


(4") 


where 


G(xo, po, Zo, p, 5 ) s pp + zo(p + g) =0. (1") 


Eliminating p and q from (2") and (4"), and substituting in (1"), we have 
the equation of the cone 3, the envelope of the family of planes (2") subject 
to the restriction (!")• 

The rulings of the cone 3 are found from (2"), (4"), i-^., 


p{x - Xq) + q{y - Po) - (z ~ Zo) = 0, (2'") 

and 

(p 4- Zo)(x - Xq) - (^ 4- Zo)(p - Po3l(| 0, (4"') 

to be 


X — Xo _ P — Po _ Z — Zo 

9 + Zo p 4- Zo 2pq 4- Zo(p 4- q) 

By (EO, 9 “ ^Zop/(p 4" Zo), so that the equations for the rulings on the 
cone may be written 


X - xo __ y — yo ^ z - Zo 
Zo (p 4 - Zo)® — ZoP® 

Example 8. Find the characteristic strips for G ^ pq ^ z « 0. 
Equations (14) are 

dx dy ^ 

9 p p q q 


(14') 
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where the parameter t has been introduced. The characteristics of the 
given equation through (iCo, 2 / 0 , Zo) are the solutions to (14'), namely, [recall- 
ing that at « “ p, (x, y, z) * (xo, yo, Zo)l 

P Po 

— Cl — J PoQo ** 2o, 

Q Qq 

2 — *= C2 = 2 o — Po^Ot 

2/ - p = Ca = ?/o - Po, 

y yoQo 

X “ ■” ~ C 4 37o " 'f 

Cl Po 

X — t ~ Cs = Xq. 

EXERCISES m 

1. Show that the family of planes z — Zo = a{x — Xo) + h(y — yo) 
envelope a cone with vertex (xo, po, 20 ), where a and h are dependent param- 
eters subject to the relation G{a, b) 0, and where (? is a suitable arbi- 
trary function. Show that the rulings of the cone are determined by the 

given family of planes and ^ 

^ ^ dG/da dG/db 

2. h'ind the envelope of the family of ellipses (x*/a*) -f {y^/b^) — 1 of 

constant area wab = k. Ans. xy = ±A;/2t. 

3. Find the envelope of the family of circles having their centers on the 
line p - 3x and tangent to the p-axis. 

4. (a) Find the envelope of ax H- /3p -f afiz = 1. 

(b) Find the envelope in case (a) if a — —fi. 

5. (a) Find the characteristic strips for xp -f p® — p = 0. 

Ans. p = Cl, p = -f ca, log p = -f Cs, xp + p® = C 4 , 

p2 

= (ci - Ci) log p - y -h Ct. 

(b) Using Xopo -f- Po = 0, eliminate Xo from the equations of the 
characteristic strips in (a), thus leaving four initial constants, yo, zo, po, po. 

6. Find characteristic strips for pp = I. 

7. Show that in case G(x, p, z, p, p) =0 is linear, the cone 3 degenerates 
to a line. 

8. From equations (2) and (4) of Sec. 4 show that the solutions of 

dx dy dz 

Gp Gq pGp-{- gGq 

are curves 6 in space having the direction of some ruling on the cone 3. 

9. Show that if we demand that the curves 6 in Ex. 8 lie on the surface 
z * ^(x, p), then dp/dp « dq/dx. If we further require that the curves e 
also satisfy G(x, p, 2 , p, p) « 0, show that C satisfy Eq. (14). 

5 . The Method of Characteristics. Throughout Sec. 4 we 
have assumed a definite solution (5) of (1). In this section we 
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shall discuss methods of constructing general solutions of type 
( 5 ), Sec. 4 , by means of characteristic strips. 

We shall suppose that G{x, y, 2, p, g) is continuous and has 
continuous first and second order derivatives throughout a 
neighborhood g of the point (a, 6, c, a, fi) in the space R of the 
variables (z, y, z, p, ^), where (x^ p, z) is a point interior to the 
region D of Sec. 4 . We shall furthermore suppose that 

(?(a, 6, c, a, fi) = 0, 

and that in 9, Gp and G^ are not both simultaneously zero. Let 
{xoj yo, Zq^ poj Qo) be an arbitrary point of g. The system ( 14 ) of 
Sec. 4 defines a four-parameter family of curves ( 16 ) which 
sweep out g exactly once. 

The first three equations of ( 14 ) define a family of curves 6. 
Let Cl be the curve of (B passing through (a, 6, c, a, fi). Any 
solution of 

G(x, y, z, p, q) = 0, (1) 

say 

2 = 4»(x, y), (2) 

with c == 4 »(a, ?)),« = 6), and P = 4 >y(a, 6), where <l> is 

continuous and has continuous first-order partial derivatives 
throughout a neighborhood of (a, i>), must contain the curve Ci 
and the corresponding characteristic strip. This result follows 
from the fact that Ci and its characteristic strip are uniquely 
determined by the initial values corresponding to (a, 6, c, a, / 3 ). 

The curve Ci is tangent at (a, 6, c) to rn plane Ti through 
(a, 6, c, a, jS) whose normal has direction numbers [aj — 1]. 

Let r be any curve not tangent to Ci but tangent to Ti at 
(a, by c). Suppose the equations of T are 

X - a)i(w), y = W2(w), 2 = c«)3(i^), ( 3 ) 

where (ai{u) and its first derivative are both continuous, 

i = 1, 2 , 3 . We suppose that at (a, 6, c), u = 0; and that 

wi( 0 ), 6>2(0), 6)J(0) do not all vanish together. From the third 

equation of ( 3 ), we find upon differentiating that 

" 8 ( 0 ) = awJ(O) + / 3 wi( 0 ). ( 4 ) 

[Evidently <«j[(0) and 6 jJ( 0) are not both zero, for if they were, we 
see from ( 4 ) that wj ( 0 ) would also vanish, contrary to hypothesis.] 
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We shall indicate the proof of 

Theorem 5 . 1 . The equation G(x, y, 2, p, 9') = 0 has exactly one 
solution satisfying the conditions placed upon in (2), and this 
solution is such that the curve T lies on the surface z = y). 

We shall select from ( 15 ) of Sec. 4 by means of F a one-para- 
meter family of characteristic strips which sweep out the solution 
of (1). We require a solution such that the values of p and q 
on r, say po, q^ satisfy the restrictions 

G[coi(i/), cozCu), 0 iz{u), poy ^0] = 0 , ( 5 ) 

<^i{y')po + o) 2 Mqo == ^3(1/). (6) 

The latter condition follows from the fact that (2) must be 
satisfied identically along F, and that at any point on F, 

4 >^[coi(i^), 0)2(u)] = Po, 4 >y[wi( 2 /), U)2{u)] = ^0. 

It can be shown (see Ex. IV, 4 ), that Eqs. ( 5 ) and (6) can be 
solved for po, ^0. Suppose these solutions are 

Po = C04(tx), go = C 06 (lO. ( 7 ) 

Then wi(i^), 0^2(2/), • • • , 405(22) are the values which a^o, 2/0, ‘ , 

go have in ( 15 ) of Sec. 4 . The functions coi, C02, 0)3 depend on the 
selection of F, while C04, m depend directly on cui, o>2, C03. In 
other words, the first three equations of ( 15 ) in Sec. 4 determine 
a surface which represents an integral solution ( 2 ) of ( 1 ). 

We shall restate Theorem 5.1 in a form independent of the 
curve F. Let 

a:o = o>^u)y 2/0 = co2(22), z^ == ^3(^2), .gv 

po = 404(22), go = ^5(22) 

be each continuous with continuous first derivatives in the 
neighborhood of 22 = 0 , and suppose that 

a=: 4 Oi( 0 ), h = 402(0), c = 403(0), a = 404(0), /3 = 405(0). ( 9 ) 

Furthermore, suppose that 

0 {xq, 2/0, Zoi Po, go) = 0 , at 22 == 0 , ( 10 ) 

^ + A at « = 0, w = 0, (11) 

du ^du ^du ’ 

& * “ 0' “ “ 

du du\ 
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Then x, y, ■ ■ • , q are given by (15) in Sec. 4, the functions 
«i(w), • • • , W6(w) replacing the functions xo, yo, • ■ • , qo in 

Theorem 5.2. If conditions (8), (9), (10), (11), and (12) koJd, 
the first three equations of (15) in Sec. 4 define a surface z = <i>(a;, y) 
which is a solution of (1). 

Proof. By Eqs. (14) of Sec. 4 and (8), we find 


- r 
dt ~ 


^ - r 
dt 


dt 


— pGp + gGq, 


— ~(Gx + pGi), ^ = ~{Gy + gGx), 


— 

du_\t>=>o 
By (13), (12) gives 


= co'i(w), 


dt 

’ du 


J /-0 


== 


(13) 

(14) 


Gp Gq 

to ^ 

du du 


dx 

dy 

m 

¥ 

dx 


du 

du 


at ^ = 0, w = 0. (15) 


By Sec. 20, Chap. I, the first two equations of (15), Sec. 4 can be 
solved for i and u in terms of x and ?/, so that the first three equa- 
tions of (15), Sec. 4 are the equations of a surface S, 


z = ^x, y), 


(16) 


where 4> is continuous with continuous first partial derivatives. 
This surface S contains both the curves C\ aftd F. By Lemma 
5.2 below 4>(x, y) satisfies the given differential equation (1). 

For a more thorough treatment the reader is referred to Horn, 
‘^Partiale Differentialgleichungen^^; Bieberbach, ^^Differential- 
gleichungen^'; or the works of Goursat, ^^Cours d’analyse,’’ 
Tome II, and “D6riv6es partielles du premier ordre.’’ 

Lemma 5.1. In the preceding notation, 


dz to , dy 
du ^3w 


(17) 

(18) 


Equation (17) is an immediate consequence of equation (15) 
of Sec. 4. 
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Consider the function 


Tr(t, 

II 

dx 

# 

du 



0 when t ■ 

= w = 0. 

Now from (19) 

and (17), 

dh 

d^x 


dp dx 

dq 


dt du 

^dt du 

0 - 
^dt du 

dt du 

dt 

du 

dh 

dH 


dp dx 

1 

dy 

du dt 

'^du dt 

- 

^du dt 

du dt 

du 

dt 


Subtracting (21) from (20) and using (13), we obtain 

f ' - («• + »"■) s + («> + I + + «« 


Differentiating (1) with respect to Uy we have 

Subtracting (23) from (22), we find 

Let u be fixed, though arbitrary. Then integrating with 
respect to ty we have 


W^Woe Jo--- 

Since TTo == W{0y u) = 0, we see that TV = 0. Equation (18) 
now follows from (19). 

Lemma 6.2. The function z == 4>(a;, y)y where ^ and its first 
partial derivatives are continuouSy satisfies the equation 


Gix, y, 2 , p, q) = 0. 
By Sec. 20 of Chap. I, 

5(2, y) 


d{x, 2 ) 


^ f~ y\ _ $ (X t/) = 

d(x, y) a(a;, p) 

d{t, u) d{t, u) 

Substituting (17) and (18) in (26) expanded, we find that 

“ p, “ ?. 
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This shows that ^ satisfies the differential equation (1). 

Example 1. Given xp + p* — g = 0. (a) Using for the initial curve 
r, Xo 0, po * Uj zo » Uy compute p and g for the initial strip. Here 
G ss xp + p* — g, wi(w) =* 0, W 2 (w) « Uy o) 2 {u) *= w. (b) Find an integral 
surface for the given equation. 

Solution. In Ex. Ill, 5, we found the strip through (xo, po, 2o, Po, go) to be 

a; ~ ~ poe”*, y ^ yo - ty 2 « zo + ^(1 - 

Po 2 

p = poc-^, g = go. 

From (5), we find 

0 • Po -f pj — go = 0, 0 • Po + 1 • go == 1, 

so that p and g for the initial strip are po = 1, go == 1. Hence, the initial 
characteristic strip is 

a^o =0, Po = Uy Zo = Uy Po = 1, go = 1. 

The first three equations of (15) in Sec. 4 give the parametric equations of 
a surface which is an integral solution of the given equation, namely, 


X =» — e"*, y - u — ty z = w + |(l— 

Eliminating u and ty we have the integral surface z ~ <l>(x, p), i.e., 

X 


X -h \/ X* + X 

Z == p + log ;; h 


2 X + \/x* + 4 

Evidently the curve r lies on this surface. 


EXERCISES IV 

1. Solve Example 1 above if r is the curve xo == w, po = 0, zo * m*. 

Ans. z — 

2. Find integral surfaces for each of the following equations, using the 
indicated initial curve F: 

(a) pg — 1 « 0, F: x© = 0, po = e*, zo =*= u. 

(b) 2p*p » g, F: Xo = u, po *= 0, zo ** w®. 

(c) pg *» z, F: Xo *= w, Po * 1 — m, zo « 1. Ans. 4z = (1 + a; -f p)*. 

3. Find integral surfaces, selecting your own curve F, for: 

(a) zp(x -h p) -f P(g ~ P) - “ 0. Qo) pq - px ^ qy. 

4. Show that Eq. (6) in Sec. 6 can be solved for po and go. 

Hint: (a) when u ** 0, and po * ot, go « jS, Eqs. (5) hold by hypothesis. 

(b) The Jacobian J oiQ and L s — pow{ — go«J with respect to po and go 
does not vanish, for if * 0, then the projections of Ci and F on the xp-plane 
would be tangent at (o, 6). Recall Eq. (4). 

6. Prove Eqs. (27). 
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6. The Principal Equations of Mathematical Physics. The 

chief partial differential equations of classical mathematical 
phy.sics are, with a few exceptions, included in the general second 
order partial differential equation 


22 * 


dXr dXs 


r«I 


n 



r==l 


+ = F, 


( 1 ) 


ivhere all the a’s, 6’s, c, and F are functions of n independent 
variables Xi, x<i, 0 ^ 3 , • • * , Xn^ 

Included in this class of differential equations are the following 
important types: 

^*^ ^ ^ "** ^ equation) (2) 

(Poisson’s equation) (3) 


^-o’VV-o, 

(4) 

§ - a*VV = C^e, 

(Jl 

(5) 

1 

<1 

II 

O 

(6) 

^-a“VV = a^e, 

(7) 

5f + <.’vv-o, 

(8) 

§ + a*VV = aV 

(9) 


In all of these equations, e, a, and (p denote the measures of 
certain physical quantities. 

Equ^ions (2), (3), • * * , (7) are all examples of 

/ + 6“ + cVV = —ce. (Telegraph equation) (10) 

/ vC 

n. Laplace’s Equation in Two Variables. The general solution 
\j)if the Laplace equation 

d^<p . dV 


L r_r - 0 

dx^ ^ dy^ “ 

is of the form 

(p — fi(x + iy) +/2(® “ iy)> t® = “'ll 


( 1 ) 


( 2 ) 
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where /i and /2 are arbitrary functions. In practice this solution 
has been found to be too general, because of the difficulty of 
determining the functions so as to satisfy given boundary 
conditions. 

A number of methods have been found useful for solving (1), 
but in many of them a general solution is not found, but rather 
a particular solution which may satisfy the given conditions. 

A method which has been found quite useful depends upon 
assuming the solution to be a product of functions each of which 
contains only one of the variables. Such a solution is only a 
particular solution, but the combination of a number of such 
particular solutions often results in a sufficiently general solution. 

For instance, suppose we assume 

^ - X{x) • Y{y\ (3) 


where X is a function of x only and Y is a function of y only. 
We wish to determine X and Y in such a manner that ip will 
satisfy equation (1). 

Substituting (3) in (1), we find 



== 0 . 


(4) 


Now this equality cannot hold unless each fraction in (4) is 
equal to a constant, for Z"/X is a function of x only and F"/F 
is a function of y only, and such a function of x cannot equal such 
a function of y unless the functions are both constant and of the 
same value. Thus 


1 d^X 
X dx^ 




1 d^Y 
Y dy^ 


w^. 


(5) 


These equations are ordinary differential equations. Their 
solutions are 


X = Cl cos m + C 2 sin wx, Y = (6) 

We thus conclude that 

(p = (ci cos wx + C 2 sin wx){cBe^^ + (7) 

= cos wx + B sin wx) + cos wx + D sin wx)^ 

where Ci, C2, Cs, C4, A, B, C, and D are arbitrary constants, is a 
solution of (1). 
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Since w may be assigned any Value, it follows that there are 
infinitely many solutions of the type (7). In particular, the 
solutions for w; = 0, 1, 2, • • • , n are, respectively, 

^0 = Ao + Co, 

v?i = 6*'(^iC0sa:+J5isina^)4“^“*'(CiCO8a;+Disina;), * * * , (8) 

<Pn = €^^(An cos nx + Bn siu nx) + cos nx + Dn sin nx). 

It is evident from the linearity of (1) that the sum of any finite 
number of solutions of (1) is a solution of (1). Thus, 

^ = ^0 + ‘ ( 9 ) 

is a solution of (1). We shall assume this to be true when we 
let n — » + 00 . (This of course needs proof, and by no means 
necessarily follows from the assumptions made.) We thus 
assume 


<P — ^ cos wx + By, sin wx) 

M) “0 

+ e~'^^{Cw cos wx + Dy, sin wx)] (10) 


as a solution of (1). 

We must now determine the constants in (10) so that (10) will 
satisfy the given (boundary) conditions of the particular problem 
at hand. To illustrate the application of such boundary condi- 
tions we shall consider the following example: 

The fundamental equation for the conduction of heat through 
a substance in which the quantity of heat created (or destroyed) 
per second per unit of volume is A has been shown to be (see 
^ Sec. 20, equation (20), Chap. II) 



aV 

dz^ 




(11) 


av I 
dx^ dy^ 

where h and y, are constants. * 

If the flow is steady, that is, independent 
of time, then d<p/dt = 0. If we further 
suppose that A — 0 and the flow of heat 
is in planes parallel to the xy-plane, <p is 
independent of 2 , so that — 0. Equation (11) then reduces 

to Eq. (1). 


* fc* « c/k/Kf where p is the density of the body, c its specific heat and 
^ 1 /K, where K is conductivity of the substance. 
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We now seek a solution of (1) for the case when the heat flows 
in a rectangular plate of breadth tt and of infinite length, the 
end being maintained at unit temperature, and the long edges 
at zero temperature. We consider the case when no heat is 
allowed to escape from either surface of the plate. 

For convenience, we locate the end of the plate on the a:-axis, 
and one of the long edges on the y-hxis. The problem now con- 
sists of solving Eq. (1) subject to the boundary conditions 


^ = 0 

where 

a: = 0, 

(12) 

<;p = 0 

where 

a: = TT, 

(13) 

= 1 where 

2/ = 0 

for 0 < a: < TT, 

(14) 

^ = 0 

where 

2/ = +«, 

(15) 


where the last condition arises from the nature of the physical 
problem. 

We shall attempt to make (10) a solution of our problem. 
The boundary condition (15) shows that (10) must not contain 
terms in e'^^, so that Aw = 0, 5^, = 0 for ly = 1, 2, • • * . 
From (12), we see 

no 

0=2 (16) 

IP »»0 

for all values of y. Hence for all values of Wy Cw = 0. Solution 
(10) is now reduced to the form 

00 

V> = 2 sin wx, (17) 

w ™o 

which satisfies conditions (12), (13) and (15). In order that 
condition (14) be satisfied, we must determine (if possible) the 
so that 

00 

1 = 2 for 0 < a: < ir. (18) 

tp “0 

This is a Fourier series for the expansion of 1. From Chap. IV, 
Sec. 26, Example 1, we have 

1 = ® 4- g sin 3a; + g sin 5* + • • • 


0 < a: < *•. (19) 
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By comparison of (18) and (19), we see that 
4 

== — for w odd, D«, = 0 for w even. 

WT 

We have now shown (subject to questions of convergence, etc.) 
that 

<p = ^ 5x + • • • ^ (20) 

is a solution of (1) which satisfies boundary conditions (12), 
• • • , (15). (This does not, however, show that the solution 
is unique.) 

8, Laplace’s Equation in Three Variables. We consider the 
equation 

dx^ ^ dy^ ^ ^ 

This equation becomes, when {x, y, z) are replaced by cylindrical 
coordinates, x = r cos 0, 2 / = r sin d, 

+ r dr ^ r® dd“ ^ d 2 = 

We shall attempt to find a particular solution of (2) by assuming 

<p = Rez, ( 3 ) 

where i2 is a function of r only, 0 is a function of 0 only, and Z is 
a function of z only. Substituting (3) in (2), we find 

Z dz^ R dr- rR dr r^O dS^ ’ ^ ^ 

Since the right-hand term in equation (4) does not change 
when z varies, it follows that (y j Z){dP‘Z j dz'^) does not change 
with 2 . Hence 

1 __ 2 

Zdz^~^ ^ 

where to is a constant. A solution of (5) is 

Z = cie“* + c^\ (6) 

From (4) and (5) we find 

r* d?n , rdR , , , 1 d*e 

5^ + B*+”* - -§3? 


( 7 ) 
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from which we conclude that both the right and left-hand mem- 
bers of (7) are constant. Let this constant be Then 


d^Q 

de^ 




( 8 ) 


80 that 


0 = Cs cos kO + Ci sin kO. (9) 

From (7) and (8), we conclude that 

+ ~ = 0 - ( 10 ) 

Substituting wr = x in (10), we find (10) reduces to a Bessel 
equation 


dx^ 


+ + (x^ - k^)R = 0 . 


(11) 


If k is fractional, a solution of (11) is 

R = CfJkix) + C,J-u{x) = CJkiwr) + C^^kiwr); ( 12 ) 

if k is an integer, 

R = C,J,{wr) + C^,{wr). (13) 

The various values of R, 0, and Z found above when substituted 
in (3) give a solution v? of (2). The sum of any finite number of 
such solutions is also a solution of (2). A particular solution of 
importance occurs when ic is a fixed constant and k assumes 
positive integral values. In this case, the sum of a finite number 
of terms of 


<f> — [e'"’‘(Ak cos k$ + Bk sin k6) 

k-O 

+ e~^’{Ck cos kO -f Dk sin k6)]Jkiwz) (14) 

is a solution of (2). We shall assume that the limit of this sum 
as n — > -f- 00 is also a solution of (2). 

If Eq. (1) be written in spherical coordinates x = r cos 6 sin <t>, 
y = r sin 0 sin 4>, z = r cos 4>, (1) becomes 
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We shall consider the special case when ip is independent of B, 
and hence d<p/d6 = 0. Equation (15) may then be reduced to 

+ ctn = 0. (16) 

We seek a particular solution of (16) by setting 

<P = (17) 

where 22 is a function of r only and $ is a function of only. 
Following the procedure used above, we find 


Ml Xl» , ^ U-XI# f\ 

+ 2r-T w^R = 0, ( 

ar® dr ’ 

d*# I X I 2.*. n > 

= 0- < 

where w is any constant. 

Solving (18) by the method of Sec. 19, Chap. Ill, we find 

( 


where 

k = -h + Vw^ + I- 

Equation (19) can be written in the form 

g + etn + 1)«. - 0, (21) 

If in (21), we set w = cos 0, we obtain a Legendre equation 

(1 - ^ + ‘ft + - 0- (22) 

A particular solution of importance occurs when k is taken as a 
positive integer, in which case a solution of (22) is the Legendre 
polynomial 

$ = Pk(u) = P*(cos <t>). (23) 

Combining the various solutions obtained, we find 
+ 

= 2 + J^i)p*(c08 ^) (24) 

*-o 

for a solution of (16), provided of course that the series converges. 
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EXERCISES V 

1. Solve the problem given in Sec. 7 for the case where condition (14) is 
replaced by the condition ^ = sin a; when y - 0, 0 < x < t. 

2. (a) Show that Laplace's equation (1) becomes 


dV 1 , 1 

dr* r* dd* r dr 


( 21 ) 


when X and y are replaced by polar coordinates (r, d). 

(b) By means of the method given above and placing <p = ROy where R 
is a function of r only and 0 is a function of $ only, show that equation (21) 
leads to % 


d^R dR ^ 

r^—r: + ~ 


dr“ 


dr 


de^ 




(c) From (22) show that 


R = Cir" 4- C2r”«', 

0 = Cs cos wB 4 ^4 sin wB. 


( 22 ) 


(d) Show that 


^ [r“’(Au, cos wB 4 Bw sin wB) -h r~'^{Cw cos wB 4 Dy, sin tvB)] 


«j-0 

is a solution of (21). 

3. Give examples from the theory of heat, sound, light, electricity, 
, to illustrate the importance of the equations (1) to (10) given in Sec. 6. 

1 d^v 

an equa- 


Liiipurttnn/t; ui tin-; 1:4 

1 / r z -r\ 

-firh - - r ) 

r \ c X — %y/ 


satisfies V*F 


c* dt^ 

Here r* == a;* 4 y* -f = — 1, 


4. Show that V ^ -g\i 

r \ c X 

tion fundamental in light and sound, 
and g is arbitrary. 

5. Write the equation of continuity for the conduction of heat. Sec. 7, 
Eq. (11), in cylindrical coordinates, in spherical coordinates. 

6. Solve the equation of continuity (11) in Sec. 7, assuming that the 
flow of heat is steady and takes place radially outward from the axis of a 
cylinder. Assume that <pi and ip 2 are the temperatures of the cylindrical 
isothermals of radius a and b, respectively. Find the quantity of heat 
crossing an isothermal per unit of length per unit of time. 

(v>i — <P 2 ) log r 4- (v >2 log o — log 6) 

Ana. ip * \ : — r 

log a — log 0 

7. (a) Solve Eq. (11), Sec. 7 in the case of steady flow of heat in the 
direction of the aj-axis, with the temperature being given as =« <po at a; 0, 

. , j ■“ I 

^ at X * a. Ana. ^ * x 4- ro. 
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(6) Find the quantity of heat that flows across an area S of any isothermal 

K{<pii — <pi)St 


in time t. 


Am. Q = - I I K—t dS = 
J Js dx 


(c) Find the quantity of heat contained in the slab bounded by the planes 
X = 0 and X — d. Ans, Jo cpS<pdx = icpSd{<po + ^j). 

8. (a) Solve Eq. (11), Sec. 7 in the case of steady flow of heat flowing 
out from a point, assuming the temperature ^ for r = a, and (p <pb 
for r — b, for all time. (6 > a). 

. , . ab 1 ^ <pbh -- ipad 

Am. <p — {<pa — fPb) j7 r — b ”77 T' 

{b — a) r {b — a) 

(b) Find the quantity of heat that flows across any isothermal in time L 

ah 

^Ans. AirkUtpa — <ph)~ r* 

{b a) 

(c) Find the quantity of heat contained between the isothermals r — a 
and r == b. 

2 ^ + ab -j- hA 


Am. 4 tpc 


I (<Pa - 


^ab(a + 6) . 

<fb) r h {b(pb 


9. Consider a thin plate bounded by the lines 

a;=0, X ly y^O, 2/ = +co. 


y -h ab -j- h^\ \ 

-“n — i — )f 


Suppose that the temperature on the edge = 0 is given by fix), where / is 
independent of the time; and suppose that on the other edges of the plate, 
it is always 0. Suppose that the heat cannot escape from either surface 
of the plate, and that the effect of initial conditions has vanished, so that the 
temperature everywhere is independent of the time. Find an expression 
for the temperature at any point {x, y)*oi the plate. 

10. Consider a rectangular plate bounded by 


a;==0, x — ly 2/“0, y — h 

under steady-state conditions and suppose that the boundary conditions 
are as indicated below: 


^ = 0 for X — Oy <p — 0 for x — I, 

<P — 0 for ^ 0, <p = fix) for ' y h. 

Find the temperature at any point (x, y) in the plate. [Hint: Try 


, . - niry . wttx 

^ bn smh -y- sm -y— 

11. Consider the rectangular plate in Ex, 10, but subject to the boundary 
conditions: 


^ = 0 for X =® 0, ^ = 0 for x =* i, 

fp « ^(x) for 2/ ® 0, ^ « fix) for y ^ h. 


Find the steady-state solution for the temperature at any point in this plate* 
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12. Given a thin bar of length I, of uniform cross section whose surface is 
impervious to heat and from which no radiation occurs. Let one end of the 
bar be taken as the origin and let distances along the bar be denoted by x. 
Suppose that the temperature (p satisfies the following conditions: (a) 
— 0 for X = 0 and x == / for all values of time t; (b) <p ^ /(x) for t == 0, 


tp ^ 00 at i = 00 , 





13. Solve Ex. 12 when the initial temperature is given by = 


cx{l — x) 
P 


14. Solve Ex. 12 if the ends of the bar are impervious to heat. The 
boundary conditions are: (a) 5^/dx = 0 for x == 0 and x = Z for all values 
of t; (b) <p == /(x) ior t = Of <p 9 ^ oo for < = oo. (Hint: 




ciq + 






16. Solve Ex. 12 for the case when the ends are maintained at different 
temperatures. Suppose: (a) For all values oi t, (p — (p\ for x = 0 and 
V? = for X — 1 ; (h) (p — fix) for t = Oj (p 9^ ooat/ = 00. 


Ans. 


<p = 


(V’2 “■ <P\) 

T_, 


+ »>i + 


nwx 

f 

I 


where 


-?j:h 


i<P2 — <Pl) 

I 


X — v?i 


nirx , 
sm -y~ ax. 


16. A rod of length I radiates heat according to the law 


dip 


d^<p 

K~ -hip, 
dx* 


Both ends of the rod are maintained at temperature zero, and the initial 
temperature distribution is given. Find ip. Here (a) = 0 when x = 0 
and X = Z; (b) ^ = fix) at Z = 0, ^ 5 ^ « at Z = «. (Hint: Let ip = 

Ans. >p = 

17. Find an expression for the steady-state temperature over a semi- 
circular plate of radius a if the circumference of the plate is maintained at 
60®C. and the boundary diameter is kept at 0®C. (Hint: Use Laplace^s 
equation in polar coordinates.) 

18. By means of the transformation 

dy/dx « p, dy/dt * g, w == px + gZ — p, 
show that the equation of propagation of plane waves of sound, 
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can be written dhi/dp^ = a* d^u/dq^, 
19. Show that F[x — a log 2 / — 6 log g] 


0 is a solution of 


\dz dxj ydz dijJ 


where a and h are constants, and where F and g are arbitrary functions of 
Xf y, and z. Is g{x, z) = 0 a solution? 

20. Show that y — fi(x — ct) -hfiix ci) is a solution of the wave 
equation = c^d^yldx^. Show that when plotted, /i(x) and /i(j — ct) 

are exactly the same shape, but taken as a whole fi{x — ct) is displaced by 
a distance ct to the right of fi(x). This shows that/i(a; -- ct) is an irregular 
wave traveling to the right with uniform velocity c. State a similar result 
with regard to / 2 (x 4- c<), a wave which travels to the left. 


21. (a) Show that y 


2J x\ . 

— I ^ J IS a 

T \ c/ 


solution of - 


(b) By plotting this solution for successive values of the time t show that 
y represents an infinite train of progressive harmonic waves. The v^ave 
length is given by X « cr, where t is the period (the time taken for a complete 
wave to pass a fixed point) and where c is the velocity of the wav(‘. 

22. A string of length I and density p is under tension T. Its initial 
velocity and position are given. Find its position at any time. (See Chap. 
VIII, Sec. 7, Example 3.) In other words, solve d^yldt^ ~ c* 
c* =* T/p, with y = 0 at a; = 0 and at x — 1; y - /(x), dy/dt — <f>{x) at 
t =0. 

dO 00 

. nwct , , . nirx . mrct 

Ana. y = o„ sin — cos h sin — sin -j-j 

n "■ 1 n “ 1 


, ^ s . WTX ^ , ,, 2 r , , . nirx , 

* T I fw sm — dx and o„ == — I ip{x) sm — - dx. 

I Jo I nircjo I 

23. Solve Ex. 22 for the case when damping is taken into account and 
d*y/at^ « c» d*y/dx» ~ 2k dy/dt. 

Ana. y - sin ^ cos -f ^ 


. . nirx . 

* sin sm fdf 


/n*rV 2 nrx 

hn « - m sin ~ dx, and 

Ml 


,, 21 , . . nxx , 
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24. (a) Solve Ex. 22 for the case when dy/dt = 0. Find an expression 
for the kinetic energy. (Hint: K.E. = py^ dx.) 

. J nxc \ . mret 

Ans. K.K — ) 8m»— • 

(b) Show that the potential energy of the string is given by 



25. Show that for a string of unlimited length with 

y = <p(x) and y = at < = 0, 

1 1 

y = — c<) + <fi(x + ct)] + I iA(i) d^. 

-6 2cjx-ct 

26. Solve Ex. 25 when <p{x) = 0 and ipix) = 5a:. 

27. Show that for a semiinfinite string, stretching from (0, 0) to (+ o®, 0), 
with y = 0 at a; == 0 for all values of i/ = f{ct — x) — /(ct 4- x). 

28. (a) Solve d^yldt^ = dhj/dz^j by assuming a solution of the form 
y ^ J(t) • X(x) as in Secs. 7 and 8. 

(b) Express your solution in the form 

«0 

2 /^ nwcf _ . mrct\ . nrx 

I Cn cos h Dn Bin — - I gin — * 

n = 1 

(c) Show that if the string starts from rest, all the Dn vanish. 

(d) Show that if the string starts from the equilibrium position with given 
velocities, every Cn vanishes. 

(e) Show that the sum of the potential and kinetic energies is 

n "I 


where P « pc* is the tension. 

(f) Show that the fundamental pitch has frequency c/2l « (1/2Z)\/ P/p. 

(g) From (f), deduce methods for varying the fundamental pitch of a 
string. 

29. Harp Siring, A harp string is set into motion by plucking. Suppose 
its initial position is given by 


HI - x) 

(I -ay 


for a ^ X 


y « (b/a)x for 0 ^ a? ^ a; y 



778 HIGHER MATHEMATICS [Chap. VII 


(a) Assuming the string is at rest at this initial position, find the position 
of the string at any later instant. Use Ex. 28 (b). 


Atw. y = 


2bl^ 


v^a{l — a) 




mra . nirx mrct 

sin - 7 - sin ~r- cos where 0 ^ x ^ ly 0 S t. 


I 


I 


I 


(b) Show that the harmonic of order n is absent when the string is 
plucked at one of its nodes (if sin mra /I = 0 ). 

(c) Prove that all even harmonics disappear when the string is plucked 
at its mid-point. 

(d) Show that the motion of the string is the resultant of two equal waves, 
moving with velocity c in opposite directions. [Hint: In the answer to (a) 


UtX mrCt .mr . nrr 

set 2 sin cos -y~ = sm "y ct) 

00 

o.. 1 A / f niryX 

30. Show that w = A sin I I sm I j 




solution of 


m,« *= 1 
d^w ( dhv 


cos {pet -f- a) is a 


Show that w = 0 when a: — 0 , ^ = 0, 


a; == a, and 1 / = where m and n are positive integers satisfying 




Here w is one solution of the equation for a vibrating membrane of fixed 
rectangular boundary. 

31. The equation for a vibrating membrane with a fixed boundary is 

^-4 

at^ \ 

(a) Show that w — AJo{nr) cos {net + «) is a solution of this equation. 

(b) Solve the equation for a vibrating membrane, assuming a solution 
of the form w == T{t) • R{r), 

go 

(c) Show that w = cos X* at + bk sin X* at)Jo{Xkr) is also a solution, 

jfc-0 

where Xo, Xi, • • • are the positive roots of Jq{x), 

32. In Ex. 30, suppose the vibrating membrane is started with the shape 
z =* f{Xy y). Show that 

4 mTX . mry 

Am,n “ “T I I Kxj y) sm sm — dy dx. 

abjo JO ah 


d^w 


4* 


1 du\ 
r dr / 


33. Show that 2 (an cos n<t> + hn sin n<t>)Jn{r) is a solution of 
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34. Show that e)[an,m cos m4> + bn,m sin m(t>] satisfies 

(d^V/dx^) + (d^V/dy^) + (d^V/dz^) + F = 0, where is given in Chap. 
Til, Sec. 32, Eq. (23). 

35. Show that Laplace’s equation in polar coordinates has a solution of 
the form 


I' = ^ + Bnr COS me -f bm sin me)P^ (cos <j>). 


n = 0 m = 0 


36. A thin bar of uniform section is bent into a circular ring of radius a 
One normal section N of the ring is maintained at constant temperature 
Heat radiates from the ring. Show that the temperature is given by 


<p == 


<po cosh \(x — Tva) 
cosh XttU 


X 



where <r is the cross-sectional area, k is the conductivity, e is its emissivity, 
p the perimeter, x represents arc length from the section iV, and v>o is the 
temperature at N. (Hint: d^cpidx^ = \^(p; ^ for x == 0, dtpldx = 0 
for X = ±Ta.) 

37. A steam pipe 20 cm. in diameter is insulated by a layer of asbestos 
of conductivity 0.0008 and 3 cm. thick. If the outer surface is at 20®C. 
and the inner surface is at 250°C., find the heat loss in calories per day for 
1 rn. of pipe. 

9. Harmonic Functions. Let ^(Xj y) be a function which 
over a region (R is continuous and has continuous derivatives of 
the first and second orders, except perhaps at certain definite 
points called singular 'points. If 


dx^ ^ dy^ ^ ^ 


(1) 


then $ is called a plane harmonic function. A function V{x, y,z), 
which over a region © of space is continuous and has continuous 
derivatives of the first and second orders (except at perhaps 
certain definite points, called singular points), and which satisfies 


dW dW _ 0 

dx^ dy^ dz^ ’ 


( 2 ) 


is called a space harmonic function. 

Harmonic functions have been studied in various places in this 
book. We shall now state a few of the theorems concerning such 
functions. 
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Theorem 9.1. Let (R {or SD) he a region hounded hy a simple 
closed curve C {or surface S). (I) If upon and within (R {or SD) 

the harmonic function V{x, y), [or V{Xy y^ z)], hxis no singularities, 
the line integral of the normal derivative^ of V along C {or over S) 
vanishes, (II) If V{x, y), [or V{x, y, z)], has continuous first 
and second partial derivatives, and if the line {or surface) integral 
along every closed curve {surface) in a region (R (or 3D) vanishes, then 
V is harmonic. 

In the case of V{x, y), by Greenes theorem, (Chap. II, Sec. 18) 

If V is harmonic, = 0 and part I of Theorem 9.1 follows. 
If the left member of (3) vanishes for all closed curves, the right 
member must vanish for every region, and consequently ^ W = 0, 
or that V is harmonic. We leave the space case to Ex. 1 below. 

Theorem 9.2. The average value of a harmonic function V over 
a circle {or sphere) in which V has no singularities is equal to 
the value of V at the center of the circle. 

Proof. Translate the coordinate axes so that the center of 
the circle is at the origin 0. Assume the radius of the circle to 
be a. Then 


dV ( r, e) ^ aV{r, $) 
dn dr 


ds = a do, 
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Corollary 9.21. A harmonic function having no singularities 
within a region cannot have a maximum or minimum at any point 
within the region. 

We shall prove this for the case of V{x, y). Suppose the func- 
tion had a maximum (or minimum) at a point P in the region. 
Then this point may be inclosed in a circle with center P and 
radius sufficiently small that on the boundary the value of the 
function is always less (greater) than its value at P, This 
contradicts the assertion of the preceding theorem. 

Corollary 9.22. A harmonic function having no singularities 
within a region (R, and having a constant value on the boundary 
of the region (R, is constant throughout (R. 

The maximum and minimum values of the function must occur 
on the boundary of the region. If the function is constant, these 
maximum and minimum values are equal, and the function is a 
constant throughout the region. 

Corollary 9.23. Two harmonic functions having identical 
values upon a closed contour C and having no singularities within C 
are identical throughout the region hounded by C. 

The difference between the two functions is harmonic with the 
constant value zero on the boundary. By the preceding corol- 
lary, the difference has the value zero within the entire region 
bounded by C. 

The theorems given above remain true when the region is 
allowed to become infinite, provided proper account of the 
behavior of the function at infinity is taken into consideration. 

Theorem 9.3. If the normal derivative of a real harmonic 
function V {having no singularities on or within a given contour C) 
vanishes identically along C, then V is a constant. 

By Greenes theorem (see Ex. XIV, 10, of Chap. II) 

X “ jx ii^y + (f )’] 

If along C, dV Idn == 0, then dV/dx = 0, dV/dy = 0, so that V 
is a constant. 

Corollary 9.31. Two harmonic functions Vi and V% having 
identically equal normal derivatives along a closed contour {within 
which they hewe no singularities) differ at most by an additive 
constant. 

This is proved in much the same manner as Corollary 9.23. 
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The above theorems arc of great importance in mathematical 
physics. Thus, the problem of finding the potential distribution 
in a body in which a steady flow of electricity exists is the problem 
of solving Laplace\s equation ; the problem of finding the distribu- 
tion of temperature in a body supporting a steady flow of heat 
involves the solving of Laplace’s equation. Many other examples 
of this type have been mentioned throughout the text. A 
particularly notable case occurs in the study of irrotational 
motion of incompressible fluids. 

As examples of the physical interpretation of the theorems 
given above, Corollary 9.23 applied to the steady flow of heat 
states that the temperature within a closed region is fully deter- 
mined by the temperatures on the boundary; Corollary 9.31 
states that except for an additive constant the temperature 
distribution inside a region is determined by the rate of flow 
of heat across the boundary. 

Potential Integrals. Let p(a:, t/, z) be a function defined over a 
region SD of space. By the potential of p at (J, f) is meant the 
integral 


Hi, V, f) 


=jji 


p(x, y, z) dx dy dz 


f PJI. 


+ iy - riY + (z - r)“ 


It is possible to prove 

Theorem 9.4. The potential integral <l> satisfies Laplace's or 
Poisson's equation^ 




according as the point (f, rj, f) lies outside or inside the body of 
density p{Xy y^ z). 

An extended treatment of the potential integral and its 
application to electricity, magnetism, and other fields of physics 
will not be undertaken here. (See O. D. Kellogg, ^^Foundations 
of Potential Theory.”) 


EXERCISES VI 

1. Complete the proof of Theorem 9.1. 

2. Complete the proof of Theorem 9.2. 
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3. Complete the proof of Corollary 9.21. 

4. Prove Corollary 9.22 for the space case. 

5. Under what conditions are each of the following functions harmonic: 

(a) ax A" hy + cz + d. 

(b) ax^ + 2bxy + ci/. 

(c) The sum (or difference) of two harmonic functions. 

(d) The product of two harmonic functions. 

(e) sin X cosh y. 

(f) f{ax + hy + cz). Ans, If + 6® + c* = 0. 

(g) {z + ix cos a + iy sin a)^ 

6. A space harmonic function Vn which is homogeneous of degree n is 
called a solid spherical harmonic of degree n. Show that the following are 
harmonics of degrees —1, 0, 1, 2, w, respectively; 1, ax + by + cz, 

^ yi ^ (2 + ixY. 

7. A function t/» related to Vn in Ex. 6 by Un - is called a surface 
spherical harmonic of degree n. 

Show that a necessary and sufficient condition that a function UniO, <h)y 
in polar coordinates, should be a surface spherical harmonic of degree n is 


that Un satisfy n(n + l)Un + 


1 


sin 6 dB 


( a , 

I sin ^ ' — I + 

V J 


1 d^Un 
sin® B 


= 0 . 


8. Show that if Vn is a solid spherical harmonic of degree w, then 
is a solid spherical harmonic of degree (— n — 1). 

9. Show that r”*Fn is a solid spherical harmonic if m = 0, or if 
m = — 2n — 1. 


10. Prove that the Legendre coefficient Pn(co8 0) is a surface spherical 
harmonic of degree n. 

11. Show that [cos 0 + 1 sin B cos (<^ — a)]" is a surface harmonic of 
degree n. 

12. Show that U = fix + i<h) +F(x — i<h) is a surface spherical har- 
monic of degree zero, where / and F are arbitrary functions and 
X = log tan 

13. Prove Theorem 9.4. (See Kellogg, ‘'Potential Theory.^') 
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CALCULUS OF VARIATIONS. DYNAMICS 

PART A. CALCULUS OF VARIATIONS 

1. Introduction. It is well known that many physical phe- 
nomena are governed by laws which state, in effect, that the 
phenomena occur in such a manner that some physical or 
geometrical quantity has a maximum or minimum value. For 
example : 

(a) When a ray of light travels through a substance, the 
velocity of the ray at any point P depends on the index of 
refraction of the substance at P. If the index of refraction 
varies from point to point in the substance, but is the same in all 
directions at any one point, then the ray follows that particular 
path from point A to point B for which the time required to go 
from A to B is a minimum. 

(b) If a soap-bubble film is stretched over a 
twisted loop of wire, the film assumes such a 
shape that it forms a surface of minimum area. 

(c) The distribution of electron charges within an atom in its 
lowest “state” of excitation is such that the internal energy of 
the atom is a minimum. 

(d) If a metallic object A and a needle B are charged elec- 
trically until a spark jumps between them, the path of the spark 
is such that the “resistance” along it is a minimum. This path 
may not be along the line of shortest distance from B to A, 
for the conductivity of air is greater in the neighborhood of sharp 
points or corners on A. 

Again, many physical problems arise in which we must design 
something so as to make some physical quantity a minimum. 
Thus: 

(e) The longitudinal section of a dirigible or bullet must be 
determined so that the air resistance to it in flight is a minimum. 

Certain purely geometric problems are of interest; in 
particular, 
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(f) Determine the shortest curve lying on a given warped 
surface S and passing through two given points A and B on S. 

In all the above examples the quantity to be minimized may 
be represented by a line or surface integral, and the minimization 
is to be effected by proper choice of the curve or surface along 
which the integral is evaluated. Thus, in (a) the time t required 

ds 

by the ray to go along the path C from ^4 to is / = I -7 — — c > 

Ja v{x, y, z) 

where v is the velocity of the ray at (x, y, z) (as determined by 
the index of refraction) and where 5 denotes arc length along C\ 
the actual path followed by the ray is the one along which this 
integral takes on its minimum value. Again, in (b) the surface 
area is J/ic \/l + + {zyY dxdy, and this integral is to be 

minimized by proper choice of the surface z == /(x, y),zoi course 
being subject to the condition that it represent a surface bounded 
by the given twisted loop. These, and many other physical and 
geometrical questions lead us to the following fundamental 
problem of the calculus of variations: 

Given a line or surface integral J. To determine the curve C or 
surface S {subject to given initial or boundary conditions) along 
which J must be taken so that the value of J is a maximum or 
minimum. 

2. Euler’s Equation. We shall first consider the problem of 
determining y as such a function f{x) that 

2/ == 2/0 at x = a, y = yi at a: = &, (1) 

and such that, of all'*' functions y meeting (1), 

J ^ £ Fix, y, v) dx (2) 

is minimized by y = /(x), where p — y^ = dyidx. [We need 
consider only the case of a minimum, for (2) is maximized by 
minimizing /J — F(a:, y, p) dx.] In geometric language, we are 
to determine the curve y = f{x) joining the given points (a, 2 / 0 ) 
and (b, yi) along which the line integral (2) is a minimum. 

* For simplicity, we shall not itemize obvious technical conditions, such 
as that y must be differentiable and that y must be such that the point 
(x, y, «) rem^s in the domain of definition of F; nor shall we try to list the 
less obvious conditions, for the analysis of these conditions is a long and 
hishly technical oroblem. 
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It must be carefully observed in (2) that y is not a parameter 
in the way that a is a parameter in the integral / = /a F(Xj a) dx 
(see Part E of Chap. II). Since I has a definite value for each 
value of a, it may be possible to compute dl /da, and to minimize 
/ by setting dl/da = 0. On the other hand, if we write y = f{x) 
in J, we see that the value of J depends upon the form of the 

function y = f{x) as a whole. Since 
^{b, ^j) the form of y may vary in an arbitrary 
manner, and since the value of J may 
vary much or little, depending on the 
exact way the form of y changes, J may 
not have a derivative with respect to y, 
in which case we cannot minimize J by 
setting dJ/dy = 0. 

We shall avoid this difficulty by representing 2 / in a specific 
way as a variable function of x, so that we may minimize J by 
the method indicated above for I. To construct this representa- 
tion of y, let us suppose that the integral (2) is minimized by the 
particular function 





Fig. 201. 


y = fix), 


(3) 


where 2/0 = /(«), yi = /(b), and where we consider the value of J 
only for functions y which meet condition (1). Moreover, let 
ry(x) be an arbitrary function such that 

vio) = = 0, (4) 


and let a be a real parameter. Then 

y = fix) + a • •nix) (6) 

represents a variable function of x such that, for each value of a, 
the graph of (5) goes through the point ((i, 2 / 0 ) and (6, 2 / 1 ) (see 
Fig. 201). We speak of the function (5) as a variation of the 
function (3). If we substitute (5) in (2), the value of the result- 
ing integral is a function of a, i.e. 

J(a) = fix) + a • v(x), fix) + a • v'ix)] dx. (6) 

By the definition of fix) in (3), J (a) has a minimum at a = 0. 
Hence 


da J«_o 


= 0 , 


d^ja) ' 
da^ . 0-0 


^ 0 . 


( 7 ) 
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da 


where F 


J {vFAx, fix) + a • vix), fix) + a • n'ix)] 

+ri'Fp[ix, fix) + ot ■ nix), fix) + a • »;'(a;)]} dx, (8) 

>- fL SL “<><»)■ 

— 1 = r IvFuix, y, p) + v'Fpix, y, p)] dx = 0, (9) 

Ja=0 Ja 


where y = /(x) of (3). Integrating the last term of (9) by parts, 
we have: 


n'Fpix, y, p) dx = [nix)Fpix, y, p)]‘ - j dx. 

( 10 ) 

By (4), the first term of the right member of (10) is zero, so that 
(9) becomes 

Since 7?(x) is arbitrary in (11) (except for condition (4)), it follows 
that 


F.(,. y. p) - - 0. 


where y is the function /(x) in (3). To show this, suppose there 
were a point x = c in the interval a ^ x ^ 6 at which 

Fy — {dFp/dx) > 0. 

In view of the continuity of Fy and {dFp/dx)^ Fy — {dFp/dx) > 0 
over some interval h about x = c; ri{x) being arbitrary, we may 
take ri{x) as a function which is positive in 5 and zero elsewhere. 
It is apparent that 
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in contradiction with (11). Hence the point x = c does not 
exist. It may be shown in the same way that Fy — {dFp/dx) 
is never negative. 

Equation (12) is known as Euler's equation^ and a solution 
of (12) is called an extremal of (2). Equation (12) may be 
expanded into the form 

= 0. (13) 

Since (13) is of the second order, its solution involves two 
arbitrary constants. These constants are just sufficient to 
determine a particular solution satisfying (1); in other words, 
there is (in general) exactly one solution of Euler's equation meeting 
condition (1), and it is this solution which gives us f(x) in (3). 

So far all we have proved is this: If there exists a function 
y = fix) which minimizes (2), then this function is the solution 
of (13) meeting condition (1). We have reached no conclusion 
in regard to the case where the integral (2) is such that there 
exists no function (3) which minimizes it. Since we do not yet 
know how to tell whether or not a given integral (2) has a 
minimizing function (3), we do not yet know if the solution of 
(13) meeting (1) actually minimizes (2). Now to show that this 
solution does minimize (2) it might be thought sufficient to show 

that > 0 every function 7j{x) in (6). Unfortu- 

d^J 1 

nately, this is not the case, for proving that > 0 for every 

aoc Ja»0 

function rj in (6) would show at best merely that f{x) minimizes 
(2) with respect to variations of the particular type (5); since 
it is possible to construct variations of (3) in infinitely many other 
ways, we would not know that f(x) minimizes (2) with respect 
to every possible kind of variation. To obtain a condition 
which insures that f{x) minimizes (2) is a long and difficult 
problem.* In what follows we must rely on geometric or 
physical evidence to decide whether or not f{x) minimizes (2). 

It often happens in the applications of this subject that we 
desire, not a function which minimizes (2), but merely a function 

which makes -4— = 0* Such a function is said to make 

da 

* Bolza, Calculus of Variations.^' 
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the integral (2) stationary and is readily obtained as the proper 
solution of (13). 

In many books on mathematics and physics a notation is 
used somewhat different from the one which we have introduced. 
The function a • ri(x) in (5) is denoted by 5y and a • ri\x) by dy\ 
Consequently, 

a • rj(x) ^ 5t/, a - rj'(x) = dy', 

^5a ^ &J = j^SFdx = £ {Fyby + F^iy') dx. 

The use of this notation is dropping out since the representation 
of variations by differentials is unsuited to the more exacting 
methods of modern analysis. 


EXERCISES I 

1. Show that the PJuIcr equations for J — /* F{_x^ y, 2, ?/', z') dx are 

- 4 -F.' = 0 , F. - ^F,' = 0 . ( 14 ) 

dx dx 

[Hint: Vary y - fix) by the function a • tij(x) and vary z *= g(x) by the 
function a • ^(x).] Generalize this result. 

2. Show that the Euler equation for J - F(Xj y, y\ y") dx is 

<■« 

[Hint: In addition to ( 4 ) require that 17' (a) = 17' (6) = 0 .] Generalize this 
result. (See Bolza, “Calculus of Variations.”) 

3. If the integrand F in (2) does not contain x explicitly, show that a 
first integral of Euler^s equation ( 12 ) is 

F - y'Fj, - C, ( 16 ) 

(Hint: If F does not contain x explicitly, then 


'<F - 2/T„) 


•{‘’■-If-}, 


4. Show that the Euler equation for J » //jc F{Xy j/, w, p, q) dx dy is 


Fu ^ 1 ^ J * 0, 

dx/v dy/y, 


where p ^ du/dXy q * du/dy. 
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Hint: Vary m(x, y) by the function a • i7(x, y) under the condition that 
17 ( 0 ;, 1 /) = 0 along the boundary of K. Since 


dx 


ivFj>) 


fjxF p H- 17 


dz 


it follows by Greenes theorem that 



Vx Fp dx dy 


X 


?7 Fp dy 




dx dy^ 


where the line integral is zero by the definition of 17 (x, y). 

5. Generalize the result of Ex. 4 to 

(a) The integral J — 5! fRF{x, y, 2 , w, w*, Uy, Uz) dV. 

(b) The integral J = J/jc y, m, v, Uy, Vx, Vy) dA, 

(c) The integral J = //k F{x, y^ w, w*, Uy, Uxx, Uxy, Uyy) dA. 

6 . Show that Euler’s equation for the integral 


= r™- r 

J«o v) Ja 


V 1 


+ y' 


v{x, y) 


dx 


is 


vy 


-J - Vxy' -\-Vy *0, 

1 + 2 /' 

and integrate it when v(x, y) = kx (see Sec. 1 ). 

7. Show that Euler’s equation for the integral 


yvT 4 - 2 /'* dx 


is 


\/l 4- p* 


d yp 

dx -y / 1 _j> p2 


== 0, 


where S represents the area of a surface of revolution, and integrate thifc, 
equation. [Hint: Write d/dx - p{d/dy).] 

8. If P is a particle falling along a curved path in a vertical plane, then 
the speed of P is v = \/2^, where y is the vertical distance fallen from rest. 
Hence the total time t of travel along the path is 


t 



JsXV 


1 4-y^ 
y 


dx. 


Find the Euler equation for this integral, and solve it, showing that the 
solution represents a cycloid. (Note hint in Ex. 7.) 
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This is called the problem of the brachysiochroney i.e., the problem of 
finding the path of quickest descent from a point ^ to a point B below A, 
but not on the vertical line through A. Compare this problem with Ex. 6 
as to physical significance. 

9. Show that the Euler equation for the integral 

//.[©'•©■I-- 

is 

d^U dhl 

-j = Q 

dx^ dy^ 

and for the integral 

is 

dhl d^u dhl _ ^ 

dx^ dy^ dz^ 

10. Show that the Euler equation for the integral 
^ \/l + zl zldxdy 

is 


(1 4- zl)ZxT - 2ZxZvZxy -f (1 -f zl)Zvv = 0. 


11. Find the Euler equation for the integral 

i 

s 




du 


for arc length on a surface. Using this result, find the shortest curve between 
two given points on : 


(a) A sphere. (b) A cylinder of revolution. 

(c) A cone of revolution. (d) Any surface of revolution. 

(e) The helicoid a: == r cos 6, y — r sin z - kd. 

12. Show that the solution of the Euler equation for the integral 

^ ^ f A l)*da;, ( 18 ) 

which passes through the points A and B is the straight line 

2/ « mic 4- w (19) 


joining A and B. 
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Suppose that A and B are such that — 1 < m < 0, so that / > 0 along 
(19). Then A and B may be joined by a broken line segment C such that 
•each part of C has slope m = 0 or —I; moreover, C may be constructed 
so that the maximum distance from C to the line 
(19) is arbitrarily small. It is seen that the 
value of J along C is 0. Hence the line (19) 
does not minimize J. 

The broken line C is called a discontinuous 
solution for J since y' along C is discontinuous. 
A continuous solution is one along which is 
continuous at every point. Show that, by 
properly rounding the corners of C, a path C may 
be obtained along which y' is continuous and such that J has a value 
as close to zero as wc please. Show that there exists no continuous solution 
which gives J its minimum value 0. Define the specific class of paths from 
A to B with respect to which J is minimized by the line (19). 

3. Conditions of Constraint. It sometimes happens that an 
integral J = H F{x^ 2/, p) dx has no minimum when y = f{x) is 
restricted merely by the condition that y = yo when x = a and 
y = yi when x = b. For example, y dx has no minimum, and 
the Euler equation for this integral has no solution. In such a 
case, we are at liberty to impose an extra condition, or canstraint, 
on y = /(x). This condition may assume many forms, but we 
shall consider only the one in which y = f(x) is required to make 
a second integral 

K = y, p) dx ( 1 ) 

have a 8p>ecified constant value Kq. 

To obtain the Euler equation, for J under the condition that 
K = Koj suppose 

y^fix) . (2) 

minimizes J, where yo = /(a), yi = f(b), and K = Ko for this 
function. Let ri(x) and ^(x) be arbitrary functions such that 

via) = „(6) = m = m = 0, (3) 



and let a and ^ be real parameters. Construct the variation 

y = fix) + a ■ vix) + /3 • f(x). (4) 

By the condition K » Ko, we must have 

^(a, 0) m Gix, f + oai + 0^, f' + av' + 0^') dx — Kt m 0. (6) 
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By Sec. 20 of Chap. I, (5) determines ;8 as a single-valued function 
of a in the neighborhood of a = 0, /3 = 0 if [cf. (11) of Sec. 2] 


<^(,{0, 0) 


£ [^y(x, f, n + i'GAx, f, /')] dx 


( 6 ) 


Unless Gy — (dGp/dx) ^ 0, f may be determined so that (6) 
is met. Assuming (6) to hold, we have 


d£M] ^ r 

da Ja-O Ja 


[(, + S'i)Fy -I- in' + o'^Fp] dx 


(7) 


{'nFy -h v'F p) dx -H S' J {^Fy + ^'Fp) dx = 0, 

0 <^/0, 0) £ ^ ^3. 


where 


0' 


da 


L 


Hence (7) may be written in the form 

J[ (vPy + v'Pp) ivGy + v'Gp) dx = 0, (8) 

where 

£ i^Fy + m dx 

Since p is a constant, we may write (8) in the form 
^ h(^y + pGy) + rj'(F p + pGp)] dx = 0, 
from which we obtain the Euler equation 


(Fy + pGy) - ^(Fp + pGp) = 0, (9) 


where p may be regarded as a parameter, since its value depends 
upon the choice of 

EXERCISES n 

1. Show that i\y dxi% maximuBed by a circle when the total arc length 
of the curve y * /(«) from a;wato««6isto have a given value 


t ^ Si V^l + y * d®* 
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2. Generalize Ex. I, 4, in the manner suggested by the discussion in Sec. 3 
showing that the Euler equation is 

(n + pGu) - ^(Fp + pGp) - + pG,) = 0. 

ax ay 

3. Let A and B be two given points (xo, y^) and (xi, yi)^ with yo > 0, 
yi > 0. Find the curve C of length I joining A and B such that 

(a) C generates a surface of revolution of minimum area through A and B 
when revolved about the x-axis. 

(b) C bounds with the lines y = 0, x = Xo, x = Xi, a region of maximum 
area. 

4. Variable End Points. Let us now minimize 

J = JJ' Fix, y, p) dx, (1) 

where y = /(x) is subject to the condition 

2/ = 2/0 at X = a, y = 2/i at x = Xi, (2) 

and where the point (xi, yO is free to 
move along the curve 

y = <^(x). (3) 

Suppose (1) is minimized by y = /(x), 
and that this curve meets the curve 
(3) at X == 6. It is evident that 
y == /(^) must satisfy EuIer^s equation 
(12) of Sec. 2, for if y = /(x) minimizes (1) under the conditions 
(2), then a fortiori, y = /(x) minimizes (1) when the curve (3) is 
replaced by the fixed point (6, <^(6)). To determine further the 
nature of y == /(x), let us construct the variation 

y = fix) + a • riix), ' (4) 

where 

riia) = 0, 72(6) ^ 0. (5) 

Then 

Jia) = Fix, fix) + a • nix), fix) + a • n'ix)) dx, (6) 

where the upper limit Xi is a function of a, so that dJia)/da 
involves the factor dxi/da. To avoid this factor, let us change 
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the independent parameter in (6) from a to h as follows: Let 
xi = b + h. Then by (2), (3), (4), 

f(b + A) + O' • t](b + A) = <l>(b + h). (7) 

Since r){b) 9 ^ 0, »j(?» + A) 0 for sufficiently small A. By (7), 
a is determined as a function of A: 


a = oi{h) 


<l>(b + A) - fib + A) 
vib + A) 


Since Xi = b when a = 0, A = 0 when a = 0, i.e., a(0) = 0, 
and by (8) 


m -m = 0. 


(9) 


Hence 


<t>Q> + h)- fib + A) - Mb) - fib)] 

“ (0) - hm ^(FTaTA 

vib) * 

It follows by (6) and Sec. 33 of Chap. II that 

= a'WuFp]' + a'i0)£ dx ' 

+ Flb,fib),fib)]^0. (11) 

Since y == f(x) satisfies Euler^s equation, the last integral van- 
ishes. By (10), (11) reduces to 

[<#>'(&) - /'(6)] FAb, /(6), rm + F[b, /(6), f(b)] = 0. (12) 

Equation (12) is referred to as a transversality condition. It 
serves to determine a particular solution of Eulcr\s equation in 
the following way: One of the two constants of integration in the 
general solution of Euler’s equation is determined by the condi- 
tion that /(a) = 1 / 0 ; the other constant is determined by the 
condition that the equations 


— /(^) “■ p + /^ == 0 


have a common solution a? = &, so that (9) and (12) hold. 
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It is evident that a condition similar to (12) may be obtained 
for the case where the left end point is variable, and that both 
of these conditions hold when both end points are variable. 

A physical interpretation of this discussion is given by (d) in 
Sec. 1. 

EXERCISES m 

1. Show that if the right end point of Ex. I, 7 is free to move along (3) 
of Sec. 4, then the minimizing solution of Ex. I, 7, is normal to (3). 

2. Extend the discussion of Sec. 3 to the case of a variable end point, 
showing that the transversality condition is obtained from (12) by replacing 
F by (F + pG) in (12). 

3. Let Cl and Ca be two nonintersecting curves in the xi/-plane or in space. 
Show that the curve C of shortest length from Ci to Ca is a straight line 
normal to Ci and Ca. 

PART B. ANALYTICAL DYNAMICS 

6. Laws of Classical Mechanics. We shall consider a system 
S of n point particles of masses mi, m 2 , ' • • , rrin with position 
vectors ri, 12 , * * • , tny respectively. Suppose 
that the particles of this system are acted on by 
impressed forces Pi, Pia * * • > F* , respectively 
(the superscript i denotes ‘^impressed and 
suppose that the particles are given arbitrary 
{virtual) displacements 6ri, 5r2, • • * > 5r„, 

respectively, subject of course to consistency with 
the constraints of the system. 

The principle of virtual displacements or virtual 
work (first given by John Bernoulli in 1717) states that the condi- 
tion for equilibrium of the system under the action of the forces is 

Pi • 6ri + F 2 • 5r2 4- • • • + = 0. (1) 

D^Alemberfs Principle. This principle was first given by 
D’Alembert in his *Trait6 de dynamique,” published in 1743. 
It is '^a general principle for finding the motions of several bodies 
which react on each other in any fashion.” We shall give Mach’s 
statement of the principle. (See Mach, ‘‘Mechanics.”) 

Let S be the system of n particles given above. If the particles 
were perfectly free to move, the forces Pi, Pji • * • i would 
give them accelerations ai = Fi/mi, '• • • , a» =» F^/mn. How-^ 

♦See WassTfiB, '"Ilynamics of Particles”; Whittamb, Analytical 
Dynamics”; Lindsbt and Mobobkact, “Foundations of Physics.” 
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ever, owing to the constraints of the system, the actual accelera- 
tions are such as would be produced in free particles by the 
(effective) forces Fj, FJ, • * • , F*. The vector differences 

Pi ~ F! - Vi, • • • , F* - F* - Vn, (2) 

are thought of as the portions of the impressed forces which are 
“not effective/^ This system of forces Vi, • • • , Vn must be 
such that the system S of particles must remain in equilibrium. 
(The V^s are sometimes called “lost forces.’^ Idl other words, 

n 

the principle states that ^ V, • 5r, = 0 where the btj are subject 

to the constraints on the system S. The effective forces F^, 
F|, • • • , F* are considered to be mifi, m^iy ‘ > WnTn, 

respectively, (r/ = dXjjdtj r, = dhjldt^^y • * * •) 

D^Alembert’s principle provides a single fundamental formula 
from which all other laws of classical mechanics may be derived. 
Lagrange in his “M6canique analytique^^ (1788) used this 
principle as the starting point for the developments of his very 
general and powerful methods. 

6. Hamilton’s Principle. We consider the system S of Sec. 5 
acted upon by a system of impressed forces Fi, • • • , Fn. We 
shall assume that the classical laws of mechanics are valid. By 
D’Alembert’s principle and the principle of virtual displacements 
(see Sec. 5), the motion of the system S is given by 

n 

2(w,r, = 0, (1) 

i-1 

where 5ry is the “virtual displacement” of the jth particle. 
Since 


^ (i; • 8r,) = if/ • iXj + |8(r/*), where f,- • ij = vf, (2) 


dt 


j-X i-1 )-l 

Integrating (3) with respect to time from f = io to < =* ti, we have 

* i-i x-l 
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and 


mjXj • 5r,- 


;=1 i«l 


(5) 


We shall now consider the class of all motions of the system S 
in which the path of m.j begins at a given fixed point Pj and ends 
at a given point Q,-, 0* = 1, • • • , 7i) in other words, the class of 
motions for which the Sr,- are all zero at times and Then 
(5) shows that 



rriji: • bt, 


dt = 0, 


( 6 ) 


where T ^ ^ ^rrijij is known as the kinetic energy of the sys- 
tern. From (1) 


^ F/ • bXj — ^ nijTj • bij. (7) 

y-i i = i 

If there exists a function F(ri, 12 , * * • , Tn) of the position 
vectors of the n particles of S which has the property that 

n 

-57 = jFySry, (8) 

then the system S is said to be conservative. In this case (6) may 
be written 

- V)di = 0 (9) 

If no such function V exists, the system S is said to be non- 
conservative. We have shown 

Hamilton's Principle. If we compare a dynamical* path 
with varied paths which have the same termini and which are 
described in the same time, then the time integral (6), [or (9)J, has 
a stationary value for the dynamical path. 

* A dynamical path may be thought of as a path actually followed by the 
roovtng system t. 
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This principle may be taken as a fundamental postulate from 
which all the forms of classical dynamics may be deduced. 

7* Lagrange’s Equations* We return to the consideration 
of the system S, constrained or not. Suppose that the coordi- 
nates Xjj yi, Zj of the jth particle are functions of m independent 
real parameters qi, ga, • • * , 

Xi = Xiiqi, • • • , gj, Vi = gz, • • • , gm), (1) 

Zi = ZiiQh gs, * • • , gm), 

or in the vector notation, r/ = Tj(qi, ^ 2 , • * * , qm)^ 

By Sec. 6, the kinetic energy of the^system is 

n mm 

T = + yf + 2y) = hY, (2) 

i — 1 — 1 

where 


n 



;fc-l 


The g* used here are known as generalized coordinates and the 
qk are called generalized velocities. We have shown that the 
kinetic energy of S is a homogeneous quadratic form in the generalized 
velocities qk, the coefficients Tr« being functions of only the general- 
ized coordinates g*. The rr« are such that for all assignable values 
of qk and Qk, T shall be positive. 

n 

We define the element of work, to be bW = . 5r,. 

By means of (1) and (4), we find 


n m 

Bw = 2 ^’* ^ 

j mi I i - 1 


where 


The Jerm Q, is called the generalized force for the jth particle due 

m 

to the fact that ^QjBqj represents the total work done on S by 
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the actual external forces Fi, • • • , Fn incident to the displace- 
ments 6ri, * * • , dtn. 

We shall now apply Hamilton's principle to this system S 
in order to deduce the equations of motion in terms of the 
generalized coordinates g*. 

From (6) of Sec. 6, 


r (hT + 3TF) (it 

Jto 



( 6 ) 


Now 


m 



and dqk = ^ (7) 


Substitute (7) in (6) and integrate by parts the second terms in 
each set of 8T. Since each = 0, s = 1, • • • , m at ^ 
and at t = tif the integrated part vanishes, and we have 


m 

L A—i 


dt = 0. 


( 8 ) 


Now if each dqk is arbitrary, k = 1, ■ ■ ■ , m, the integral (8) 
vanishes only if the coefficient of every Sg* is equal to zero, so 
that 


d (dT\ ^ . 


( 9 ) 


If the system S is conservative, therq exists a function 
V(9h • • ■ I Qm), known as the 'potential energy, such that 

dV = -dW, and Qk = (fc = 1, • • • , m) (10) 

dqk 

In this case, the equations (9) of motions for S may be written 



Equation (11) is sometimes written 

ad)- 
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where L » y — F is known as the kinetic potential or Lagrangian 
function. 

Equations (9) are known as Lagrange^ s equations of motion for 
the system S. Equations (9) are of the second order and hence 
their solution involves 2m arbitrary constants. The solution of 
(9) will express each qu as a function of the time and the 2m 
constants which must be fixed by the initial conditions of the 
particles in system S. 

If N of the coordinates ^i, * * * , arc essential to fix the 
configuration of a system at a given instant, the system S is said 
to have N degrees of freedom. 

If we multiply each of the equations (9) by the corresponding 
velocity and then add the results for s = 1, • • * , m, we 
obtain 


The right member of (13) is the time rate at which the applied 
forces do work on the system. Equation (13) is called the equa- 
tion of activity in generalized coordinates. 

We shall illustrate the use of Lagrange’s equations. 

Example 1. A particle of mass m moves freely in a plane. Show from 
Lagrange’s equations that the equations of motion of the particle are 



where R is the component of the force F impressed on the particle along the 
radius vector, ^ is the component of F normal to the radius vector, and 
where a; «= r cos y » r sin 4*. 

Solution. The square of the speed of the particle is 

e;2 = -f = r* -f- 
Hence the kinetic energy is 


By (9) of Sec. 7, we obtain (9')- 

Sxam^e 2. Suppose a particle P of mass m is moving about a fixed 
point O in such a manner that the potential energy F of P is a function of r 
alone. It follows that P is acted on by a force which is always directed 
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toward 0, and such a force is called a certiral force. We shall find the equa- 
tions of motion of P. 

The Lagrangian function for P is 

L ^T -V 

= + 2/® + 2®) — F(r) = \m[r^ -f -f- r*(8in* — V{r). 

Let qi = r, ga = 6, = </>. Then the Lagrangian equations (12) of Sec. 7 are 

~(mr) ~ mr[d^ + (sin* d)4^ -f- ~ =0, (14) 

at dr 

d 

(wr* 6} — mr*(sin 6 cos 0)0® = 0, (15) 


— [mr*(sin* $)<(>] = 0. 
dt 


By (16), we have 


mr* sin* 0 

where C is a constant. Substitution of (17) in (14) and (15) leads to two 
equations which do not involve 0 in any way. Hence the motion is in a 
plane. Let us choose the coordinate axes so that this plane is the plane 
0=0. Then C = 0 and (14), (15) reduce to 


d . . dV 

-jimr) ~ mrd* -f — 
dt dr 


0, -“(mr*^) = 0. 

dt 


Integration of this latter equation leads to KeplePs law of motion: 

wr*d = const., 

i.e., radial area is swept out at a constant rate. 

Example 3. Find the differential equation for a vibrating string with 
fixed ends I units apart. 

Solution. We assume that the string vibrates in a fixed plane, that the 
displacement from its position of equilibrium is always small, that the direc- 
tion of the tangent at any point P varies by only a small amount. More- 
over, we neglect the component of motion parallel to the a>-axis. The 
kinetic energy is then given by 


’’ - X K?) 


where p is the mass per unit length of the string. We assume p constant. 
If the stretching is uniform and if the potential energy is proportional to 
the square of the amount of stretching, and if u = T — 1, where V is the 
length of the string at any instant, then 


dx - L 
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By hypothesis, dy/dx is small, and y/ 1 + (dy/dx)^ is approximately 
1 + i{^y/dx)\ Hence the potential energy V is approximately 


■Wh' 


where p is a constant of proportionality. Thus Hamilton’s integral takes 
the form 


5(2)1 


dx (it. 


By Ex. I, 4, in which x — x^ y — t, and u — y^ the Euler equation is 

P p ^^y Q 

2 dx"^ 2 dU ~ ' 

or if we write c® = p/p, 

dU ^ dx^ 

EXERCISES IV 

1. By Hamilton’s principle find the equations of motion of a projectile 
whose trajectory lies in a vertical plane. 

Ans. d^x/dt^ ~ 0, (d^y/dU) — g = 0. 

2. By Hamilton’s principle find the equations of motion of a particle 
acted on by a force with components X', F, Z parallel respectively to tht? 
X-, ?/-, 2 :-axes. 

3. (a) By Hamilton’s principle find the equations of motion for a simple 

pendulum. Ans. (dH/df^) + {g/a) sin 0=0. 

(b) Find the tension in the pendulum string. 

.4ns. R == m[g cos B -f* a{dB/dt)^]. 

4. Suppose a particle of mass m is constrained to move on a rough hori- 
zontal circle of radius a by a force R directed toward the center of the path. 
Let the initial velocity be vo and let the particle be resisted by the air with 
a force proportional to the square of its velocity. Suppose the resisting 
force due to the roughness of the path is R/x» where p, is the coefficient of 
friction. Find the equations of motion. 

[Hint: BW =» RBr — k(r^^^)rSe — pRrBB.] 

{ka/m) + M L ^ J 

5. (a) A particle of mass m moves freely in space. Show that the 
equations of motion are 
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in cylindrical coordinates, where R is the component of the force F impressed 
on the particle along the radius vector, ^ is the component of F normal to 
the radius vector and to the 2 -axis, and Z is the component of F parallel to 
the 2 -axis. 

(b) Show that in spherical coordinates these equations become 


mfd/ dA . . 

~ —I r*-— ) — sin d cos J 
r L dt\ db / \ dt/ 

m df . ^ \ 

— : r( sin* ^- 7 - ) 

r sin d dt\ dt / 


} 




e, 


I 

t 

) 


where 0 is the component of F normal to the radius vector and in the plane 
of this vector and the 2 -axis, and is the component normal to R and O. 

6 . A mass of four units is supported by a string passing over a weightless 
smooth pulley with rigid axis. The other end of the string is attached to 
the axis of a smooth pulley of mass one unit. Over this pulley there passes a 
string at whose ends are masses of one and two units. Find the equations 
of motion of each of the moving parts if the system starts from rest. 

Ans. £ = fir/23 for mass 4. 

7. Find the equations of motion of a string vibrating in three dimensions. 

Ans, d^y/dt^ « dh/dt^ « c^(dh/dx^). 

8 . A string vibrates longitudinally (i.e., along its own line). If u{x) 
is the displacement of the particle originally at x, show that 

dhi , dhi 

—— — =s •• 

dt* dx* 

9. Find the equation of motion of a vibrating drum head. (Hint: The 
potential energy is approximately {p/2)ffl(dz/dx)* (dz/dy)*] dS.) 



10. Find the equation of motion of a uniform straight rod which vibrates 
in a plane. Assume that the potential energy of the rod is proportional 
to the integral of the square of the curvature d*uldx* (approximately). 

Ans, (d*u/dt*) -f e*(d*u/dx*) « 0. 

11, Find the equations of motion for the propagation of sound waves. 
Hint: Let be the velocity potential. The potential energy of the 

medium under disturbance is approximately proportional to 



Tlie kinetic energy is the vol^ime integral of grad* p. 

d*u/MP *«# <J*VV 
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12. A uniform flexible cord of fixed length is supported from two fixed 
points. Find the shape assumed by the cord when its center of gravity is 
as low as possible. 

13. The ends of a uniform flexible cord of fixed length slide freely on 
fixed wires in a vertical plane. Show that the cord meets the wires at 
right angles when the cord is in equilibrium. 

8. Hamilton’s Canonical Equations. Consider the dynamical 
system S of n degrees of freedom whose configuration is described 
by the generalized coordinates • * * , By the generalized 
momentum pk associated with the coordinate qk we shall mean the 
quantity pk = dLjdqk, where L is the Lagrangian function. 
(Thus for a single particle, if q = x, and L = then 

p = dL/dx = mx.) For certain purposes it is often useful to 
express the dynamical equations in terms of the g^s and the p’s 
rather than the g’s and the g’s. By the Hamiltonian function H 
we shall mean the function 


The total differential of H is 

n n n n 

dH = + S’*'*’’* - ® 

A:»l * = 1 A-l 

Since pk = dLfdqk^ we have 

n n 

dff = 2 “ 2 

k~l ft-1 

Since dH depends only upon the differentials dg* and dp*, but 
not dqk, H ^ H(j), q) is a function of the g’s and p’s alone. 
Hence we may write 




Comparing (3) and (4), we find 


dH ^ dL 
dfk’^ ~ Wk 


dpk 


(4) 


- fh 


qk. (k = 1, ' ' ' , n). (5) 
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That dLfdqk = p* follows directly from Eqs. (12) of Sec. 7 and 
p* = dL/dqu. The 2n partial differential equations (5) are 
known as the Hamilton canonical equations of motion. 

From (4), we find 


tv dH . , dH . 

" “ 2i^‘ + 

Substituting (5) in (6), we see that 

H = 0 or H == const. 


( 6 ) 


(7) 


If we assume that the potential energy is not an explicit func- 


tion of Qkj then pk = 
gives 


dL d(T - V) dT 


dQk 


dgk 


dqk 


from which (1) 


H = (*) 

k^l 

Since T is a homogeneous quadratic form in the g’s, we know by 
Euler^s formula (Chap. I, Ex. XIX, 38) that 


2r.2 


dT. 


( 9 ) 


From (8) and (9), we find 

H^2T-L = T + V. (10) 

This shows that the Hamiltonian function is the total energy of 
the system S. 

If L, and hence H, are explicit functions of the time it can be 
shown that Hamilton's equations (5) still hold. However, 
H = L rather than H = 0. 

Example 1. For a free particle of mass m, L ^ p = mx, q — x. 

By (1), H - r4 - L ^ or H » p^/2m. Thus 

equations (5) take the form 


^ “ 0 , 


i 


V 


m 
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EXERCISES V 

1. Show that Eqs. (5) still hold when L is an explicit function of time. 

2. Derive Hamilton's equations (5) by applying Hamilton's principle to 

n 

k~l 

3. Show that, for a simple harmonic oscillator of one degree of freedom, 
H = {p^/2m) + (kq^/2), where k is the stiffness of the system. Also, show 
that p == —/eg, ^ = p/m. 

4. From the Lagrangian function for a simple pendulum, with g the angle 
e made by the pendulum wuth the vertical, show that p is the angular momen- 
tum Trim, and hence that H ~ {p^/2ml'^) — mgl cos g. Show that Hamilton's 
equations (5) reduce in this case to the well-known forms. 

5. From the Lagrangian function for planetary motion with potential 
function F(r), verify that pr — mr, pe — mr^6, and that H in (1) gives the 
total energy of the moving body. Express H in terms of pr and pm, and 
show that (5) reduces to 

^ ^ Q _ El - Zl ~ $ 

mr^ dr dt dt ^ m ' mr^ 

t 

Give the physical interpretation of the first two of these equations, noting 
that p\/mr^ = mv^/r and that —dv/dr is the gravitational force. 

6. Derive Lagrange's and Hamilton's equations in spherical coordinates 

(r, 0). Develop and interpret physically the formulas for generalized 

forces and momenta in the directions of r, 0, and 

9. Holonomic and Nonholonomic Systems. We return to the 
argument in Sec. 7 where we assumed that the bqk are completely 
arbitrary in the time interval between and ti, the bqk all vanish- 
ing at <0 and h. It sometimes happens that these variations are 
subject to certain constraints owing to the fact that (1) the 
Qh * j qn are dependent, or (2) that the restrictions on the 
bqk are expressible only between bq^^ and not between the Q'^s. 
In case (1^ the difficulty is due to the fact that too many coor- 
dinates are used and that the number of degrees of freedom is 
less than the number of coordinates used; we accordingly decrease 
the number of coordinates and proceed with the Lagrangian 
method as before. In case (2), when the relations connecting 
the bq^s are expressible only in terms of the ^^^s, the relations are 
nonintegrahley and it is impossible to obtain the appropriate 
relations among the A system in which the nonintegrable 
case (2) appears is said to be nonholonomic. If such noninteg- 
rable relations do not exist, the system is termed holonomic. 
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Considering the nonholonomic case (with n = m), suppose 
that there are {< n) relations connecting the 5g^s, of the form 

n n n 

hqu = 0 , ^ 9 * = 0 , ' ' • , * 9 * = 0 , ( 1 ) 

*-l k~l k~l 

when the Urk are functions of the Qk. Referring to (8) of Sec. 7, 
we can be sure only that 

- s(f) + «•] - »' ® 

A:-l 

subject to the conditions (1). Assuming the existence of a 
potential function, Qk = — dV I dqk, we may write (2) in the form 

k^l 

Multiplying relations (1) by Xi, X 2 , * * * , X/?, respectively, and 
adding to (3), we have 


**1 


(See Exs. XXVI, 26 and 27 of Chap, I). In (4) set the coefficients 
of 5 ^ 1 , • • • , successively equal to zero. We obtain 


dq\ 


dL 

dqa 



+ Xittn + Xjja/51 = 0, 


+ XiUi^ + * * ’ + Xjja^/5 == 0. 


( 5 ) 


Since there are only restrictions upon the the remaining 

{n — /3) of these bq^B are arbitrary. So we can write 

“ liM:) + ’ • • + = 0 , 1 

> (6) 
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The values of Xj, • • • , X^, and the n expressions 

^ 

dqk 

k = , n may be calculated from the equations (1), 

(5) and (6). Thus for a nonholonomic system, the Lagrangian 
equations are of the form 


(‘-1. (7) 

r-1 

For a detailed treatment of further topi(;s in dynamics, such as 
contact transformations, see Whittaker, ‘^Analytical Dynamics 
Webster, “Dynamics^^; Kemble, “Quantum Mechanics/^ 

10. Theory of Small Oscillations. We shall now study the 
problem of small vibrations of any system S of n particles about 
a coiitiguration of equilibrium. 

As before let the system S be defined by m parameters 
^ 1 , * * * , <2w. Suppose that the potential energy F(gi, * • • , g J 
of tin* system depends only on the coordinates gi, • * • , gm, 
and that V is developable by Taylor^s theorem into 


m mm 


A--1 r«l 

where the suflfix zero denotes the value at 


gi = g2 == • • * = gm = 0 

of the quantity to which the suffix is attached. 

Suppose that the motions of the particles are all small enough 
that the terms in V of higher order may be neglected. Since the 
system S is in equilibrium at gi == • • • = g^ = 0, so that V 
is a minimum (or maximum), (dF/dg^Oo = 0 for each k. Then 
the approximate value of F — Fo is 

m m 

F - Fo = (2) 

a quadratic form in the q’s. [Here F,. = {.dW/dqr dg',)o.] 
Suppose that F ■= 0 when qi = qt - • ■ ■ = g™ == 0. Then 
F« = 0. 
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If F is a minimum the equilibrium is stable so that the terms 
Vn will be such that V is positive for all positive values of the 
variables ^i, • * • , 

As before, the kinetic energy is 

m m 

T = \XXrr.M., (3) 

r«l s-1 

where the are functions of Qh alone. 

If we assume rr« to be developable, then 


T„ = t'J) + + ■ ■ ■ • ir, s = , m) (4) 

Furthermore, if we assume that the qkS are small at the same time 
as qk^ we may approximate Tra by the value of Tra at time h. 

Suppose that besides the conservative forces of restitution 
arising from the potential energy F, there exist nonconservative 
resistances which are linear functions of velocities. Denote the 
dissipation force of this character corresponding to qk by 
— dR/dqry where 

m m 

R = ^XXRr.qrq. (5) 

r = 1 


is a quadratic form which we assume to be non-negative. 

Thus we deal with a set of three homogeneous quadratic forms 
with constant coefficients, 

mm mm 

^ 2 X X ^ ^ X X 

m m (6) 

F = iX 


Each of these forms must be nonnegative for all possible values 
of the variables of which it is a function. The numbers rr, are 
called the coefficients of inertiay the Fr« coefficients of stiffness, and 
the Rra coefficients of viscosity or resistance. 

From Eqs. (9) of Sec. 7, we find Lagrange’s equations for our 
system to be 





aR 

diu 


+ €a, {k 


1, • • • , m) (7) 
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where e* is the total impressed force acting on the kth particle . 
This is a system of linear differential equations of the second 
order, which, by means of (6), may be written in the form 

m 

2 + Rr.p 4- Vrs)q, = p = ~ (r = 1 , ' ’ ' , u) (8) 

From here on the theory proceeds as indicated in Chap. Ill, 
Secs. 25 to 28. 



CHAPTER IX 

INTRODUCTION TO REAL VARIABLE THEORY 


1. Introduction. Throughout the earlier chapters of this 
book, frequent reference has been made to theorems demanding 
a greater degree of rigor than it seemed advisable to invoke at 
the time. In the present chapter we shall prove some of these 
theorems. At the close of the chapter will be found a bibliog- 
raphy which the student may find useful if he continues the 
studies initiated in the present work. 

2. Theory of Real Numbers. The structure of analysis rests 
upon the theory of real numbers as a foundation. Hence, any 
rigorous treatment of calculus and related subjects must start 
with real number theory, Liebnitz and Newton, the creators of 
infinitesimal calculus, did not realize the necessity for this to 
insure the security of the foundations of their work. It was not 
until the beginning of the eighteenth century that serious studies 
were undertaken — under the influence of Gauss — to examine the 
fundamental concepts underlying the calculus. Noteworthy 
advances were made during the last century, the work of Weier- 
strass. Cantor, and Dedekind being of great importance in the 
development of the theory. 

3. The Rational Numbers. It is assumed that the natural 
numbers (the positive integers 1, 2, 3, 4, • • • ) have been 
defined and that the arithmetic of positive integers is known. 
The positive integers are closed under addition and multiplica- 
tion, for if a and b are any two positive integers, a + b — c and 
a* b = d are positive integers. However, in the domain of 
positive integers, there exist equations, such as z + 3 = 1 and 
X + 5 = 6, which have no solution, so one is led to adjoin the 
negative integers and zero. Likewise, equations of the type 
oa? + 6 s= 0, a and b being integers, lead one to adjoin further 
the set of rational numbers, i.e., numbers which are ratios of 
integers. The set of rational numbers is closed under addition, 
subtraction, multiplication, and division (except by zero). 

But the rationals are not closed under algebraic processes. 
For example, — 2 « 0 has no rational solution; likewise, 

812 
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[V2 + is not a rational number. Evidently there are 
still gaps in a number system built in this way on the set of 
rational numbers. 

In 1825, Abel discovered that a solution of 

+ • • • + a„ = 0, ao 0, (1) 

where at are rational numbers and n is a positive integer, is not 
always possible in terms of radicals. It was this discovery that 
lead to Galois' theory of equations which, among other things, 
uncovered other types of irrationalities. 

In 1844, Liouville proved the existence of transcendental num- 
bers, i.e., numbers not roots of an equation of type (1). In 
particular, the number e was shown to be transcendental by 
Hermite in 1873; and in 1882, Ludermann showed that tt is also 
transcendental. 

Thus, mathematicians came to realize that algebraic processes 
are insufficient to produce all irrational numbers and that some 
other method must be invoked to round out the complete struc- 
ture of real numbers. Moreover, this method must not appeal 
to geometric or other types of intuition. 

Three important theories of real numbers have been developed, 
the theories being named after their founders: (1) Weierstrass 
(1860), (2) Cantor (1871), and (3) Dedekind (1872). We shall 
here consider only this last theory. 

4. The Dedekind Theory. The Dedekind theory of real 
numbers had its origin in a course in calculus given by Dedekind 
in 1858. Dedekind was deeply troubled by the lack of rigor” 
in the development of calculus and he traced the trouble largely 
to the lack of a clear-cut conception of number. The results 
of his eflForts appeared in 1872 in his Stetigkeit und Irrationale 
Zahlen, a book every serious student of mathematics should read. 

In this section we shall give an introduction to Dedekind's 
theory, developing it sufficiently far to be able to use it as a tool 
in later work. 

We consider the set of all rational numbers as known. A 
Dedekind cut (Schnitt) in the domain of all rational numbers is a 
partition of uU the rationale into two classes A and B such that: 
(1) every rational a of A is less than every rational b oi B; (2) 
the sets A and B must contain elements (rationals). We denote 
such 4 partition by [A, 5]. 
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(a) A Dedekind real number is a symbol attached to a cut 
[A , B] in the domain of all rational numbers. 

(b) A Dedekind rational number (in the new sense) is a symbol 
attached to a cut [A, B] of all rational numbers in which either 
A has a greatest rational or JS a leavSt rational. 

(c) A Dedekind irrational number is a symbol attached to a cut 
[A, B] in the domain of rational numbers in which neither A has 
a greatest rational nor B a least rational. 

The real continuum is the aggregate of all cuts in the domain of 
all rational numbers. 


Example 1. If A is the set of all rationals a such that a < i, and if B 
is the set of all other rationals, then [A, B] is a Dedekiiid rational real 
number, B having a least element J. 

If the real number [A , B] is such that A has a greatest element 
r, and if the real number [A', B'] is such that B' has r for a least 
element, it can be shown that we can regard [A, B] and [A', B'] 
as the same Dedekind rational number. 


Example 2. If A is the set of all rationals a such that a® < 2, and if B 
is the set of all other rationals, then [A, /?] is a Dcdekiiid irrational real 
number, for A has no greatest element and B has no least element (there 
being no rational r such that r* = 2). The symbol \/2 is usually attached 
to this partition. 


(d) Ordering the Real Numbers, Let 

Cl ^ [Ai, Bi], C 2 = [A 2 , B 2 ] 


denote two real numbers defined by the partitions indicated. 
The number Ci is said to precede C2, i.e., Ci < C2, if Ai is 
included in A 2 (that is, every ui of Ai is in A 2), and if there exist 
at least two distinct elements in A 2 not in A 1. Similar definitions 
can be given for Ci = C2 and Ci > C2. 

(e) The sum of two real numbers, 

Cl = [Ai, Bi] and C2 ^ [A 2, B2] 


is the cut C s [A, B] where A is the set of all sums ai at 
ranging through Ai, and 02 through A 2, and where B is the set 
of all rationals not in A. That this C is a Dedekind cut follows 
from the fact that (1) there exist o’s in A, and Vs in B, (2) if 
a ai + and if r is any rational less than a, then r belongs 
to A, for 


a — d 


(ai-|) + (a,-|) = a{+ai 
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where a[ belongs to Ai and belongs to ^ 2 . Hence every a is 
less than every 6. 

Subtraction, multiplication, division, powers, and roots of 
positive numbers, and other operations may be defined in a 
similar manner. Thus the domain of all real numbers is closed 
under these operations. All the well-known properties of real 
numbers may be proved from these definitions. 

If in the definition of a Dedekind cut we replace the word 
''rationaT' by ^'real,'' then this definition defines a cut of real 
numbers. From this definition it is possible to prove 

Fundamental Theorem 4.1. Lei C ^ [A, B] be a Dedekind 
ciU in the domain of real numbers (f.e., A and B form the class of all 
real numbers). Then either A has a greatest element or B has a 
least element. 

It follows from this theorem that no new numbers are obtained 
by partitioning the set of all real numbers. 

6. Axiom of Continuity. Heretofore, we have carefully 
avoided any reference to geometry. It is occasionally convenient 
to use a geometric language. Accordingly, while we emphasize 
the strictly numerical character of our definitions and treatment 
of real numbers, we shall now set up a correspondence between 
the real numbers and the points on a line by means of the 

Canlor-Dedekind Postulate. There exists a one-to-one corre- 
spondence between the real arithmetic continuum and the points 
on a straight line. (Note, points and lines are undefined.) 

We shall frequently use the term point (on a line) and real 
number interchangeably, the real line continuum being by defini- 
tion the real arithmetic continuum. 

The fundamental theorem states that ‘^all holes in the line are 
filled up.^^ This theorem is essential in analytical geometry. 
It is sometimes called the fundamental axiom of continuity. 

6. Linear Sets. A real linear set is an aggregate of real 
numbers (points). The theory of linear sets originated in the 
discussion of questions connected with the theory of Fourier 
series and of functions which can be represented by such a 
series. 

We shall study a few of those elementary properties of linear 
sets as we shall have need. We must bear in mind that the 
entire theory of sets of points is essentially an arithmetical theory^ 
the geometrical nomenclature and representation being a con- 
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venience, not a necessity. We shall use the word set to mean 
real linear set unless otherwise specified. 

A set S is a proper part of a set 5' if each element of S is an 
element of S', but some element of 8' is not in 8. 

A set 8 is infinite if it can be put into one-to-one correspondence 
with a proper part of itself. 

Thus the set of all positive integers is infinite, for the correspondence 

1, 2, 3, 4, 5,--- 

^ ^ t t ( 1 ) 

2, 2\ 2^ 2S 2^ • • . , 

or the correspondence 

I, 2, 3, 4, 5, -- 

^ ^ t ^ I (2) 

II, 21, 31, 4!, 51, • • • , 

or the correspondence with the prime numbers 

1, 2, 3, 4, 5, 6, 7, 8 , 9,- - 

t t t t t t t t t (3) 

2, 3, 5, 7, 11, 13, 17, 19, 23, ‘ * 

establishes a one-to-one mapping of the set of all positive integers upon a 
proper part of this set. Again, the set of all real numbers in the closed 
interval [0, 1] is infinite, for the relation x' =« maps this interval upon a 
proper part of itself. On the other hand, the set (a, 6, c, d, e) cannot be 
put into one-to-one correspondence with a proper part of itself, and such a 
set is finite, 

A set S is denumerahly infinite if it can be put into one-to-one 
correspondence with the set of all positive integers. It is evident, 
for example, that the sets in (1), (2), (3) are denumerably infinite. 

Theorem 6.1. The set of all rational numbers is denumerably 
infinite, 

A one-to-one correspondence between the rational numbers 
and the positive integers is indicated in the following scheme: 



t t $ ^ t ^ t t t 

i, % a, 4, 5, 6, 7, 8, 9, 10, 11, 


( 4 3 2 1 -1 -2 -8 -4\ 

r 2* i’ ? 4 ' 3 ’ 2 ’ 1 A ‘ ‘ 

4 I 4 I » t I I 

12, 13, 14, 13, 16, 17, 18, 19, * — , 



Sec. 6] INTRODUCTION TO REAL VARIABLE THEORY 817 


where in each parenthesis the sum of numerator and denominator 
of each fraction is constant, and where repetitions have been 
omitted. 

Theorem 6.2. T'he set of all real numbers in the interval 
[ 0 , 1 ] is nondenumerably infinite. 

Let us represent every number in [ 0 , 1 ] as an ordinary decimal, 
where we write, for example, 0.62500000 * • • if the decimal 
is finite, and where we write 0.62500000 • • • instead of 
0.62499999 • • • . Suppose all numbers in [ 0 , 1 ] could be 
put into a one-to-one correspondence with the positive integers, 
then: 


1 ^ O.Ui U2 Us U4 * 

2 ^ 0.61 62 63 64 * 

3 ^ O.Ci C 2 Cz C 4 * 

4 ** O.di di dz di * 


! (4) 


where Ui, a 2 , * * • , 61 , • • • are the digits of the respective 
decimals. Let R be any number 


R = O.ai /??2 73 54 • ' * , 

where on 5 ^ Ui, P 2 9 ^ ^ 2 , 73 cs, * * * , and where the digits of 
R are not all 9^s after some digit Vn- It is evident that is a 
real number in [0, 1] and that R is distinct from each of the num- 
bers in (4). Hence R was not included in the correspondence 
(4). It follows that all real numbers in [0, 1] cannot be put into 
a one-to-one correspondence with the set of positive integers. 

EXERCISES I 

1. Define the following real numbers by means of a Dedekind cut; 
3, 0, c, \/ 3, sin 3, t. 

2. (a) Prove that a;* — 2 * 0 has no rational solution and hence that 
\/2 is irrational. 

(b) Prove that \/2 -f* is irrational. 

(c) Can \/2 be represented by a repeating infinite decimal? Why not? 

3. Show that the real numbers defined by (a) in Sec. 4 obey the properties 
of simple order. 

4. (a) When is the real number a said to be greater than the real ct? 

(b) '^en is the real number ci said to equal the real c*? 

5. Define the difim^ence, produott and quotient of two real numbers in a 
manner suggested by (e) in Sec. 4. 
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6. Show that the two rationale mentioned in the paragraph following 
Example I are essentially the same. 

7* !l^ve Theorem 4.1. (Hint: Consider the cut of rationals determined 
by the given cut of reals.) 

7. Properties of Sets. We shall now formulate certain prop- 
erties of point sets which we have frequently used in an intuitive 
manner in the preceding chapters. 

An upper bound of a linear set S is a number u (if it exists) 
such that 14 ^ a for every number a in Sy and a lower bound 
of 5 is a number I (if it exists) such that Z ^ a for every number 
a in A set S is bounded if it has an upper bound and a lower 
bound. For example, 7, x, and 2 are upper bounds of the set 
of all numbers less than 2; likewise, 1.5, 1.42, and 1.416 are 
upper bounds of the set of all positive numbers less than ^/ 2 \ 
2, y/ 2 y and 1 are upper bounds of the set of all values of the 
function A function f{x) is bounded (over an interval) if 

the set of all its values (in this interval) is bounded. 

Theorem 7.1. Every bounded set S has a least upper bound U 
and a greatest lower bound L. 

Partition all real numbers into two classes A and By A consisting 
of all numbers x such that z is less than some element of S, and 
B consisting of all numbers x which are greater than or equal to 
every element of S. Since S is bounded, A and B have elements. 
By Theorem 4.1, either A has a greatest element or J5 a least 
element. Suppose A had a greatest element X. By definition 
of A, X is less than some element s of It is evident that 
X < ax + s) < ». Hence + «) would be in A and X 
is not the greatest element in A. Thus B has a least element 
Uy an^ C/4s the least upper bound of S, The existence of L is 
proved iii a similar manner. 

A set Si contains a set 8 % if each element of St is in St. 

Let Sly S%, /Sa, • • • be sets (finite or infinite in number). 
The sun of Si, ^2, • • • , denoted by 5^1 + ^2 + • * • , is the 
set Consisting of all those elements which are in at least one of 
the sets Siy St^ • • • . The product of 81 , St, * * • , dtanoted 
by Si • <82 • • • • , is the set condsting of all those elements which 
aire common to the sets 8 %, St, • • • - For exampie, consider 
the sets (a, fc, c), (a, d), (a, «), (a), and c,4 s 

araati lliesumof tb^setsk h, e, 4 

tlm iHt>duct is the ' 1 
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A dosed irderml is a set of real numbers x such that a ^ x ^ bf 
or a ^ Xj or X ^ b. An open interval is a set of real numbers x 
such that a < X < b, or a < Xf or X > b. 

A point P is a limit (accumulation) point of a set S if every open 
interval I containing P also contains at least one point of S other 
than P. It is immaterial whether or not P is an element of S, 
For example, 0 is a limit point of the set of all numbers 1/n, 
where w is a positive integer; again, every real number from 0 
to 1 is a limit point of the set of all proper rational fractions. 

A set S is closed if it contains all its limit points. Thus, every 
closed interval is a closed set; the set of numbers 1/n is not 
closed, but if 0 is adjoined to the set it is then closed; the set of 
all rational numbers is not closed. 

A set S is open if each point P of S can be inclosed by an op>en 
interval which lies entirely in 8, Thus, every open interval is 
an open set. The sum of any finite number of open intervals is 
an open set. 

An interior point P of a set S is a point which can be inclosed 
by an open interval which lies entirely in S. Thus an open set 
is one such that every point of it is an interior point. 

A neighborhood of a point P is any open set containing P. 
Thus, an open interval containing P is a special kind of neighbor- 
hood of P. 

An element P of a set 8 which is not an accumulation point of 
8 is an isolated point of 8, Thus, if P is an isolated point of S, 
there exists a neighborhood of P which contains no element of 8 
other than P. 

The closure iS" of a set 8 is the set consisting of 8 together with 
all its limit points. Thus, the closure of a closed set is the set 
itself. The closure of the set of all rational numbers is the set 
of all real numbers. 

The complement of a set 8, denoted by C(/S), is the set of all 
points not in 8. It is seen that the complement of a closed (open) 
set is open (closed). 

A point P is an exterior point of a set <S if it is an interior point 
of C{S) r Thus, P is exterior to if P is not an element of SI 

Tl^ bmnMry B of a set S is the set of points common to the 
closure of S and the closure of C(S). Thus S is given by the 
fotMuta B « It ipEiay be ribown that the boundary 

of a mi S insists of those points which are not interior poihta 
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of either S or C{S). A closed set contains its boundary, and an 
open set contains none of its boundary points. 

EXERCISES n 

1. Show that the isolated points of a linear set are always denumerable. 

2. Show that every element of the set S of all rational numbers is a bound- 
ary point of S. 

3. Prove: The set of all rational numbers is neither closed nor open. 

4. Prove: Every neighborhood of a boundary point of a set S contains 
points of S and points of C{S). 

6. Extend all the definitions following Theorem 7.1 to sets of points in the 
a:y-plane; to sets of points in space. Illustrate with examples. 

6. Prove all the comments made in Sec. 7. 

8. Certain Theorems on Functions of a Real Variable. We 

are now in a position to prove certain theorems quoted in the 
earlier chapters of this book. 

Theorem 8.1 (Heine-Borel Theorem). If every point of a closed 
interval (a, b) is interior to at least one interval of a given set S of 
intervals j there exists a finite set F of intervals of >S, 7i, / 2 , * • * , /*, 
swh that every point of (a, h) is interior to at least one interval of F. 

Divide all real numbers x into two classes A and B as follows: 
A point X belongs to class A if x g a, or if we can cover* the points 
of the interval (a, x), where a < x ^ 6, by a finite set of intervals 
of S; the number x belongs to class 5, if x > 6, or if we cannot 
cover the points of the interval (o, x) by a finite number of 
intervals of S. Evidently every xa precedes every x^. Consider 
the Dedekind cut { s [A, B]. Now { must be 6, for suppose f 
precedes 6. Then an interval I oi 8 covers { is an interior 
point of If and in I there are numbers of both classes A and 5, 
say Xa and Xb* There are a finite number .of intervals of S 
covering (a, xa). To these intervals adjoin I. Then there are 
a finite number of intervals covering (a, x^). But this is con- 
trary to our hypothesis. Thus we conclude that f == 6. 

Theorem 8.2. Let (a, b) be a closed interval containing points 
of the domain of definition of a hounded real function f of a real 
variable z. There exists in (a, b) at least one point which has the 
prop^y that in any arbitrarily small neighborhood of that pointy 
the least upper hound of f is the same as the least upper hound M 
off in the whole interval (a, b). 

• To com a point F is to select an interval / such that P i« an interior 
pwt of /, 



Sec. 8J INTRODUCTION TO REAL VARIABLE THEORY 821 


Divide the real numbers x into two classes A arid B as follows: 
The number x is to belong to class A if x < a, or if in the interval 
(a, x) the least upper bound of / is less than AT; x is to belong to 
class jB if :r > 6, or if in (a, x) the least upper bound of / is M. 
There exist numbers Xa in A and Xb in and every xa precedes 
every Xb. This partition defines a Dedekind cut J = [^4, B], 
such that in every neighborhood of there are numbers xa and Xb 
and thus any arbitrarily small neighborhood of f has the same 
least upper bound M as / has in (a, h). 

Proof by the Heine-Borel Theorem. We shall assume that there 
exists no point p such that, in an arbitrarily small neighborhood 
of p the least upper bound of / is equal to M. Cover every point 
X of (a, h) by an interval. Denote by S the set of intervals used 
to cover the points x of (a, h). Then, by the Heine-Borel theorem, 
there is a finite number of intervals in the set S such that the 
least upper bound of / in all the intervals is different from M, 
and such that every point x of (a, h) is interior to at least one 
interval of the finite set. We conclude that the least upper 
bound of / is different from M. 

A similar theorem holds with regard to the greatest lower 
bound of /. 

Theorem 8.3. If a function f{x) is continuous on the closed 
interval (a, 6), the least upper hound M and the greatest lower hound 
m of f in (a, b) are both finite, and these bounds are actually attained 
in ecxh case at least once within the interval (a, b). 

Pick a positive number €. Since/ is continuous on (a, 6), we 
can cover each x in (a, b) by an interval Ix such that 

\f{x) - /(xi)| < e 

when Xi is in /*. By the Heine-Borel theorem, there is a finite 
set F of these intervals such that every point in (a, h) is 
interior to at least one of the intervals of F. If the number of 
F^& is p, then the greatest variation of / in (a, 6) cannot exceed 
the finite number 2p€. 

Let f be the point discussed in the first proof of Theorem 8.2, 
and consider the interval ({ — €, f + e) in which / has a least 
upper bound equal to Af. Then points can be found in this 
interval for which the function / differs from M by an amount 
less than Since the interval can be taken 

arbitrarily small, and since / is continuous at /(f) = M. 
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A similar ai'gument may be given in the case of the greatest 
lower bound. 

Theorem 8.4. If f{x) be continuous on the closed interval 
(a, b) and if f(a) and f(b) have opposite signs, then there exists at 
least one value of x in (a, b) for which f(x) vanishes. 

Assume there exists no number x such that f{x) = 0. Since/ is 
continuous at every point x in (a, b), there exists a neighborhood 
of X such that / is either negative (or positive) in that neighbor- 
hood. For each x of (a, b) select such an interval, in which / has 
the same sign for all points interior to it. By the Heine-Borel 
theorem, there exists a finite set F of these intervals such that 
every x of (a, b) is in the interior of at least one of the intervals 
of the set F and having the property that in any one of these 
intervals, / has the same sign throughout. Let the intervals of F 
be ordered according to the positions of their left end points. 
It is evident that successive intervals of F must overlap. 

Since, by hypothesis, /(a) and f(Jt>) have opposite signs, we 
know that there exists at least one interval over which / is always 
positive and at least one interval over which / is always negative. 
Hence, there is one pair of successive overlapping intervals over 
one of which / is positive and over the other of which / is negative. 
Then the points q common to both intervals are such that /(g) is 
both positive and negative. This is impossible since / is single- 
valued. Thus /(g) ~ 0, contrary to hypothesis. 

Theorem 8.5. If fix) is continuous on the closed interval (a, b) 
and if C is any real number between /(a) and f{b), there exists on 
(a, b) at least one value of x for which fix) is equal to C. 

Let (pix) = fix) — C. Then 

^(a) = fia) ~ C and <pib) - fib) - C 

have opposite signs. From Theorem 8.4, we know that there 
exists some value of x in (a, b), say f, for which v?(?) =* 0, that 
is, for which 0 = /(f) — C = ^(f). Hence /(f) = C. 

Theorem 8.6 iRolle^s Theorem). If fix) is continuous on the 
dosed interval ia, b), if fia) = fib) == 0, and if fix) exists every- 
where in the open interval ia, b), then there exists a point f, 

a < f < 6, 

such that f ii) — 0^ 

Since fix) is continuous, it follows by Thieorem 8.3 that f(x) 
actually attains its maximum and its minimum somewbore 
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within [a, &]. Suppose that f{x) has a maximum point at ( 
somewhere within [a, h]. Then if A > 0, 

^( 4 , . M + n-m 

a 

is negative or zero; and if A < 0, ip{h) is positive or zero. Since 
f(x) exists at each point of (a, 6), lim (p(h) exists at in the first 

case this limit is less than or equal to zero, and in the second case 
this limit is greater than or equal to zero. Since the derivative is 
assumed to exist, the two limits must be equal. Hence 

lim <p(h) =/'({) = 0. 

h-*0 

A function f(x) is said to be uniformly coiitinuous on (a, h) if, 
for every positive number e, there exists a positive number 6 such 
that l/(xi) — f{x2)\ < € for every pair of numbers xi, X2f on 
(a, b) closed for which \xi — X 2 I < S. 

Theorem 8.7. If f(x) is continuous on the closed interval 
{a, b)j it is uniformly continuous on (a, h). 

Let € be an arbitrary positive number. Since / is continuous 
for every point p in (a, b) a neighborhood of p can be determined, 
such that the oscillation of / in this neighborhood is less than e/2. 
Determine such a neighborhood for every point in (a, 6). By 
the Heine-Borel theorem, a finite number of intervals can be 
chosen such that every point in (a, b) is interior to one (at least) 
of the intervals. The end points of these intervals form a finite 
set of points in (a, 6). Let b be the smallest distance between 
consecutive points of this finite set. Any interval whatever in 
(a, b) of length less than or equal to b is within at most two of this 
finite set of nonoverlapping intervals formed by the consecutive 
points. Hence, in such intervals, the oscillation is at most e. 

Let f{x) be a function of x defined over the interval (a, h) 
closed. Suppose this interval be subdivided by the points 
a Xti < Xi < * • • < Xn-.i < Xn — b. The total variation of 
f{x) over (a, b) is the least upper bound of the quantity 

n — 1 

F = X -/(*•)! <1) 

»-0 

for all choices of the points Xi and for all finite values of n. If 
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the total variation of f{x) over (a, b) is finite, f{x) is said to be of 
hounded variation over (a, 6). 

Theorem 8.8. If f(x) is of hounded variation over (a, b) then 
f{x) may he represented in the form <p{x) — ^(x), where <p(x) and 
}//(x) are monotonically increasing hounded functions of x. 

Construct the sum V{x) in (1) for the interval (a, x) where 
a ^ x ^ h. Let S(x) be the sum of the quantities f(xi^i) — f{Xi) 
which are positive, and —a(x) the sum of these quantities which 
are negative. Then V{x) = S(x) + <t(x) and 

fix) - fia) = Six) - aix). 


Hence, 


Vix) = 2Six) + fia) - fix) = 2cr(a:) + fix) - fia). (2) 

Let ipix) and ipix) be the least upper bounds of Six) and aix) 
for each x. Hence fix) = fia) + <pix) — ypix). Since (pix) 
and i/ix) are monotonically increasing, we have the theorem. 

Theorem 8.9 iTheorem of Bolzano-Weierstrass). An infinite 
set S of real numbers in a finite interval (a, b) has at least one limit 
point. 

Suppose S has no limit point. Then for every real number 
there exist a neighborhood of x containing only a finite number of 
points of S. Let N denote the set of all such neighborhoods. 
By the Heine-Borel theorem, there exists a finite number / 
of the intervals of AT, having the same property that the 
have and such that every point of (a, h) is interior to at least 
one interval of /. Since every point of (a, h) is covered and since 
this covering can be done by a finite number of intervals 7, each 
containing but a finite number of points of /S, it follows that S is a 
finite set. This shows that our assumption pf the nonexistence 
of a limit point to S is incorrect. 

EXERCISES m 

1. Prove; If a variable is monotonically increasing, it either becomes 
inhnite or approaches a limit. 

2. Show that every bounded sequence has a least (greatest) point of 
accumulation. Does every bounded sequence have a unique limit? 

3. Illustrate the fact that Theorem 8.3 is false if the function is not 
everywhere continuous or if the interval is not closed. Construct a bounded 
function which has neither a maximum nor a minimum. 
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4. Prove: If f{x) is positive for every value of x on [a, 6], an interval for 
which f{x) is defined^ and if xq and Xi, Xi > Xo, are any two values of x in [a, 6], 
thenfixi) > /(xo); while iff{x) is negative throughout [a, 6], thenf{xi) < /(xo). 

5. Complete the proofs of Theorems 4.1, 4.2, and 5.1 of Chap. IV, 

6. Show that if /(x) is monotonic in [a, b] closed, it is bounded. 

7. Prove Theorem 12.1 of Chap. IV (recall Theorems 12.2 and 12.3 of 
Chap. IV). 
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INDEX 


A 

Abel’s limit theorem, 494 
Absolute convergence, of integrals, 
289, 294 
of products, 504 
of series, 470-480, 595 
Absolute value, 562, 566 
Acceleration, 58-59, 63, 585 
Acceleration vector, 58, 710 
Accumulation point, 35, 457, 819 
Addition theorem, for Bessel func- 
tions, 443 

for complex numbers, 559 

for elliptic functions, 632 

for hyperbolic functions, 176, 585 

for logarithms, 583 

for trigonometric functions, 582 

for vectors, 683 

Algebra, fundamental theorem of, 
182, 603 

Algebraic function, 569 
Alternating function, 651 
Alternating series, 473 
am, 630 

Amplitude, of complex numbers, 562 
of elliptic functions, 630 
of vibrations, 355 
Analytic continuation, 615-616 
Analytical dynamics, 796-811 
Analytic function, 573-577, 595, 597, 
602, 604, 611, 618 
poles of, 607-608 
residues of, 611-612 
singularities of, 607-610 
zeros of, 603-604 

Angles between curve and radius 
vector, 51 

of complex numbers, 562 
phase, 355 

between tangents, 129, 134 


Angle, between two curves on 
surface, 714, 736 
Angular acceleration, 58 
Angular momentum, 705 
Angular velocity, 58 
Approach, 9 

Approximation, of definite integrals, 
314-321 

of functions, by polynomials, 
74r-83, 160, 548, 599 
by trigonometric polynomials, 
537 

Arc length, 217-218, 222, 791 
differential of, 714, 733, 740, 744 
of ellipse, 222, 641 
of hyperbola, 641 
in parametric coordinates, 221 , 222 
in polar coordinates, 221 
Area, 208, 212, 220, 238-239, 262 
in polar coordinates, 214, 263 
of surface, 248, 715 
of surface of revolution, 252, 716 
Areal velocity, 704 
Array, 644 

Associated T^egendre polynomials, 
429 

Associated tensors, 736 
Asymptotic expansion {see Develop- 
ment) 

Asymptotically equal (proportional), 
447 

Attraction, force of, 222, 224, 269- 
270 

Average value, of function, 224 
of harmonic ftmctions, 780 
Axial region, 195 
Axiom of continuity, 816 

B 

Beam, flexure of, 376-^78 
Bernoulli equation, 339 
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Bernoulli numbers, 319, 498 
Bernoulli polynomials, 317 
Bessel equation, 425, 430-442, 771 
Bessel functions, 432-442 
first kind, 432-435 
representation of, 4384:40 
second kind, 435438 
zeros of, 440442 
Bessers inequality, 530n., 555 
Beta function, 311-312 
Bibliography, 827-830 
Bilinear forms, 670-671 
Binomial coefficients, 495, 648w. 
Binomial series, 85, 601 
Binorinal, 711 

Bolzano- Weierstrass theorem, 824 
Bound, greatest lower and least 
upper, 274n., 818 
lower and upper, 818 
Boimdary, 819 

Boundary conditions, 328, 767-769 
Bounded function, 572, 818 
Bounded sequence, 446 
Bounded set, 572 
Brachystochrone, 791 

C 

c-discriminant, 399 
Cable, suspended, 378 
Calculus of variations, 784-796 
Cardioid, 221 

Cauchy- Riemann conditions, 575 
Cauchy^s inequality, 600 
Cauchy^s integral formula, 596 
Cauchy^s product, 482 
Cauchy^s theorem, for integrals, 591 
on mean value, 68 
for sequences, 451 
Center of gravity, 252, 253, 706 
Central force, motion under, 392, 
704, 801-802, 807 
Cesaro means, 507 
Change of variable, for derivatives, 
41, 48, 101, 103 

for integrals, 167, 168, 194, 198, 
199, 262, 265 


Characteristic equation, 349, 350, 
676 

Characteristic strip, 758 
Characteristics, 752, 758 
method of, 760-765 
Christoffel symbols, 742 
Circle, of convergence, 595 
of curvature, 62 
Circulation, 236, 273, 708 
Clairaut’s equation, 345 
Closed curve, area bounded by {see 
Area) 

integral around, 254, 256, 271, 
591, 596 
simple, 572, 590 
Closed interval, 819 
Closed set, 819 
Closure, of a set, 819 
cn, 630 
Cofactor, 649 

Comparison test, for integrals, 288 
for series, 463 
Complement, of a set, 819 
Complementary function, 348, 352, 
368-369 

Complete solution {see General 
solution) 

Complex function, 568-572 
Complex numbers, 558-566 
absolute value, 562, 566 
algebra of, 558-561 
amplitude, 562 
conjugate, 560 
DeMoivre^s theorem, 564 
parallelogram law of addition, 563 
representation of, 561-564 
roots of, 564^566 
Complex variable, 568 
Components, of acceleration, 58-59, 
710 

, of a tensor, 726, 727, 731 
of a vector, 682 
of velocity, 57 

Conditional convergence, 477479 
Conformal mapping, 616-621, 723- 
725 

at infinity, 621 

Conjugate complex numbers, 560 
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Conjugate harmonic functions, 577 
Conservative force, 273, 708 
Conservative system, 798 
Constant of integration, 166, 320- 
330 

Continued fractions, 461 
Continuity, axiom of, 815 
of derivatives, 125, 131, 132 
eqtiation of, 268, 707 
of functions represented by series, 
491, 514 
of integrals, 285 
uniform, 572, 823 

Continuous functions, 22-26, 29, 38, 
91, 123, 130, 132, 491, 514, 
571-572, 821-823 
Contour, 89, 590 

Contour integration, 613-614, 635- 
638 

Contraction (of tensors), 733 
Contravariant tensor, 726 
Convergence, absolute {see Absolute 
convergence) 
circle of, 595 
conditional, 477-479 
of Fourier series, 528, 532-539 
of integrals, 286-296, 301-305 
interval of, 484-486, 508 
of power series, 483-486 
of products, 503-505 
radius of, 484 
region of, 483, 595 
of sequences, 446-450, 456, 508- 
509 

of series, 460, 463-473, 508-509 
unconditional, 477-479, 505 
uniform {see Uniform conver- 
gence) 

Coordinates, curvilinear, 713 
cylindrical, 216, 740 
generalized, 799 
orthogonal, 740, 744 
parabolic, 107, 263, 731, 740 
parametric, 107, 136, 713 
of plane, 730 
polar, 107, 135, 740 
transformation of, 133, 675 
Cionolis’ force, 706 


Coriolis^ theorem, 705 
cosh, 176 

Cosine amplitude {see cn) 

Covariant derivative, 743, 746 
Covariant tensor, 727 
Cramer's rule, 662 
Cross ratio, 578 
Curl, 271-272, 698, 743-744 
Curvature, circle of, 62 
of a curve, 62, 710 
first (mean), 720 
line of, 719 
normal, 718, 722 
radius of, 62, 377, 709 
second (Gauss, specific, total), 720 
of a surface, 720 

Curve, area bounded by {see Area) 
intrinsic equations of, 713 
lengtli of, 217-218, 221-222, 791 
parametric, 134, 713 
simple closed, 572, 590 
Curvilinear coordinates, 713 
Cusp locus, 399 
Cycloid, 61, 220, 222 
Cylinder functions {see Bessel func- 
tions) 

Cylindrical coordinates, 216, 740 
D 

D, 37, 366 

D'Alembert's principle, 796 
Damped motion, 357-358 
Darboux's theorem, 276 
Dedekind cut, 813 
Definite integral, applications of, 
214-226, 233-240, 248-253, 

265-270, 273, 621-628, 640, 
704-708, 782, 796-811 
conditions for existence, 208, 278- 
280 

containing parameter, 298-305, 
611 

convergence of, 286-296, 301-305 
definition of, 207, 227, 240, 252, 
277, 587-588, 703 
deriviitive of, 285, 298-300, 611 
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Definite integral, double (surface), 
198, 240-252, 254, 271, 704 
evaluation of, 209, 213, 229-232, 
242, 244-248, 261, 252, 264, 
264-265, 271 

as a function of its upper limit, 
258, 284-285, 298-301, 593 
geometric representation of, 208, 
228, 241 

improper, 213-214, 286-296, 301- 
305 

integral of, 300-301 
line, 226-239, 254, 271, 587-593, 
635-638, 703 

numerical approximation of, 314- 
321 

properties of, 212, 281-283, 588 
theorem of the mean for, 214, 283, 
285 

transformation of, 260-263 
triple (volume), 252, 264-265 
Degree (of differential equation), 323 
Delta amplitude {see dn) 

DeMoivre’s theorem, 564 
Denumerably infinite set, 280n,, 816 
Dependence, of constants, 327 
functional, 140-142 
linear, 666-668, 692 
Derivative, applications of, 49-62, 
104-113, 147-152, 355-360, 

376-380, 392-393, 403-416, 

704-708, 766-779, 796-811 
change of variable, 41, 48, 101, 103 
computation of, 37-45, 93 
covariant, 743, 746 
definition of, 36, 93, 154, 573-574, 
702-703 

directional, 144, 260, 695 
invariance of, 155, 156 
in polar coordinates, 150 
higher, 45, 95-98 
implicit, see Implicit functions 
normal, 111, 112, 143-152, 156, 
260, 695 

partial, 92-98, 103 
second, 45, 95-98 
table of, 37, 176, 177 
theorezh of the mean for, 65, 113 


Derivative, total, 98-104, 106-108 
second, 110-111 
Determinants, 644-650 
cofactor of, 649 
definition of, 645 
functional (see Jacobian) 

Laplace expansion of, 648 
minor of, 648 

Development (of a function), 605 
Differences (first, second, etc.), 421, 
501 

Differential, 63-64, 156-158, 726 
of arc length, 714, 733, 740, 744 
exact, 200-205 
higher, 158 

Differential equations, ordinary, 
322-445 

applications of, 325, 335, 340- 
341, 355-360, 376-380, 392- 
393, 403-416 
Bernoulli equation, 339 
characteristic equation, 349, 350 
Clairaut equation, 345 
complementary function for, 
348, 352, 368-369 
degree of, 323 
exact, 333 

first order, first degree, 332-343 
nth degree, 344-346 
general solution of, 328, 348, 350 
homogeneous, 335-337, 343, 374 
initial conditions for, 328 
integrating factors for, 341-343 
linear (see Linear differential 
equations) 

methods for solving, operator, 
366-875 

reducing to exact, 332-343 
series, 365, 425-427 
imdetermined coefficients, 
351-353 

variation of constants, 360- 
362 

numerical solution of, 417-423 
order of, 323 

particular integral of, 32S, 848, 
351-364,376-374 
primitive of, 326-328 
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Differential equations^ ordinary, 
second order, 36^364 
series solution, 366, 425-427 
solutions of, 323-326, 347 
fundamental set of, 348 
singular, 328, 398-401 
steady state, 369, 405 
transient, 369, 407 
variables separable, 334 
partial, 323, 747-779 
applications of, 773-779 
Euler's equation, 747-749 
first order, general, 756-765 
linear, 750-753 
of physics, 766-779 
systems of, 387-396 
total, 380-386, 393-396 
intograble, 381-384 
nonintegrable, 384-386 
systems of, 393-396 
Differential operator, first, 694 
second, 697 

Differentiation, elementary rules for, 
37-48 

graphical, 50 
of power series, 491-492 
of series of functions, 517 
Dini's rule, 534, 537 
Direction cosines, 112, 678, 689 
Directional derivative, 144, 260, 695 
invariance of, 155, 156 
in polar coordinates, 150 
Dirichlet integral, 313, 625-529 
Dirichlet's conditions, 639 
Dirichlet’s rule, 533, 536 
Discontinuous fimction, 26, 571 
Divergence, 265-269, 696, 744, 

746 

of integrals, 286, 294 
of sequences, 446, 607-608 
of series, 460, 607-508 
dn, 630 

Domain of definition, 2, 86 
Double integral, 198, 240-262, 264, 
271„ 704 ^ 

transformation of, 260-263 
Doublet, 626 

Dynamics, analylacal, 796-811 


E 


e, 31-34, 813 
Elastic curve, 377 
Electrical networks, 403-416 
energy relations, 410 
equivalent networks, 41 2 
steady state solution, 405 
transient solution, 407 
Ellipse, arc of, 222, 641 
area of, 213 

Elliptic functions, 630-635 
addition formulas for, 632 
derivatives of, 631 
periods of, 632-634 
Weierstrass, 638-639 
Elliptic integrals, 628-630, 635-641 
amplitude, 630 
associated, 630 
modulus, 630 
normal forms, 629, 638 
Entropy, 238 
Envelope, 398 

Equation of continuity, 268, 707 
Equation of motion, 358, 392, 803- 
804, 806 

h^ssential singularity, 608 
Euler-Maclaurin formula, 319 
Euler's constant, 310, 311 
Euler's equation, 747, 785-789 
Euler's formula, for Fourier coeffi- 
cients, 522 

for Gamma function, 310 
for normal curvature, 722 
Euler's numbers, 499 
Euler's theorem, on homogeneous 
functions, 113 

Euler's transformation, of series, 
500-502 

Even function, 496, 539 
Evolute, 401 

Exact differential, 200-205, 256-259, 
272 


Exact differential equatio^, 333 
Exponential function, 3-^ 586-681, 


584 

Exterior point, 819 




Extremal, 788 
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F 

Factor theorem, 181 
Factorial function {see Gamma func- 
tion) 

Fejer’s theorem, 545 
Field, 663 

of force, 270, 273, 708 
conservative, 273, 708 
solenoidal, 270 
of vectors, 250, 693-701 
First curvature, 720 
First differential operator, 694 
First fundamental magnitudes, 714 
Fluid flow, 235-236, 249, 265-269 
circulation, 236, 273, 708 
equation of continuity, 268, 707 
irrotational, 273, 707 
stream function, 622 
stream lines, 622, 707 
velocity potential, 273, 621, 707 
vorticity, 627 
Fluid force, 219 
Forms, bilinear, 670-671 
indeterminate, 30, 67-72 
linear, 660-668 
quadratic, 671 
quadratic differential, 714 
Fourier coefficients, 524 
Fourier integral formula, 548-550 
Fourier series, 521-548 
Bessers inequality, 530n., 555 
convergence of, 528, 532-543 
Dini's rule, 534, 537 
Dirichlet^s conditions, 539 
Dirichlet's integral, 525-529 
Dirichlet's rule, 533, 536 
Euler^s formula, 522 
Fejer^s theorem, 545 
Fourier coefficients, 524 
Gibbs phenomenon, 552-553 
Jordan^s test, 538 
lipachits’s rule, 535, 537 
Parseval^s equation, 530n. 
summable, 545-547 
Fractions {see Eationa! functions) 
Friction, coefficient of, 379 
Fubini’s theorem, 245 


Function, abstract, 115n. 
algebraic, 569 
alternating, 651 

analytic {see Analytic function) 
average value of, 224 
Bessel {see Bessel functions) 

Beta, 311-312 
biunique, 616 
bounded, 572, 818 
of bounded variation, 824 
complex, 568-572 
continuous, 22-26, 29, 38, 91, 123, 
130, 132, 491, 514, 571-572, 
821-823 
decreasing, 51 

derivative of {see Derivative) 
differential of {see Differential) 
discontinuous, 26, 571 
elliptic, 630-635 
even, 496, 539 

exponential, 34, 580-581, 584 
Gamma, 307-313 
harmonic, 576, 779-783 
homogeneous, 113, 335 
hyperbolic, 175-180, 584-585 
implicit, 4, 47-48, 113-132 
increasing, 51 

integral of {see Definite integral; 

Indefinite integral; Integral) 
inverse, 34, 44, 133, 616 
irrational, 568 

limit of, 8, 12, 16, 20, 26, 28, 29, 
35, 91, 570-571 
logarithmic, 25, 43, 582-583 
maxima and minima of, 52-^54, 
161-162, 601 
monotone, 27^n. 
multiple valued, 4, 568 
odd, 496, 540 
orthogonal, 553-557 
oscillation of, 279 
point, 152-155 
rational, 183, 568, 610 
real variable, 812-826 
root-mean-square value of, 224- 
225 

of several variables, 85-^1 
single valued, 2, 86, 568 
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Ii\inction, total variation of, 823 
transcendental, 569 
trigonometric, 25, 42, 44, 46, 178, 
582 

unbounded, 214 
uniformly continuous, 572, 823 
Functional dependence, 140-142 
Functional determinant {see Jacob- 
ian) 

Functional notation, 2-4, 86-87 
Fundamental magnitudes, first, 714 
second, 716 

Fundamental metric tensor, 734 
Fundamental set of solutions, 348 
Fundamental theorem, of algebra, 
182, 603 

of integral calculus, 209 
G 

Gamma function, 307-313 
Gausses equation, 425 
Gausses law, 270, 704 
General potential function, 622 
General solution, 328, 348, 350, 752 
Generalized coordinates, 799 
Generalized momentum, 805 
Geodesic, 721, 722, 791 
Greometric series, 464 
Gibbs phenomenon, 552-553 
Gradient, 147, 151, 269, 694, 728, 
745 

in polar coordinates. 111, 150, 702 
temperature, 150 
Graph of function, 5, 87 
Graphical differentiation, 50 
Graphical integration, 211 
Greatest lower bound, 274n,, 818 
Green's theorem, 254, 260 
corollaries of, 256-259 
in space, 265 
Gudermannian, 180 

H 

Hamiltonian ftinotion, 805-806 
Hamilton's equations, 805-806 
Hamilton's principle, 797-*798 


Harmonic analysis, 550-552 
Harmonic conjugate, 677 
Harmonic functions, 576, 779-782 
solid, 783 
surface, 783 
Harmonic series, 465 
Heat equation, 269, 768-772 
Heine-Borel theorem, 820 
Helix, 712 

Hermite equation, 425 
Hermite polynomials, 430, 567 
Higher derivatives, 45, 95-98 
Higher differentials, 158 
Holonomic systems, 807-809 
Homogeneous differential equations, 
335-337, 343, 374 
Homogeneous functions, 113, 335 
Hyperbolic functions, 175-180, 584- 
585 

geometric interpretation, 179 
inverse, 177 
Hypocycloid, 220, 221 

I 

I, 164, 193 
Imaginary, 558 
Implicit functions, 4, 113-132 
derivative of, 47-48, 118-120, 125, 
131, 132 

Improper integrals, 213-214, 286- 
296, 301-305 

absolutely convergent, 289, 294 
convergent, 286, 294 
integrand infinite, 293-296 
interval infinite, 286-292 
parametric, 301-305 
Indefinite integral, 164, 194-198, 
586, 593, 706 

properties of, 166-170, 686 
Independence, linear, 348, 666-668, 
692 

of path, 256, 272, 592 
Indeterminate forms, 30, 67-72 
Induction, mathematical, 46 
Inertia, coefficient of, 810 
moment of , 248 
Inferior limit, 468 
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Infinite continued fractions, 461 
Infinite integrals {see Improper 
integrals) 

Infinite products, 460, 502-505 
Infinite sequences {see Sequences) 
Infinite series {see Fourier series; 

Power series; Series) 

Infinite sets, 816-817 
Infinitesimal, 73 
Inflection point, 55 
Initial conditions, 328 
Inner product, 553, 733 
Integrability, condition of, 278- 
280, 383 

Integral, 163, 194, 586 
containing a parameter, 298-305, 
611 

definite {see Definite integral) 
double (surface), 198, 240-252, 
254, 260-263, 271 
elliptic {see Elliptic integral) 
improper (infinite) {see Improper 
integral) 

indefinite {see Indefinite integral) 
line, 226-239, 254, 271, 587-593, 
635-638 

particular, 328, 348, 351-354, 
370-374 
Stieltjes, 231 
table of, 172 

theorem of the mean for, 214, 
283, 285 

triple (volume), 252, 264-265 
Integrand, 166 

Integrating factor, 341-343, 381 
Integration, constant of, 166, 329- 
330 

contour, 613-614, 635-638 
elementary, 170-171, 173 
graphical, 211 
numerical, 314-321 
by partial fractions, 184-190 
by parts, 169, 180 
of power series, 493 
of rational fractions, 181-190 
of series of functions, 516 
by substitution, 167-169, 190-192 
by tables, 193 


Interior point, 819 
Interval (closed, open), 819 
of convergence, 484-486, 508 
Intrinsic equations of a curve, 713 
Invariant, 155, 682, 694, 728 
Invariant point, 578 
Inverse function, 34, 44, 133, 616 
hyperbolic, 177 
Inversion {see Reversion) 

Involute, 402 
Irrational function, 568 
Irrational number, 814 
Irrotational flow, 273, 707 
Isogonal map, 618 
Isolated point, 819 
Isoperimetric problem, 793 

J 

Jacobian, 129, 133, 138-142, 262, 
265, 266, 617 

geometric interpretation, 134-135 
Jordan^s test, 538 
Joukowsky aerofoil theory, 628 

K 

Kepler^s law, 802 
Kinetic energy, 705, 798 
Kirchhoff^s laws, 403 
Kronecker delta, 663, 728, 732 

L 

Lagrange's equations, 799-801 
Lagrange's multipliers, 162 
Lagrangian function, 801 
Laguerre equation, 425 
Laguerre polynomials, 430, 657 
Lamp's equation, 424 
Laplace expansion (of a determi- 
nant), 648 

Laplace's equation, 576, 766, 770, 
782, 791 

Laplacian, 260, 697, 746 
in polar 111-^112 

Laurent's flferies, 604*4W 



INDEX 


m 


Least upper bound, 274n., 818 
Legendre equation, 424-429, 772 
Legendre polynomials, 427-428, 557, 
772 

associated, 429 
Leibnitz theorem, 47 
Length of arc {see Arc length) 
L^Hdpitars rule, 68, 70, 72 
Limit, lower (inferior), 458 
of a fraction, 30, 67-72 
of a function, 8, 12, 16, 26, 28, 29, 
35, 91, 570-571 
properties of, 20 
of a sequence, 206, 446 
upper (superior), 458 
Limit point, 35, 819 
Limiting point, 457 
Line integral, 226-239, 254, 271, 
587-593, 635-638 
Line of curvature, 719 
Linear differential equations, 338- 
339, 347-380 

characteristic equation of, 349, 
350 

complementary function for, 348, 
352, 363-369 

with constant coefficients, 348- 
359, 366-374 

fundamental set of solutions of, 
348 

with general coefficients, 338-339, 
360-364, 374 

general solution of, 348, 350 
particular integral of, 351-354, 
370-374 

Linear forms, 660-668 
Linear independence, 348, 666-668, 
602 

Linear transformations, 578, 620- 
621, 660-668 
product of, 663 
liouville’s theorem, 602 
'Lipfchitz’s rule, 535, 537 
Logarithmic function, 26, 43, 582- 
583 

Lower bound, 818 
Ix>wer limit, 458 


M 

Maclaurin^s series, 601-602 
Maclaurin's theorem, 78, 160 
Magnification, 618, 723 
Magnitude, of tensors, 734 
of vectors, 682 
Maps, 616-621, 722-726 
conformal, 618, 621, 723 
isogonal, 618 

Mathematical induction, 46 
Mathieu^s equation, 424 
Matrix; adjoint, 657 
algebra of, 652-657 
characteristic equation of, 676 
congruent, 671-674 
definition of, 652 
diagonal, 663 

in electrical networks, 403-416 

elementary, 658 

equivalent, 659, 670 

inverse, 656 

law of inertia, 673 

order of, 644, 662 

rank of, 656 

scalar, 653 

signature of, 674 

similar, 675 

symmetric, 671 

Maxima and minima, of a function, 
52-54, 161-162, 601 
Mean curvature, 720 
Mean value theorem, for derivatives, 
65, 113 

for harmonic functions, 780 
for integrals, 214, 283, 285 
Mechanical quadrature, 314-321 
Membrane, vibrating, 778, 804 
Mercator’s projection, 725 
Mertens’ theorem, 483 
Metric tensor, 734 
Meusnier’s theorem, 718 
Minor, 648 
Modulus, 362, 630 
Moebius strip, 250 
Moment, 248, 377 
of inertia, 248 
of momentum, 705 
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Momentum, angular, 705 
generalized, 805 
Monotone function, 279n. 
Monotone sequence, 456 
Morera^s theorem, 598 

N 

Neighborhood, 90, 819 
Network matrix, 404 
Neumann’s addition formula, 443 
Nodal locus, 399 
Nonholonornic systems, 807--809 
Normal, equation of, 754 
length of, 346 
principal, 709 
surface, 249, 250, 716 
Normal acceleration, 59, 710 
Normal curvature, 718, 722 
Normal derivative, 143-152, 156, 
260, 695 

definition of, 145, 695 
interpretation of, 149 
invariance of, 112, 156 
in polar coordinates, 111, 150 
Normal section, 718 
Null sequence, 446 
Number, complex, 558-566 
irrational, 814 
rational, 812, 814 
real, 814 

Numerical integration, 314-321 
Numerical solution of differential 
equations, 417-423 
Numerical value, 14 

O 

O, o, 450 

Odd function, 496, 540 
Open interval, 819 
Open set, 819 

Operator methods, 366-375 
Order, of differential equation, 323 
of matrix, 644, 652 
Order of,, 450 
Oiiehtable surface, 260 
Orthog^onal coordinates, 740, 744 


Orthogonal functions, 553-567 
complete system of, 565 
normalized, 553 
Schwarz’s inequality, 556 
weight function for, 557 
Orthogonal trajectories, 397 
Oscillation (of a function), 279w, 
Oscillations, theory of, 355-359, 
809-811 

Osculating plane, 710 
Outer product, 732 

P 

p-discriminant, 401 
p-f unction (Weierstrass), 638-639 
Pappus, theorems of, 253 
Parabolic coordinates, 107, 263, 731, 
740 

Parametric coordinates, 107, 136, 
713 

Parametric curves, 134, 713, 716 
Parametric equations, 107, 156, 713 
Parseval's equation, 530n. 

Partial derivative, 92-98, 103, 111 
Partial differential equation {see 
Differential equations, partial) 
Partial fractions, 184r-190 
Particular integral, 328, 348, 351- 
354, 370-374 
Partition, 274, 813 
Pendulum, 640-641 
Period, 355 
Phase angle, 355 
Plane, coordinates of, 730 
equation of, 754 
normal, 712 
osculating, 710 
rectifying, 712 
Point functions, 152-165 
Poisson’s equation, 766, 782 
Polar coordinates, 107, 135 
arc length in, 221, 740 
area in, 214 
Pole, 607-608 

Polynomials, 26, 181-183, 568 
Bernoulli, 317 
Hermite, 430, 657 
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Polynomials, Laguerre, 430, 667 
Legendre, 427-428, 557, 772 
Potential, 273, 708 
Potential energy, 800 
Potential function (for fluids), 622 
Potential integral, 782 
Power factor, 226 
Power series, 483-499, 595, 602 
algebra of, 496-497 
convergence of, 483-486, 519 
differentiation of, 491-492 
functions represented by, 488-495 
integration of, 493 
interval of convergence, 484-486 
radius of convergence, 484 
region of convergence, 483, 595 
reversion of, 499 
Taylor^s series, 493, 601-602 
Primitive, 326-328 
Principal direction, 719 
Principal normal, 709 
Product (of sets), 818 
Product, inner, 553, 733 
outer, 732 
scalar, 234, 686-686 
vector, 687-688, 691 
Products (infinite), 460, 502-505 

Q 

Quadratic forms, 671 
Quadrature formulas, 319-320 

R 

Radius, of convergence, 484 
of curvature, 62, 377, 709 
Rank, 656 

Rate, 5, 46, 60-61, 88, 92, 93, 99, 
102, 143-145, 149, 154, 266 
Ratio test, 465 

Rational function, 183, 568, 610 
continuity of, 25 
integration of, 184-190 
limit of, 30, 67-72 
Rational number, 812, 814 
Real continuum, 814 


Real number, 814-815 
Region of convergence, 483, 695 
Regular function {see Analytic func- 
tion) 

Relative tensor, 738 
Remainder (in Taylor's theorem), 
77, 599 

Cauchy's form, 85 
Lagrange’s form, 85 
Schlomilch's form, 84 
Remainder (of series), 471 
Residue, 611-612 
Resistance, coefficient of, 356, 810 
Reversion (of series), 499 
Riemann sum (integral), 207, 277 
Riemann-Lebesgue theorem, 630 
Riemann 's theorem, for Fourier 
series, 531 

reordering of series, 480 
Rodrigues's formula, 720 
Rollc's theorem, 65, 822 
Root-mean-square value, 224-225 
Root test, 465 

Roots of complex numbers, 564r~566 
Rot (rotation), 698 
Rotating vector, 579 

S 

S, s, 274 
Scmiar, 682, 728 
Scalar product, 234, 685-686 
Scalar triple product, 690 
Scale of magnification, 617, 618, 723 
Schwarz's inequality, 656 
Second curvature, 720 
Second derivative, 45, 95, 110-111 
Second differential operator, 697 
Second fundamental magnitudes, 
716 

Separation of variables, 334, 767, 
770-772 

Sequences, 446-468, 508-518 
accumulation points of, 467 
asymptotically equal (propor- 
tional), 447 
bounded, 446 
complex, 594 
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Sequences, convergent, 446, 448-450, 
456, 508-609 

criteria for convergence, 456 
divergent, 446, 507-508 
of functions, 508-518 
limit of, 446 

limiting points of, 457-458 
lower (inferior) limit of, 458 
monotone, 456 
null, 446 
order of, 450 
rearrangement of, 449 
subsequence of, 448 
upper (superior) limit of, 458 
{See also Series) 

Series, 451^82, 508-518 
absolutely convergent, 476-480, 
595 

algebra of, 474-482 
alternating, 473 
arbitrary terms, 471-473 
complex, 594-596 
conditionally convergent, 477-479 
convergent, 460, 508-509 
criteria for convergence, 463-465, 
468, 469 

definition of, 459, 508 
differentiation of, 517 
divergent, 460, 507-508 
of functions, 508-518 
geometric, 464 
harmonic, 465 
integration of, 516 
positive terms, 463-469 
region of convergence, 483, 595 
sum of, 460 
summable, 507-508 
trigonometric, 521 
unconditionally convergent, 477- 
479 

uniformly convergent, 510-518 
(See also Fourier series; Power 
series) 

Series solution of differential equa- 
tions, 365, 425-427 
Serret-Frenet formulas, 712 
Sets, properties of, 815-820 
Signatpre, 674 


Simple closed curve, 672, 590 
Simple harmonic motion, 355-369 
Simply connected region, 258 
Simpson ^s rule, 320 
Sine amplitude (see sn) 

Singular points, 607-610 
essential, 608 
at infinity, 609 
isolated, 607 

Singular solution, 328, 398-401 

sinh, 176 

Sink, 623 

Slope, 5, 49 

sn, 630 

Solenoidal force field, 270 
Solution, general, 328, 348, 350, 752 
of a differential equation, 323-326, 
347, 348 

of an equation, 181 
particular, 328, 348, 351-354, 370- 
374 

singular, 328, 398-401 
steady state, 359, 405 
transient, 359, 407 
Sound waves, 776, 804 
Source, 623 
Speed, 56 

Stagnation point, 624 •- 
Steady state solution, 359, 405 
Steam chart, 137 
Stereographic projection, 725 
Stieitjes integral, 231 
Stiffness, coefficient of, 810 
Stokeses equation, 425 
Stokes’s theorem, 271 
Stream function, 622 
Streamlines, 622, 707 
String, vibrating, 749, 776-778, 802, 
804 

Subnormal, 346 
Subtangent, 346 
Sum (of sets), 818 
Sums, upper and lower, 274 
Summable series, 607-^608, 548-547 
Superior limit, 458 
Superposition principle, 406 
Surface integral (see Double integral) 
Surface normal, 249, 250, 716 
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' Surface of revolution, 717 
area of, 252, 716 

Surfaces, area of, 248, 252, 715-716 
fundamental magnitudes for, 714, 
716 

orien table, 250 

parametric representation of, 713 
tangent plane to, 754 
Suspended cable, 378 
Symmetric components, method of, 
676-677 

Systems of differential equations, 
387-396 

Systems of linear equations, 660-668 
T 

Table, of derivatives, 37, 176, 177 
of integrals, 172 
Taclocus, 401 

Tangent, equation of, 50, 128, 138, 
709 

length of, 346 
slope of, 49 
Tangent plane, 754 
Tangential acceleration, 59, 710 
tanh, 176 

Taylor^s series, 493, 601-602 
Taylor^s theorem, 74-83, 160, 599 
Telegraph equation, 766 
Temperature gradient, 150 
Tensor, absolute, 739 
associated, 736 
components of, 726, 727, 731 
contraction of, 733 
contra variant, 726 
covariant, 727 

oovariant derivative of, 743, 746 
of higher order, 731 
inner product, 733 
magnitude of, 734 
mixed, 731, 732 
of order ssero, 728 
outer product, 732 
relative, 738 

representation of, 727, 730, 734- 
736 

skew symmetric, 738 


Tensor, symmetric, 733 
unit, 734 

Tetrahedron, volume of, 692 
Theorem of the mean, for deriva- 
tives, 65, 113 

for harmonic functions, 780 
for integrals, 214, 283, 285 
Thermodynamic magnitudes, 121 
Thermodynamics, 237-238 
Toeplitz theorems, 452-454 
Torsion, 711 
Total curvature, 720 
Total derivative, 98-104, 106-108 
second, 110-111 
Total differential, 156-158 
Total differential equations, 380- 
386, 393-396 
integrable, 381-384 
nonintegrable, 384-386 
Total variation, 823 
Tractrix, 379 

Trajectories, orthogonal, 397 
Transfonnation, conformal, 616- 
621, 723-725 
of coordinates, 133, 675 
Euler's, 500-502 
of integrals, 194, 260-263, 265 
linear, 578, 620-621, 660-668 
Transient solution, 359, 407 
Transversality condition, 795 
Trapezoidal rule, 319 
Trigonometric functions, 25, 42, 44, 
46, 178, 582 

Trigonometric series, 521 
Triple integral, 252, 264-266 
Tube of force, 270 

U 

Unbounded function, 214 
Unconditional convergence, 477- 
479, 505 

Undetermined coefficients, method 
of, 351-363 

Uniform continuity, 572, 823 
Uniform convergence, of integrals. 
301-305 
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Uniform convergence, of power 
series, 519 

of series of functions, 510-518 
Upper bound, 818 
Upper limit, 458 

V 

Variable, change of, for derivatives, 
41, 48, 101, 103 

for integrals, 167, 168, 194, 198, 
199, 262, 265 
complex, 568 
real, 1, 86 

real independent, 1, 86 
Variables separable, 334, 767, 770- 
772 

Variation, 786 

Variation of constants, method of, 
360-362 

Vectors, algebra of, 683-691 
components of, 682 
curl of, 271-272, 698, 743-744 
definition of, 682 
derivative of, 702-703 
divergence of, 265-267, 696, 744, 
746 

geometric representation of, 678- 
681, 684, 685 

gradient. 111, 147, 150-151, 269, 
694, 702, 728, 745 
integral of, 703, 706 
magnitude of, 682 
product of, scalar, 234, 685-686 
scalar triple, 690 
vector, 687-688, 691 
unit, 685 

Vector acceleration, 58, 710 


Vector field, 250, 693-701 
Vector product, 687-688, 691 
Velocity, 56-58, 585 
angular, 58 
areal, 704 

Velocity potential, 273, 621, 707 
Velocity vector, 57 
Vibrating membrane, 778, 804 
Vibrating string, 749, 776-778, 802, 
804 

Vibrations, 355-359, 809-81 1 
Virtual work, 796 
Viscosity, coefficient of, 810 
Volume, 215-217, 221, 251, 262 
of tetrahedron, 692 
Volume integral, 252, 264-265 
Vortex, 625, 707 
Vorticity, 627 

W 

Wave equation, 420, 776 
Weber's equation, 425 
Weierstrass formula for Gamma 
function, 310 

Weierstrass p-function, 638-639 
Weierstrass test, 513 
Weierstrass theorem, 537, 609 
for polynomial approximation, 548 
Work, 218, 223, 233-235, 269 
virtual, 796 
Wronskian, 348 

Z 

Zero, of a function, 181, 603-604 
Zonal harmonics (see Legendre poly- 
nomials) 






